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IIpeancioBue

Januetit «[IpakTHKYM» CAYXHT JONOJHEHHEM K yueGHMKY «Bricmas
MaTeMaTuka aas skoHomucree» (mon pen. H.I. Kpemepa) — M.: KOHU-
TH-TAHA, 2006, ofpasys yueOHH# KoMRDIekc HOKypcaM
«JInneiinas anrebpa (¢ 3MEMEHTAMA aHANTHTAYECKOH reoMeTpau» U «Mare-
MATAYECKHHl aHaiH3», BhUIENEHHLIM B rocyIapcTBEHHEIX OOpa3oBaTeNbHbIX
CTAHAAPTAX MO 3KOHOMHUCCKHM CNCIMANBHOCTAM B BHAC OTACNBHBIX MaTe-
MAaTHYECKHX DUCTIHIUIMH,

IIpn nonrotoeke «IIpakTHKyma» (TaK %e, KAK H DaHES NPH HOATOTOBR-
Ke yueOHHKa)} aBTOPE! PYKOBOACTBOBATHCE HPUHYUNOM NOBBIMUEHNA YPOBHA
PyHOAMEHMATLROT MAMEMAMUNECKOTi ROO20MOBKIH CMYOEHMO8 ¢ yCuie-
Huem ee npuxraduotl sconomuveckoll nanpaciennocmu. OcobeHHOCTEIO
npeanaragmMoro «[IpakTHKyMa» ABASETCA TO, YTO 3HAUATENbHA® YacTh 3a-
Jad A MPHMEpPOB HMEIOT akowomuneckoe codepocante. Hanbonee sxoHo-
MHUYECKH 3HAYMMEIE 3aJa4H, TTPeACTABAAIONIAE CAMOCTORTEABHBIH HHTEpEC,
BBLACNEHE] B OTAEIBHbIE Naparpagl.

Hia ofecnevyenus OMEHKH YPOBHA NMOArOTOBACHHOCTH CTYIEHTOB B Ha-
CTOAIIEE BPEMA BCE IUMPE HCOOIL3YIOTCH METObl TECTHPOBAHNS, B YACTHO-
CTH, ¢ OPHMeHEHHEM COBPEMEHHEIX KOMINBIOTEPHEIX TeXHOAorRiE. Cyect-
BEHHBIM OTIMYMeM JasHoro «[lpakTMKyma» OT paHee W3JAHHMX HoOcoORMit
ABNACTCH T, UTO HAPARAY C MPAOUHUOHRBIMU KORMPORbHYIMU 3a0anuamu (63
papHaHTa, Gomee 400 3anay) B HeM OpPeANAracTea AOCTATOYHO BoIbILIOE YHC-
10 mecmoautx 3adanuti (28 tectos, Gonee 400 TecTOBBIX 3agaHui).

Crpykrypa «IIpaxTHKyMa» cnemyiomas. Homepa M HaspaHua TIpHBe-
ZAeHHBIX B HeM 16 rae NOAHOCTHIO coBMaaatoT ¢ yuebunkoM. Kakaasa rnasa
COAEPKHT cnpagounetli mamepuan (OCHOBHbIE ONpefencHus, GopMynsl,
NPA3HAKA ¥ T.11.), HeoBXomuMblit 414 pewenns 3anad. IIpUBoOAATCA METOMM-
YeCcKHe PEKOMEHAANHH TIO PELLEHHI0 ONPeNeieHHOT0 KPyra 3a1a4, B YacTHO-
CTH, ANITOPUTMEI (CXEMBI) UX PEILCHHA. ITO JAET BOIMOKHOCTh OTHOCHTENb-
HO OpoayKTHRHO paboTaTs ¢ «IIpakTHKYMOM) H TIPH OTCYTCTEHHA yueSHHKA.

Bee naparpader n:000it rnaBhl cOACPXAT THM N OBH € 3aXa4YH
C pewtenusmMu U 018 camocmoamensholl pabomot, HO3BONAIOLIAE NOCTA-
TOYHO NOJHO OXBATUTE Y4eOHBIH MaTepuan.

B xoHue Kaxaol riaBH NO MPeACTABNEHHOH B Heil TeMe NMPHBOAATCH
KaK manurinonnue Koxmponshvie 3adanus (3 BapyadTa mo 5—7 3apau), Taxk
u mecm (10—15 tecroBprx 3aganmnii). Kpome toro, mo mucupnmunHe «Jlu-
Heitnan anmrefpa (¢ 2neMEeHTAMH aHanTUTHYecKoil reoMeTpuH)» (pazgmeny I,
ri1. 1—4), no nepsoit yacta (pasmenam Il u IIL, ri. 5—9) v propoit vacty
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(pazgenam IV—VI, rn, 10—15) mucumnianHel «MaTeMaTHUeCKui aHATHI»'
NPHBONATCA KaK TPAMHIHMOHHBIE UINO206bie KOHMPOXbHbie 3g0anun (5 papu-
aHTOB No 8 3a7a4), Tak K ¥mocoesie mecmer (M0 24 TECTORBIX 38JaHHA ),

[IpnBencHHBIE KOHTPOIBHEIE 323aHHSA H TECTHl MOTYT ORITH dpdeKTHB-
HO HCTIONIB3OBAHEI MPH MPOBEACHHH AYAHTOPHEIX H AOMAIIHAX KOKTPOJIb-
Hbix paboT, cobecenosanuit, Ha 3ayeTax W 2K3aMeHax (B YACTHOCTH, MHCh-
MEHHEIX); [IPH TECTHPOBAHWH CTYIEHTOB (B TOM YHCE KOMIBLIOTEPHOM) MO
BY30BCKOMY 00WIeMy Kypcy MaTeMaTUKH.

Ilpu nogrotoske 3ajnay «[lpakTaxymar (a ux B HeM okono 2700) BELTH
HCHOML30BAHE! PA3ANYHBIE NI0cO0HA M MeTOOHYecKHe MaTtepHanel. YacTh
3a0a4 ¥, B YAaCTHOCTH, TECTOBHIE 3aJaHUS COCTABNEHLI apTOPAMM Cnelid-
ansHo Anf nocoGus.

Tpn NoAroTOBKE TECTOBBIX 3aJaHHH, ABTOPEI opneHTHponaanb B OcC-
HOBHOM Ha OMIKPLInYIO (OpMy, KOTHA TECTUPYEMEI CaM MONY4YaeT OTBET B
BHJie NPOMIBONBHOTO YHCHA (1IeJI0r0 KN 3AMUCAHHOIO B BHIE JCCATHUHOM!
IpoOH) — ONHOrO HITH HECKONBKUX, JOMYCKREMBIX TIPH KOMITBIOTEPHOM
TecTupoBaHnY. Takaa ¢opma 3aganHHil HCKNOYaeT BO3MOKHOCT YTAIHIBa-
HHA NPABHIEHOTO OTBETA, NOACKAOK AJIA €10 NONYYCHHA.

Hcnone3opaluce Takke 3afaHHA B 3axpuimoli ¢hopame, KOTAA TECTH-
pyeMblii domxeH BIGpaTh OAMH (WM HECKOJBLKO) BAapHaHTOB OTBETa,
MPSAIOKEHHEIX Ha BEIOOD, TIpu 3TOM MBI OTKA3aNHCH OT AILTCPHATHBHAIX
TECTOBLIX 3anafuil (C ABYMA BapHaHTaMM OTBeTa) H3-3a BeicokoH (0,5) pe-
POATHOCTH YraiblBaHUA MPABHABHOTO OTEETA. B paae TecTor HCnons3opa-
JHCH TECTOBBIE 3aJaHHA HA GLIAGICHUE COOMBEMCMANT MEXIY NeMEeHTaMH
ABYX TPYIN € OTBETAMH B BHAC COOTBETCTBYIOLMX Map «4Hcno—OyKpay,
XapaKTepHsyolWHX NOPAAKOBLIE HOMepa JMEeMEeHTOB B KaXKECH rpynne.

B oTREABHBIX CAy4YasX NPHMEHANHCE TCCTOBBIC 3aJaHHA HA YCTAHOB-
fleHre NPABHNBHOH NOCIENOBATENLHOCTH 3MEMEHTOR C OTBETAMH B BUAE
MocNeqoBaTeNEHOCTH HOMEPOB 3TUX 3neMeHToB. OTBETH Beex 3aad, Bcex
KOHTPOJIBHBIX M TECTOBBIX 34RaHHUH 110 TaBaM (KPOME HTOTOBBIX IO JHC-
UMMNKHHAM) TIPHBOAATCS B KOHLE rtocobus. HyMepauua 3azad {kak ¢ pelue-
HHAMH, TaK ¥ LA CaMOCTOATENbHOH paboTHl) eAHHasd MO KaxIoi raase.
Koneu peweHns 3agaun o003HavaeTca 3Hakom P,

Bo BTOop oM ningHiH B KOKIYIO MiaBy «IIpakTHKyMa...» BKFOYEHB
«3adauy A noemopenivdy, COCTaBIOWYE IpuMepHO 15—20% ot uucna 3a-
Jau, NOMEILEHHBIX B OCHOBHOM TEKCTE I7iaBhl. TakKe 3a0aun B KOHLEHTPUPO-
BAHHOM BUAE NPEACTABIAIOT OCHOBHRIC THIILI H METOIR! PElcHHH 3amaHuil no

! PasnencHite UTOTOBRIX KOHTPONLHBIX 33AaHNA H HTOPOBBIX TECTOR HA ABE YACTH 00y~
CIIOBJIEHO FHAYHTC/bHBIM OGBCMOM JAHCIHITNHHBL «MareMaTHYecKHH AHATHI®, 3 TAKKE
RAPHMEPHLIMH CPOKAMH HX W3YYCHHA B BY3e (nepBad MacTh — B | cemecrpe, BTOpad
yacts — Bo [I cemecTpe).
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TEME IMaBbl H MOTYT ObITh PEKOMEHJIOBAHLI B KaYeCTBe NOBTOPHTENILHOTO MaTe-
pHaia M (WIH) A1 SKCIpecc-NOArOTOBKH CTYAEHTOR.

Kpowme Toro, mo ovctmmmdne «Jlunetinas anrebpa (¢ aneMeHTaMH aHaNn-
THIECKOH TeOMETpHH)», [0 NICPBOH 4 BTOPCH YacTaM AHCLMIUIHAK «Marema-
THYECKHIA aHanu3» Jo0arNeHH yuebno-mpentpogoursie mecmol (9 TeCTOR Mo
20 TecTOBBIX 3afaHWii), KOTOpble MOTYT OBITE HCMONE30BAHBl A KOHTPONA
(3xCIpecc-TpOBEPKH) YPOBHA NOANOTOBICHHOCTH CTYACHTOR NEPEHA KyPCOBBEIMHU
3K3aMeHaMH (3a49eTaMH), I TIPOBEPKN OCTATOMHHIX 3HAHHH CTYAEHTOB TpH
NOATOTOBKE WX K aTTeCTalMi (aKKpPEeAHTALMH, KOMILIEKCHOMN ITPOBEPKE) By3a No
LIHKITY OOIHX MATEMaTHIECKHX W eCTeCTBeHHOHAYIHEIX JUCLHIUTHH, TIPH Tiepe-
3adeTe JMCHMIUIMH CTYJEHTaM, TIEPEBOIMALHMCA B JAHHBIH BY3 W3 ApYTUX
yue(HBIX 3aBeIEHHKI U T.0.

HenpagneHEl Boe 3aMedeHHSIE OTIEHATKH H HETOYHOCTH.

ABTOpB! BHpaKAIOT TIIy0OKylo OnaropaprocTs npod. B.A, Huxuuxuny u
npot. 4.H Cameuiosckomy 3a pelleH3UpOBAHHE PYKONHCH W CASAaHHBE UMH
3AMEYAHHUA,

AsTopn lpakTHKyMa

npodeccop H.ILI. Kpemep (npeaucnosue, ra. 3, 4, 14, 16);
gouent MM Tpuwwun (va, 10—12);

douent b.A. ITymxo (rn. 8, 15);

pouert 4.70. llesenee (rn. §, 6);

KaHa. ous.-marT. Hayk E. M. Bopo6Gveea (ri1. 13);

poueHT A.C. Nyneoko (0. 2);

aoueHT A.B. Homemxun (tn. 7);

JoueHt M. H. @puoman (rn. 1);

mouent JIP. bopucoea (rn. 9).

Jouent H M. Biiceimonm (yi1eOHO-TPEHUPOBOYHEIE TECTHI).

HTorosble 3a1aHHA ¥ TECThI NOATOTOBICHLI ABTOPAMH COOTBET-
CTBYIOLUHX T/IaB MPAKTHKYMa COBMECTHO.



Pasgen I

JIuHeitnan aaredpa
(¢ saeMeHTAMN AHAMTHYECKOH
reoMeTpun )

I'naBa l
MarTpuupt ¥ onpexeuTeN

1.1. Marpuop 1 onepanui HAJ HAMH

CrpaBo4HbIii MaTepHAT

1. Croxcenue (suryumanue) Mampuly OAAHAKOBOTO pa3Mepa oCyILECTB-
JIACTCA NOIMEMEHTHO:

C=A+B,ecnucy=a;+by i=1,2,...m j=12,...n (L.1)

2. Vmnoocenue mampiysi Ha wuc10 — KaXKABH BIEMEHT MATPHLIBL yM-
HOXAETCA HA 3TO YHCNO!

B=M ecmb;=2ay; i=1,2,...,m j=12,...n (1.2)

3. Vmuuoowenue mampuysl A Ha mampuwgy B onpeseneHo, Koraa uucio
CTONOLOB NEpBOil MATPHUL! paBHO YHCTTY cTpoK BTopoil. Toraa npoussenetu-
eM MaTpuithl 4+ B na3biBaetca Taxas matpiua C, KauIbIH 3MEMEHT ¢y Ko-

ek kxn
TOpOi PaBCH CyMMe NIPOM3BCACHUH WICMEHTOB =it CTPOKH MaTpHlbt 4 Ha CO-
OTBETCTBYIOLUHE MeMeHTEI j-ro cTonbila MaTpuik B:

k
cg-:Zlah,b,.,; i=1,2,..m; j=1,2,.. 1 (1.3)

4. Tpancnonuposanue mampuysl — NEPEXOM OT MATPHLIEI A K MaTpHLe
A', B xoTopoi#f CTPOKH M CTONOUB NOMEHARHCE MECTAMH C COXPAHCHHEM
nopAnKa

g.=a; i=,.,m; j=1L.,n

g = Qi



Ceoiicmea onepauus TPaHCIOHAPOBAHNA:
(4)=4; (4)'=24,; (A+B)'=4'+B"; (4B)'=B'4. (1.4)

5. Bossedenue xaadpamuoii mampuyypl A 8 HEAVIO RONONCUMERBHVIO
cmenensm (m>1):A" = A-A... A.
\.—.v_._-'

m pas
6. Cnedom ttA xeadpamuoii mampuysr A Ha3LIBAETCA CYMMA ee JHAro-

M
HaIBHEIX 3TEMEHTOB: ttA =) a;.
i=1
-1 w
7. Mampuya A™, o6pamnas X KBaapaTHOR MaTpHue A, — Taxag MaT-
pHIa, 4TD

A'4=447"=E, (1.5)
1 0 .. 0 )
1 .. 0 1
rae E= — €IHHHYHaA MaTpHUA TOTrO XKe [NOpAIKa .

0 0 .1

Caolicmea oOpaTHBIX MATPHIL:
ANY'=4, B '=B"47"; AY=)". (1.6)

TIpu yMHO¥EeHNH MaTpHIl 00paTATEe BHEMaHHE Ha CleAyolee:

a) [ponzBseneHne MaTpHLl, Boobile FOBOPA, HEKOMMYTATHBHO, T.e. AB = BA.
Ecnu AB cymecrayer, 10 B4 — ne obssatensro, Jlaxe ecnu o0a npousse-
JIEHHA CYLIECTBYIOT M NPEACTABNAIOT MAaTPHIEI OAHOIC pa3Mepa, To B 00-
meM caydae AB # B4,

6) B pasencteax AE = A u EA = A, roe A — MaTpunia pa3mepa mxn, £ —
eIMHHYHAA MaTpHLa: B MEpBOM paBeHCTBE — #-TO TOPANKA, BO BTOPOM pa-
BCHCTBE — M-TO HOPAJIKA.

1.1. Haiitu matpuny C = A' — 3B, roe
1

1 2 3 0
A=[0 1 2}, B=[5 6|
0 3

Pe w e nue Halizem MaTpHuy A4’, TpaHCHOHHPOBAaHHYIO K A, T.¢.
MOMEHAEM CTPOKH M CTOJIGIEI MECTAMMU:

! VenoBMA CYLIECTBOBAHHA H METO/IB! HAXOWIEHHS OBPATHOM MaTpHELt NpHBeasHH B § 1.2,
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10
A'=2 1|
3 2

Haiigem MaTpuny 358, YMHOXHB BCE 3IEMEHTH Ma'lpmm B na 3. Ilpo-
H3BeZeM BHYMTAHUE MAaTpHIl A'n 38 (moa1eMeHTHO):

10 0 3 1 0 0 3 1 -3
C=A-3B=|2 1{-35 6|=|2 1|-|15 18(=|~13 -17|p
3 2 0 3 3 2 0 9 3 -7

1.2, HaliTy poM3BeAcHHE MATPHIL A 1 B, ecam

1 2 0 01
A= , B= .
3435 5 1
P e m e H u e. [Iponssenenne MaTpHy 2;;13 232 He CYIIECTBYET; MO3TO-
My Hafigem opouspenenume B A = C. BHOennM 3IeMeHTEI MaTpHLE C

2x22x3 23
BHayajge — IeMeHTH 1-i CTPOKH.

€11 — 3T0 CyMMa mpou3BefeHHi 3memeHToB 1-it cTpokH nepeoif Mat-
pHLBl — COMHOXHTEAA B Ha »eMeHTH 1-ro cronbua BTOpoH MaTpuiBl
COMHOMUTENA A:

ey =bpan +bian=0-1+1-3=3
AHANIOTHYHO o
ce=buaiz+bipan=0-2+1-4=4

C|3=b11013+b]m=0'0+ 1-5=5.
Touno Tak ke HaXOOATCA 3TeMeHTH 2-if cTpokH MaTpuis C:

e =byay +bpay=5-1+1-3=8;
Cu=b2|a|2+b22022=5'2+1'4'=14;
ery=byap + bpan=5-0+1-5=5.
TaxuM 06pazom,
3 4.
C=BA= 1>
8 14 5
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1.3. BuiuncnuTs 3HaYeHHe MEOTOUNEHa f{x) = 2x° — 5x + 3 OT MaTpHIILI
2 4
A= .
1 0
Pew e nue Bumecro x mogcraeisieM B (pynKuMio fix) MaTpuuy A,
BMECTO 4Hcia 3 ucnonb3yem Matpuly 3 E, rie E — eaunudnas MaTpyna

TOTO e NOPAAKA, YTC H A.
HaiineM:

2 4Y2 4 8 8) (16 16
242=2-4:4=2 =2. = ;
1 o1 o 2 4 4 8
2 4Y (10 20 1
54=5- = : 3E=3 0_{30 X
1 0 5 0 0 1) i0 3

Tenepn Haiinem
Ad)=24"—54+3E=

SR THRE M E

1.4. Haittn cnen Matprusl C = AB, rae
1 2 3 2!
(4 5 0} B=l0 5|
-1 0
Pemeuue.Haﬁ.neMZE'z=2f“§2=[8 29) Marpumia C — xpanpar-
Hasl,eecne,upaaencymsemiammmanemmn.u'c——HZQ 23.p
1.5. BEisICHHTS, ABNACTCA M4 MaTpHia A~ =

Ma neA—2 3
TPHLY s 6l

P e w ¢ H u e, Halinem npoussenenus 44 uA~'4:

o (2 3Y(-2 1 1 0

A4d7 = = =F;
5 6J15/3 -2/3) 0 1

A= -2 1y(2 3 _ 1 0 _E.
5/3 -2/3)\5 6] |0 1

9
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B cooTBercTBMK ¢ onpenenennem (1.5) nauusie Ma'lpnum ABAAIOTCH
B3aHMHO 0OpaTHBIMU. P

Haitrn marpuuy C=-54 + 287

0 01 1 1 0
11544—34'3—81 1.7 A—lOl'lB~120
Ay - 5 l 3 - 2 3 - LY - » - .

0 21 001

Haittt npon3sencnig MaTpHLL:
1 -3 2¥(2 5 6
3 -2\(3 4
1.8. s _ajla s 19. 13 -4 1|11 2 5].
2 -5 3/11 3 2

5 8 -4y(3 25

4 33y -2
4 7 -3)\9 6 5

Haiitit Te u3 npoussedeHnti MaTpri AB B BA, KoTOphIe CYIIECTBYIOT:
) 1 3) 21
112, A= : 2;B=[2 3 .1.13.A=[ ZJ;B=(0 3].

3 4 00 1) 011 11
(5 1) (1 0 0) |
3 4 3 -2
L4 4=|0 2(B={0 1 0| LIS. 4= _LB=|_ |
13 00 1)

Haiit MaTpuuy A" 1 ee cex:

_ -1
1.16. 4= : 2 rn=13. 1.17. A= 4 1 n=25,
3 -4 5 =2

Ha#iTn cnensl cieayiomux MaTpHLL

1

210
1.18.C=AB,rpe A= : B=|5
3 035 5

1.19.C=ABn D=BA,tae A=[; 2]; B=[2 OJ.



HaliiTit 3HadeHHe MHOrouYneHa f{x) oT MaTpuLbl A:

1.20. Ax)=3x"-2x+35, 121. fix)=x" -+ 13x-5,
1 -2 3 52 -3
A=[2 -4 1} A={1 3 -1|.
3 -5 2 2 2 1

BoIACHHUTE, SIBAMOTCA JH B3AHMHO O0paTHbLIMH JIAHHEIC MATPHIIH A 1 B:
122. 4=[! L B=l? 4 12s 4=t Nal O
56 2 2 1 0 -1 1

1.2. OnpeaenuTen KBaJPATHLIX MATPHI,
OépaTtHas MaTpuna

Cnpasouynblii MaTepran

1. Onpedenumenv KeaJpaTHOH MaTpHUBI 2-20 nopadka BBHIYHCIAETCS
no dopMyne:

4y a2

A, =|A‘ = = 41833 — Q221 (1.7)

Qay  n

2. Onpedeawmens KBapaTHOH MaTpuliel 3-20 Hopsdxa MOXeT OBITH
BBIMMCIIEH IO TIPABIITY TPEYTONBHAKOB, K nNpasuy Cappyca.

A din
Ay=|A=lay ay  ay| =ananas + ananas + ananay — anapm: -
a4y 3 @y
= dz1a2a33 — A32and) ), (1.8)

roe CooT BBTCTBYIOli[HC NMPOH3BSACHHA 3NEMEHTOR Gepy'rcn MO0 CO 3HAKOM
«h» (AeBas cxema), MO0 co 3HaKOM «—» (Npasas cxema);

® g G 43 O

ty Oy dny

dy Q3 - Ay

3. Onpedenunieny KBAAPATHON MATPHLIE #-20 HopROKa onpelenseTca Gonee
CHOXHBIM 0bpazoM. OH MOxeT OBITE BRIMUCICH No Teopeme Jlariaca (1. 5).
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4. Anzebpauveckum donoanenuem A; IMeMeHTa a; MATPHLBI A-TO NO-
PAOKa HA3BIBACTCA €€ MUHOpP Mj, T.€. ONpefeHTeNb MATPHLBI, MONyYeH-
HO# W3 MaTPUUbI A BEIYEPKHBAHHEM i-H CTPOKH H j-ro cToibua, B3ATHH co
snakoM (—1)":

A =1)"M, 1.9)

5. Teopema Jlannaca'. Onpenenutens KBAIpPaTHON MATPHIBI paBeH
CyMMe TIpOHM3BEAEHHH 31eMeHTOoB Nto0oi cTpokH (W cTonblia) Ha ux au-
rebpanyeckue IOMOMHEHUSA:

A= iag-/lf-, = ia,jA,f- ' (1.10)
=1

J=1

6. Onpedenumens mpeyzorvnoli H, B HACTHOCTH, OUAZOHANLHOW Mam-
puybi paBeH NPOU3IBE/ICHHIO €¢ NHATOHAIBBRIX JIEMEHTOB,

7. Hexotoprie ceoficmsea onpeficnuTeneH KBagpaTHRIX MATPHLL

a) OTNpeAeNnTe b He U3MEHAETCA NPH TPAHCMIOHHPOBAHHH MATPHII;

6) ONpeAenuTeNs MEHSET 3HAK, ecNM NOMEHATH MECTaMH MoGLie Ase
CTPOKH {H/TH CTOI0UA) MATPHIIBL,

@)} ONpeHeNITeNIb paBeH HYMIO, €ClIH; BCee JJIeMeHTH JI000H CTpOoKH
(11 cronbua) paBHBl HYMIO; BJeMEHTHl MOOLIX ABYX CTPOK (MIH cTouab-
HOB) MPONOPUMOHANBHEI JTUGO (B 4ACTHOM CNYYae) pABHEL

2) OfIpeNeNHTENL HE U3MEHHTCH, €ClIH K 3JIEMEHTaM KakoH-TH00 CTPOKM
{cronbua) MaTpHIL! NPUOABATL 3IEMEHTL! APYro# cTpoku (cTondna), npea-
BAPHTENEHO YMHMKEHHEIE HA YHCIO, OTIHYHOE OT HYJIA.

8. Kpagpatnan mMatpuiia A HA3HIBAETCA He@bIDONCOEHKON NNH HEOCo-
Dernoll, 6CIN ¢¢ OTPEACINTENE OTANYEH OT HyNA, T.€. |4] # 0.

9. ObpathHas Matpuua (cM. § 1.1, n.7) 4 -l CymecTRYeT (i eOHHCTBEH-
Ha) TOrja ¥ TONLKO TOrAd, KOTAa HCXOAHAA MaTpHla A HeBRIpOXKAEHHAA,
T.¢. |4} # 0. B 3TOM ciysae ee MOXHO Haiiti no dopmyne:

_ 1~
A47'=—A4, 1.11
¥ (1.11)
roe A — NpHCOSIYHERHAS MATPHIA, MMEMEHTLI KOTOPO# Ay, = A’y paBHbl

anreOpan4ecKHM HNONMONHEHHUAM 3IEMEHTOB MATpHubl A’, TPaHCTIOHMPO-
BaHHOH K MaTpuue 4.

1. Snevenmapuvie npeotipazosanit MATpHIEI (MpuBeaeHt 8 § 13, 0. 3).

' Tounee sannan TeopeMa ABNAETCS HACTHBIM cay4aeM Teopembt Jlannaca.
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1.24. BEIMHCMTE ONpPeIeAHTENIN MaTPHLE A:

. 1 2 0
a) A=(§ ﬂ 6) A=|5 1 2|
0 3 1
PeweHnne:
' 2 5
a) Ilo dopmyae (1.7) lAl:LS 1}:2-1—5-6=—28.

6) Onpemenutens Buuucaserca no gopmyne (1.8). 3amomuHats 1y
dopmyiry He Clemyer, JOCTaTOuHO NPHMEHHTE HPaBHIIO TPEYTOJIBHHKOB,
COTJIACHC KOTOPOMY TPH NMPOH3BENEHHA 2MEMEHTOB, NOKA3aHHBIX Ha NeBoi
cxeMe (1. 2), bepyTed co 3HAKOM «+», 3 TPH APYTHX HPOH3BCACHHIA ICMEH-
TOB, NOKA3aHHBIX HA MPAR0H cxeMe (11. 2), — CO 3HAKOM «—»:

|4=11-1+0:2-2+0:5:3-0:1:0-1:2-3-1-2-5=-15.p

1.25. BeMHCIHTE TOT e ONpede/INTeNb, NpHBENeHHBH B 3amave
1.24, 6, ncMonb3yA ero paznokeHHe MO SNeMeHTaM: a) Neproit cTpokn; 6)
BTOpOro cronGua.

Pemedntue:
a) Haxognm anreGpanveckie BOMONHEHUS JMEMEHTOB MepBOif CTPOKH
o popmye (1.9):

Teneps o Teopeme Jlannaca (1.10):
| = andn +apdi + ey din = 1(=5) + 2:(-5) + 0-15 = -15,
6) Haxomm anreOpanyeckue JOMOHEHHS HEMEHTOR BTOPOrO CToRGHA:

5 2 1 ' 10
A4 =07 1‘=_5; Ay =) ?‘=li Ay = (1), 2‘=2-
Teneps rio hopuyie (1.8):

[A' =anAz + andrn + apdn = 2(—5) +1:1-32=-15.»

1.26. BeMuc/IHTE ONpEAEIHTENL MATPHLIB! HETBEPTOTO NOPAIKA:

2 -5 12
-3 7 -1 4

A= :
5 -9 27
4 -6 12



Pemwenne C noMolblo SKBHBAISHTHHX [IpeoOpa3oBaHuii npuse-
JeM MaTpriy A K TpeyTONBHOMY BHAY. ECTH BOIMOXKHO, NEPECTAHOBKOH
crpok (cronbuos) goGuBaeMcA TOro, 4toOH 37MeMeHT ap = L.
B manHOM cnyuae NOCTATOYHO NOMEHATh MecTaMu 1-i 1 3-it ctonbust; npu
3TOM MEHAETCA 3HAK ONpeAenHTENd MATPHIE A:

2 -5 1 1 -5 2 2
37 -1 -1 7 -3

5 -9 271 |2 -9 5 1
4 -6 12 |1 -6 42

VYmuoKan sneMeHTsl 1-A ¢Tpoxn Ha ynena (—ay); i = 1,2, 3, 4, Te. B
JaHHOM cIyyae Ha yMcna 1, (-2), (-1), u npubapnas YX COOTBETCTBEHHO K
aneMeHTaM 2-i, 3-H u 4-# cTpok, moGHBaeMca Toro, YToOR Bee 3JIEMEHTH
1-ro cronbua (kpoMe a;;) paBHATHCE HYJO:

P =5 2 2 1 =5 2 2
-1 7 -3 ’ 0 2 -1
4=, 9 5 7 o1 o1
1 -6 4 2 0 -1 2

Hanee, ec/mi BO3MOIKHO, TIepecTaHOBKOH cTpoK (cTONbLoB) nobupaeM-
¢, YTOOL] HOBHIM 2MEMEHT @p; = 1. B DaHHOM ciydae 3T0 BO3MOXKHO, eclu
NepecTasuTh 2-10 U 3-10 CTPOKH; IPH 3TOM MeHAeTCA 3HAK OnpeaeIHTel.
YMHEOXan 3neMeHThl 2-H CTPOKH, IONYU€HHOW MATPHLBI HA udchna (—ap)
{i=3, 4), B nanHOM cnyyac Ha uucha (—2) u 1, noGuBaeMca Toro, YTobhI
Bce 2NIeMeHTHl 2-ro cToa0La (KpoMe ay;) paBHANHCE HYIIO.

=)

I -5 2 2 1 -5 2 2
!AI:O I 1 3 ? _ 0 1 13

0 2 -1 ¢ 0 0 -3

0 -1 2 0 0 0 33

JIns nOmyueHHA TPEYTONBHOM MaTpUIILl B BAHHOM CTydae NOCTATOYHO
NpUGABUTE 3MEMEHTH 3-it CTPOKH MoNMydeHHoH MAaTPHLE! K 3eMeHTaM 4-if.
Onpezenutelb TPeyroNbHOR MaTpHiL! paBeH MPOUIBEACHMIO €¢ AMaro-
HATBHEBIX JIEMEHTOB:

1 -5 2.2
|A|=0 XY
0 0 -3
0 0 0



1.27. Haiity MaTpHuy, 0BpaTHYIO K AaHHOM!:
1 -1 1
A=12 1 1].
1 12
Pewmenne:

1 -1 1
a) Haxoaum omlpenenutens Ma“rpnum |A|= 2 1 1=5. Tak kak
1 1 2

I4| # 0, To MaTpuLa 4 — HeBLIpOXIEHHaA H obpaTHas MaTpHia A ™' cyuie-
CTBYET H €IHHCTBEHHA.

&) TpaHCTIOHHPYEM MCXOAHYIO MATPHILY !

1 2 1
A=-1 1 1].
1 1 2
6) Haxonum aireSpavieckue AONONHEHUA A; BCeX JIEMEHTOB TPaHCTIORH-

POBaHHOI MAaTPHLE! A’ H COCTARIAEM H3 HHX NPHCOEAHHEHHYO MaTPHLYY 4:

11 -1 1 1
A! = _1 L+l =1; A! = _l 1+2 =3; ) ' = _1 143 =_2;
n=C0T =T, A =D
2 1 11 1 1
AI‘ =(-1 241 =_3; Al' = _1 2+2 21; Ar -~ ""l 243 =1;
b =(=1) | 2 he =(-1) - 5y = (~1) 5 1
, 2 1 . ol -1 , 1 -1
Ay = (-1 { 1|=1; Ay =1y 21 ll="‘2; A33——-(—l}}*32 =3,
1 3 -2
Te A=|-3 1 1].
1 =2

2) Haxomum obpatuyio matpiuy o popmyne (L11):

1 3 -2 /5 3/5 -2/5
IE:% -3 1 1|=]-35 15 15|
P -2 3 /5 -2/5 3/5
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2} IlpopepseM MpaBHNEHOCTE BHIYHCIEHHMA OOpaTHOH MaTpUubl 00
dopmyne (1.5): _

ALt = 44 = E, rie E= — E€IMHHYHAai MaTpHla

[ R = R
C=T R =
—_— = O

3-ro nopaaka.

1.28. Haiftu MaTpuny, oOpaTHyt0 K MaTpHLe 4, HCNOAB3YA Npeobpaso-
BAHMA HCXOAHOH METPRLBI K €AWHHYHOH £
2 1 -t
A=|5 2 4
7 3 4
P e w e B 1 e. Onpenenurens Matpuurt [4] = —20 # 0, 3Ha4uT, MaTpH-
na A uMeet obpaTHYIO, MaTPHIY A MOXKHO TIPHBECTH K eAUHH4HON E sne-
MEHTapHEIMH [IpeolbpasoBaHHAMH TONBKO CTPOK HIH TONBKO CTONOLOB {CM.
§ 1.3, n. 3), Npy 3TOM eJHHHYHAA MaTpUlla, MOABEPracMast TEM Ke mpeod-
Pa30BAaHNAM, TIepeRaeT B MaTpuiy A . YIOGHO COBEpIIaTh JIEMEHTapHSIE
npeobpazopaHnd Haa MatpHiaMu 4 H E ofHOBpeMeHHO, 3anuceiBas ofe
MaTpHLE! PSOoM, Yepes 9epTy B BUAe 00reJUHEHAOH MaTpUubl:

2 1 -1 00

5 2 01 0}
73 0 01

IMomenseM Mectamu 1-if B 2-i1 cToNOLH,
Jarem x sneMenTaM 3-ro ctonbua npuGasuM ameMeHTH 1-ro, a K nne-
MeHTaM 2-ro — 1-ro, yMHOXeHHEie Ha (—2). TTomyamm:

12 -0 1 0 I 0o Qo 10
2 5 1 0 0 (2 1 61 -2 1
37 001 31 70 01
f ] le |

@ﬂ 5 D D

@ ® @
K snementam 1-ro ctonbia npHGapuM dAEMEHTHI 2-T0, YMHOXKEHHEIE
Ha (-2), a K ’neMeHTaM 3-10 cToNOLa — YMHOXEHHHE Ha {(—6). Hanee B
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NOMyYeHHOl MaTpuue K 3neMeHTaM l-ro W 2-ro cronSuos npubaenseM
3NEMEHTHl 3-T0, YMHOXKEHHEE Ha (—1):

1 0 -2 1 -6 1 0 4 7 -6
01 0 5 -2 13 |0 1 -8 -15 13].
11 1o 0 1 ¢ 0 -1 -1 1

) 22
Cnepa nomyunny efMHHYHYK MaTpHuy. Halinesnas cnpasa oT uepThl
KBaJpaTHad MaTpHLA ABNAeTCH 00paTHOH K HCXOLHOH MaTpHue A:
4 7 -6
A =[-8 -15 13].
-1 -1 1
Bri4HCIMTE ONpeaenyTen BTOPOro NopaiKa:
3 2 -3
. 2 ‘

sino  cosot

1.29, 1.30. 1.31.

sinf cosf

BuiaucanTh ONPEeAENHTERN TPeThero Nopaaka:

1 2 3 111 5
1.32. 4 5 6. 133 |1 2 3. L34 |0
789 1 3 6 7

F - O R =
L o W

Jloka3aTe ToxAecTBa:
1 a be

135. | b ca|=(b-a)lc-a)lc-b).
1 ¢ ab

136. | & b|=(b-a)lc-a)lc-b)
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PelmiHTE ypapHEeHHA:

1 1 i 2 4
1.37. | 1-x 1 [=0. 138, |x 2 3(=0
1 1 2- 1 11
BrRIHCIHTE ONpeACTNTEIb:
2 -3 4 1 al 2 0
4 -
1.39, 232 s 1.40. b 31 s
a b c d ' c 01 2
3 -1 4 3 d 110
pasarad €ro o MEeMEeHTaM pasaaras €ro no EMeHTaM
3-i cTpokn. 1-ro croatua.
BEMqUCIHTE OnpelelnTeny 4-ro nopaika:
11 1 1 -1 31 2
e, [V E R a2 00327
11 -1 1 4 -5 3 -2
11 1 -1l -7 8 4 5
3 5 7 2 0 1 11
P 01 1
1.43. 76 37 . 1.44, .
5 4 3 5 11 01
-5 -6 -5 - 1 11

Haiitu o6patnyio MaTpuny A~ ABYMA criocobaMM — ¢ TOMOLIBIO NIPH-
COSANHEHHOH MaTPHIIBL K ¢ IOMOLIBKY HICMEHTAPHBIX NpeobpazoBanuii:

2 1 -1 1 2 -1
145. A=|5 2 4 1.46. A={0 -3 11,
7 3 2 0 0 1
100 1 2 -1
1.47. 4=|2 1 0]. 1.48. A=[2 1 -1]|.
1 3 1 1 -7 3

18



12 -1 -2
013 38 0 -4
1.49. 4=|2 3 5 1.50, A= e
2 2 -4 -3

35 7
3 8 -1 -6

1.3. Panr marpunpl. JInHeiiHas He3aBUCHMOCTD
eTpoK (cTondImoB) MaTPHIL

CnpaBouHbiii Marepuan

1. Panzom mampuyet A (rang A umm r (A)) HaspiBaeTCd HAMBLICILHI
NOPAROK OTAHYHBIX OT HYJII MHHOPOB 3TOH MaTpHilbL.

2. Csolicmen panaa Mampuysl:

a) ecli MaTpHila A AMeeT pazMepsl m X 1, To rang A < min{m; #»);

6) rang A = 0 Toroa ¥ TONBKO TOTAZ, KOTOA BCE NMEMEHTHL MATPHils! A
pasHu {;

6) ecny Marpuna 4 — KBaApaTHad TopsAgka #, To rang 4 = » Torga H
TONLKO TOrAa, koraa |4 = 0.

3. Inevenmapuvie npeobpazosanta, He MEHAIOIME PaH2a MATPHLIBL

a) o16pactiBanHe Hynepo#t cTpoku (cTonbua);

0) YMHOXKEHHE BCEX EMEHTOB CTPOKH (cTonbua) MaTpHilkl Ha YHCIO,
He paBHOE HYIO;

€) H3IMECHEHHE NOPAAKA CTPOK (CTONGUOR) MATPHILEL,

2) npubaBiedne K KakAOMY IEMEHTY OOHOH cTpoku (cTonbua) coort-
BETCTBYIOLIMX 3JIEMEHTOB APYToi ¢TPOKH {cToNbLa), YMHOMEHHBIX Ha JIIo-
foe yHcno;

J) TPaHCTIOHHPOBAHAE MATPHIILL.

4. C noMOILEIO 3NeMEHTAPHBIX NpeobpasoBaHlii MATPALYY MOXHO TIpH-
BECTH K CTYNEHYaTOMY BULY:

4y 4 - 4y a
0 a a a
22 2 2%
A= r s
0 0 a, By
racay#0,i=1,...r; r<k.
Paur cTyneHyatoi MaTpHLILI paBeH 7.
5. Ctpoxw (cTonGubl) MATPMUBL €;, &3, ... , €, HA3LIBAIOTCA AUHELHO 3a-
BUCUMBIMU, €CTIH CYLIECTBYIOT TAKHUE MHCNA Ay, Az, ... , Am, HE paBHbiC OX-

1 CM, yueGHHK, ¢. 29.
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HOBPEMEHHO HYNI0, 4TO JHHelHad xoMOHHAIMA CTPOK MATPMIBl PaPHA
Hynepoif cTpoke: Mg, + hses + ... T A, e, =0, te 0=(0,0, ..., 0). B npo-
THBHOM CJTy4ae CTPOKH MaTPHUb! HA3HIBAIOTCA JUHEKHO 3GaUCUMBIMU,

6. Teopema o panze mampiuybt.
Panr maTpHusl paBeH MaKCHMATBHOMY 4HCIY €€ JIHHEHHO HelaBHCH-
MBIX CTPOK HJTH CTONOLOB.

1.51. Hafiti paHr MaTpHLBI:

1 1
-1 1
-1 2/
-6 5

U e B

Pemenue Matpuna 4 umMeer pasmep 4 x 3, 3Hauut, r(A)<3.

C noMOIBIO MEMEHTAPHEIX NPeodPalOBaHmii, He MEHAIOIMMX PAHT MaTpH-
Lbl, IPUBEEM MaTpHily A K CTyNeH4aTOMy BHAY.

1) TpaHcnoHMpyeM MaTpHLy A:
1 1 1
s 1 1 T2 1 3<jj)
| [ 2 il -1 -1 -6 .
1 1 2 5
3 -6 5

2) YmHo®MM aneMentsl 1-ff cTpokH Ha (—1), cioxum ee co 2-i H 3-#
CTPOKAMH MaTpHUEL B HOBOH MaTpHUE NOMEHAEM MECTaMK 2-10 U 3-K0
CTPOKH;

1 2 1 3 1 2 13
0 -3 -2 -9 |0 -1 1 2
0 -1 1 2 0 -3 -2 9

3} YMHOXHM 371EMENTE 2-H CTPOKH HA 3 H CIIOXKHM C dJIeMeHTaMH 3-H
CTPOKH:

1 21 3
0 -1 1 2
0 01 -3



- Tlomydnnu cTYTIEHYaTYI0 MaTpHIy paimepa 3 x 4, y koTopol 3 HeHy-
MeBEIX 3IEMEHTa Ha TNaBHO# AuaroHanm, 3nauut, K{A) = 3. Dra MaTpHua

1 21
HMEET HeHYJICBOH MuHOP 3-r0 mopsjka, manpamep, (0 -1 lf=-1.p
¢ 01

1.52. BLIACRUTS, IPH KaKOM 3HAYESHHH NapaMeTpa g MaTpHUa 4 HmeeT
3 nuHelHO HE3ABHCHMEIC CTPOKH!

1 0 2
A=|3 -1 0
4 -1 a

Pemenue Marpuua A4 umeer 3 aMHeiHO He3RBHCHMEIE CTPOKH,
€CIH ee panr paseH 3, T.e. |A| = 0.

Beraucnnm onpeaenurelbs MaTpHUB! 4 110 NPaBHITY TPEYTOIBHHKOB!

[A|=—a-6+8=2—a; |40, oTKyaa a # 2, T.€. [IpH BCeX IHAYEHHAX
a, KpoMe @ = 2, 8Ce CTPOKH MATPHIIL! THHEHRO He3aBHCHMDL P>

1.53. OnpeaeauTs MAKCUMATIBHOE YHCIIO JTHAEHHO HE3aBUCHMBIX CTPOK
(cTonGOLOR) MAaTPHLE! A:

2 3

51 4
|1t 7230
1310 7 4 4
0 002 3

P e nie ¥ e. C noMolp MEMEHTapHBIX npeobpasoBaHuit, He Me-
HAIOLIHX PaHra MATPHLBI, MPHBE/IEM €€ K CTYNCHYATOMY BHITY:

2 3514 1 72 30
1 72 30 2 3514
w o
3107 4 4 3107 44
0 0023 0 00 2 3
1 72 30 1 7 2 0
0 -11 1 -5 4 0 -11 1 -5 4
v o ]
0 -11 1 -5 4 j 0 00 00
0 6 0 23 0 00 23
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O10pocuB HyNeBYIO CTPOKY, HaiigemM:

0 -11 1 -5 4|m|0 -4 - 41,

1 72 30 1 7 320

51
0o 00 23/ lo 0 203
LI

[TonyuHmn ¢cTyneHIaTylo MaIﬁHuy, Y KoTopoil cyliecTeyeT MuHop 3-ro

1 7 3
gopsaka: {0 —4 —S=-8=0, jHauur, panr MaTpuMIs pased 3, H HC-
0 0

XOHaA MATPHIIA HMEET 3 THHEHHO He3aBHCHMBIE CTPOKK (MK cTonGua).p

Haiitu pasrd MaTpHit:
11171
(2 1 4 5 La 1 g
1.54. A=[1 0 1 2|. 1.55. A=313l.
1240
0110
2 -1 -1 2 -1 -1 2
1.56. A=| 3 1 -1]. 1.57. A= 3 1 -1 ol.
-4 -3 1 -4 -3 11

HaliTi MaKCHMATEHOE YHCIO JTHHEHHO He3aBHCHMEIX CTPOK MATPHLL:

11l 1 116
-1 1 2 -1 13
T S 1.59. :
17 -1 2 1 -125
3 -6 5 3 -6 5 6
4
12 1 4 2_3;5
1.60. |0 1 -1 3| L R
25 11
7 -2 15
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BLIACHHTE, ABJIAIOTCA N4 CTPOKM MATPMIBLI JIMHERHO HE3ABHCHMBIMH:

a 2 3, 163, 4 -2 6),

1.62.
3 6 7). 6 -3 9.

HaifTH MakCHManbHOE YHCIO JIHHEHHO HE3aBHCHMEIX CTONOLIOR MATPHLL

2 3 1 5 3 8
1.64. -3 -1 -4|. 165, 4 3 7
1 5 3 3 25

1.4. 3anaun ¢ 3KOHOMHYECKHM COJEeP:KAHNEM

IMoHATHE MATPHIEI 9acTO MCMONB3YETCA B MpaKTHYeckoH deATenbHo-
ctd. HanpuMep, naHHBE O BHITYCKE MPOMYKIHK HECKOIBKHX BUAOR B KAXK-
JOM KBapTale rofld UIH HOPME 3aTpaT HeCKORBKHX BHIOB PECYpcOB Ha
MPOH3BOACTEO MPOAYKLUHH HECKOJNBKUX THNOB M T.J4. yAoOHO 3anucaTe B
BHJE MATPHIL,

1.66. B HeroTOpoil oTpacau m 3aBOOOB BHITYCKAIOT X BHAOB MPOXYK-
uni. Matpuna A, 3agaeT o0e¢MBl NPOAYKUHH Ha KAKAOM 3aBOJE B Nep-
BOM KpapTtale, Matpuua B, — COOTBETCTBEHHO BO BTOPOM;
(ay;, bij) — obbembl NpoaYKUMM j-TO THNA Ha i-M 33BOAE B 1-M H 2-M KBap-
Tanax COOTBETCTBEHHO:

[
— e D tad
| % BV R DA e ]
b — b2

Haiith:

a) 06BeMBI IPOAYKIIAN;

£) npupocr ofEEMOB POU3BOACTBA BO BTOPOM KBapTase 10 CPaBHEHHIO ¢
NepBHM IO BUAAM NPOIYKLH H 3aBONAM;

8) CTOMMOCTHOE BRIPRXKECHHE BLRIMYIIEHHON TPOAYKLUMH 23 noaroda (B
NO1apax), eclii A — Kypc AONTapa 1o OTHOWEHHIO K pyOmo.

23



Pemwenne:
a) O0peME NMPOAYKLHM 3a [CIYTOAHEe OMPEASTAOTCS CYMMOH MaTPHIL
539
_ B 3 _ L
AuB,1e. C=4+8= g , TRe ¢; = ay + b — obbeM mpoayKuUH

6 3
4 7
7 3 7
Jj-To THIIA, MPOHIBEAEHHEIH 32 MOIYTOAHE i-M 3aBOIOM.
6) IIpupocT Bo BTOPOM KBapTasie No CPABHEHMIO C [HEPBLIM ONpEALd-
€TCA Pa3zHOCTRIO MATPHLL:

1 -3 -5
p--4=|} * 7,
0 2 -3

31 1 1

OTpHUATEBHBIE 31EMEHTL! dj; NOKA3HBAIOT, YTO HA JAHNHOM 33aBOJE i
00BeM TPOM3BOACTREA j-T0 IPOIYKTA YMEHBILIICH; TOJIOHHTE/BHEIE dy — YBe-
JHYHNCA; HyJIeBbIE djy — HE M3MEHWICA.

8) [Tponseenenue AL = (4 + B) naer BRIpaKEHUE CTOHMOCTH 00LEMOB
MPOH3BOACTBA 33 KBAapTal B JIOJUIApaX MO KaXAOMY 3ABOLY W KaxkKIOMY
NpeANPUITHIO (COOTBETCTRYIONYIO MATPUITY HE BRITUCLIBaEM). P

1.67. [IpeanpHATHE MPOM3BOANT # THIOB NPOAYKLWH, 00BEMBI BhIITYC-
Ka 3afaHBl MaTpHuedl A;.,. LleHa peanH3anyi egHHHLE! {-TO THITA OPOAYK-
LIMH B j-M perHoHe 3afiaHa MaTpuuei B,.;, roe k — tmcno pemonon, B KO-
TOPBIX PEUTHIYETCH NPOAYKLIHA,

Haiitn C — MaTpHiy BEIpYYKH MO PETHOHAM.

Mycte A1 = (100, 2000, 100Y;

1 3
2 2.
2 4 2 4
Pe menue Bropyuka onpenengercas MarpHiuel Cig = A Buns
NpHYeM ¢; = Zal i 'b&' — 3T0 BRIPYYKA OPEANPHATUA B j-M PETHOHE:

i=l

2
C = (100, 200, 100) |1
2

oW W
[N T

5
2| =(600, 1300, 700, 1300).p»
4
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1.68. [IpeanpkaTne NPOM3IBOAKMT 7t THIOB NPOAYKUHH, HCIOABIYS M
BHIOB pecypcoB. HopMebl 3atpaT pecypca /-ro ToBApa Ha TPOM3BOACTBO
€IHHMIBI MPOAYKUHH j-I0 THIA 3aJaHA MaTpuieil 3aTpaT A.... [IycTh 3a
onpefeNieHHBIH OTPe3CK BPEMEHH NpEeANPHATHE BEHITYCTHIO KONMYECTBO
IPOXYKUHH KX0TO THHA Xy, 3AITHCAHHOE MATPHIEH X\ .

Onpependts S — MaTPHILy MOAHEIX 3ATPAT PECYPCOB KAKAOTO BUIA Ha
MPOH3BOICTED BCeH MPONYKIHA 32 NaHHBHL nepHol BpeMenH. lano:

2 5 3 100
Apa= 01 Xiq=| 80
4x3 1 3 1 » 3Ixl o .
2 2 3)

Pemer e Marpuua noiHeIX 3aTpaT pecypeos S onpeaensercs
Kak npoH3seneHHe MaTpul 4 1 X, T.e. § = AX.

B ycnosun paHnoii 3apaun
2 53 930
01 8 100 960
=10 3 1] 27450
110
2 23 690

T.e. 33 KaHHBIA mepHon BpeMenH Oyaer u3pacxomopaHo 930 eanHMn pe-
cypca 1-ro BHga, 960 eannui pecypea 2-ro suja, 450 eannun pecypea 3-
ro Bupa, 630 eaunny pecypca 4-ro puga. P

1.69. ITycTs B yCROBMH NPEARIAYMICH 3a1aUH YKa3aHa CTOMMOCTE KaX-
JOTO BHJ2 PECYPCOB B pacdeTe Ha eannAuny. OuHa 3azaetcA MaTpuuei P,
OnpeenuTs NONHYI0 CTOMMOCTh BCEX 3aTPAYeHHBIX 33 NaHHBIH OTPE30K
BpeMeHH pecypcos, ecmn P = (10, 20, 10, 10).

P e ur e H 1 e. CTOHMOCTD BCEX 3aTPAYE€HHBIX pecypeor C onpeaenaeT-
CH KaK npoussecHde MaTpull P 1 S, T.e. C= PSunn C = PAX.
: 930
960
B maunoM cmyuae C' = (10, 10, 10, 10) 450 = 3990 (neu. exn.).P>

690
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1.70. 3apoa NpOW3BOAWT JBMIATENH, KOTOpbIe MOTYT NHGO cpa3y IoTpe-
HopaTe DonoMHATENBHON perynuporkd (B 40 % cmydaes), nHGo cpaszy MOTYT
ObiTh HMemonbioBaHbl {B 60 % cnydacs). Kak NOKasEIBAKOT CTATHCTHMCCKHE
HCCNEOOBAHHS, T JBHrATEN|, KOTOPBIE H3HAYANLHO TpeboBaIM perynypoBKH,
noTpebyIOT JOMONTHUTENLHOH peryMpoBKy Yepes Mecsn B 65 % cmydaes, a B
35 % cimyqaes uepes Mecan OyoyT pabotars xoponto. Te ke NBUraTenH, KOTo-
phie He TpefoBani NepeOHAYANLHOH PEryNUPOBKH, NOTPEOYIOT ¢¢ uepes Me-
cau B 20 % cyvaes u npoaosokar xopomo patorats B 80 % criyyaes.

KakoBa aoma aguratenteil, kotopele OyIyT paboTaTh XOpomo Wik NoTpe-
OyI0T peryIHpOEKH uepes 2 MecAlla nociie BuiTycka? Hepes 3 mMecAua?

P e e v ¢ e. B MOMeHT noclte BRINycKa JOJNSA XOpPOIUUX ABHraTenei
cocraeiseTr 0,6, a nona Tpebyromux perynupoeku — 0,4, Uepes mecan
A0NA XopolnMx coctasut: 0,6 -0,8 + 0,4 -0,35 = 0,62. Jona Tpebyommx
perymaposku: 0,6 -0,2 + 0,4 - 0,65 = 0,38, Beenem cTpoky coctosHusa X; B
MOMEHT #; X, = (X);; X2p), IA€ X1, — AOJA XOPOIINX ABUTaTeNeil B MOMEHT £,
X2, — JONA ABATaTeneil, TpeOYIOIMX PETYNHPOBKHE B MOMEHT /.

14y 2

Martpuua nepexoza A, =( , The a; — JOonA ABUrateiecH,
4 9

KOTOpPbLIE B HACTOAINES BPeMS HAXOOATCA B cOCTOAHMH | (1 — «xopowuiiy,
2 — «TpebyeT PeryJIMpoBKH»), a Yepe3 MecAll — B COCTOSHHH J.

OueBHAHCe, YTC 1A MAaTPHOB NEPeXofa CYMMa 3NEMCHTOB Kaxno#
CTPOKH paBHa 1, Bce 3eMeHTH €€ HeOTPHEATENBHEL

08 0,2
Ouerugno, X, =(0,6 04), A2 = .

2 0,35 0,65
Torza 4 ecany X, = Xy A =(0,6;0,4) 08 02 {0,62; 0,38)
or Mecal A = Aor 4 = (0,60, 62; 0,38);
Ha tepes : lxi% ng 2x2 0;35 0-;65

yepes 2 Mecaua X; = Xjd = XOAA XOA :
yepes 3 mecaua X3 = Xod = XoA

Haiizem matputbt A% u A
= 08 62108 02, (071 0,29
0,35 0,65/10,35 0,65 0,5075 (,4925
£ 0,71 0.29 08 0,2 0,67 033
= = N
0,5075 0,4925/10,35 0,65 0,58 042

OTMeTHM, 4TO eciH A — MaTpHla Nepexoaa, To 4 — Toxe Marpuua
nepexona npi noboM HaTypansHOM £ Teneps
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X:=(0,6 0,4) 071 029 ={0,629; 0,371)
2T Y 0,5075  0,4925 WED S
X;=(0,6 0,4) 0.67 0,33 = (0,634; 0,366)
PUORT S 058 042 I TR

Ouesnano, X, =X; A' W

1.71. Tpu 3asofa BENTYCKAIOT 4YETHIPE PHAA npoaykuuu. Heobxonumo:
d) HAWTH MATPHLY BBIMYCKA NPOAYKIMH 3a KBapTall, €ciH 3a]aHEl MaTpPHLIE!
HOMECA4HEIX BRITYCKOB A}, 4; U A3; 6) HaltTH MATPHLEL NPHPOCTOR BLITYCKA
NpodyKuMK 3a Kaxasil mecsan B, u B; 1 npoaHanu3upoBaTh pe3yaLTaThl:

Al=

L T SN
oW
N
[ I T
,
[~
1l
OV

5
4
4

1.72. Hafitn C — MaTpHuy BHIPYYKH HO PErHOHAM B YCJIOBHAX 3amaduu
1.67, ecnn

[PV N
— )

A=(10;40; 10;20); B=

- b e

2 4 4

Onpeaennth, kKakoi H3 TPeX PerHOHOB HAUOONEE BRITOACH ANA peau-
3al(HY TOBapa.

1.73. Mpeanpuarue npou3soANT Melelb TPEX BUAOB H MPOAAST €€ B
2512

yeThIpeX perHonax. Marpuua B=(b;)=(1 8 3 4| 3amaer ueny pea-
2413

NM3aLHA eIHHALB Mebend i-ro Tana B j-M pernone. OnpeAenuTs BLIPYHKY
NpeAnNpHATHA B KQOKAOM PETHOHE, CCJIH pealTH3anys mMeGenn 3a Mecall (HO

200
BPHAaM) 3aada MaTpHuei A = | 80 [.
100
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1.74. B ycnosuax 3anaan 1.68, 1.69 onpenenuts:
1} nonxeie 3aTpathi pecypcoB 3-X BUAOB Ha NPOH3BOACTBO MECHYHOLN

21
NPOAYKUMH, eClH 3aIaHk HOPME! 3aTpaT Matpuued A=(2 2| u obveM
31

200
BRINYCKA KOXKAOTO H3 JBYX THNOB MPOAYKIHH X = [300}
2) cTOMMOCTE BCEX 3aTpaYeHHbIX PECYPCOB, €CNM 3471aHA CTOMMOCTE
eABHUL Kakacro pecypea P = (50; 10, 20).

1,75, IlpogaBen MOXKET 3aKYIHTh OT | B0 5 OUNETOB Ha CHEKTAKIb IO
nene 100 py6. n npoaats nepen cniekraknem no 200 py6. kaxasiit. Cocra-
BHTH MaTPHUY BHIPYSKH NMPOAABLA B 3aBHCHMOCTH OT KONIMMECTRA KYILIEH-
HEIX UM OMneTOB (CTPOKA MATPHIIEL) H OT PE3YNBTATOB Nposaxku (cronben
MaTPHLEBI).

1.76. B peMOHTHYIO MacTepcKyl NOCTynawoT TenedoHHBIE anmaparsi,
70 % kotopsix TpebyloT Manoro peMonTa, 20 % — cpeanero pemonta, 10 %
— cnoxnoro peMoHra. CratueTH9eCKH yeranosneno, 9ro 10 % anmapatos,
NpolLeIIIHX MaNblil peMoHT, Yepes rof TpebyoT Manoro peMoHTa, 60 % —
cpensero, 30 % — cnoxHoro pemMonta. U3 anmapares, npomieRuinx cpea-
HUi pemoHT, 20 % TpebyloT Yepes rox Maioro pemonra, 50 % — cpeanero,
30 % — cnoxnoro pemonta. 3 annapaTtos, npolliealiMx cIOXHEIN PEMOHT,
vepez ron 60 % Tpebylor manore pemonra, 40 % — cpemnero. Halitu monu
H3 OTPEMOHTHDOBAHHLIX B Hayale roja annapatos, koropsle SymyT Tpebo-
BaTh PEMOHTA TOTO WK HHOTO BHAa: yepes | rog; 2 ropa; 3 roda.

dagaun Fjn noBTOpPEeHHA

{
1.77. Haitru marpuny C = 4> — AB+BA, rne A= 12 , B= 21 .
3 4, 1 5
BEMMHCIHTE ONpeneuTeNs | cnea MaTpHIE C.
(1 2) 0 1)
1.78. Haiitu matpuny C=AB'+3E, rne A=(3 4|, B=[(1 0|,
5 6) 3 2

E — eIMHMYHAS MATPHLIA COOTBETCTRYIOLICTO NOPAAKA.
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2 310
1 0 1 7
1.79. Beraueans onpeaenTent 4-1o Nopsaka: 5 14 8
3 -1 11
2 31
1.80. I'pw waxnx sHavermax amapitg C = 5 4 o |, nMeer obpartayro?
2 a 0
1.81. Haitta (aByMsa cnocobGaMH) MaTpuLy A, obpatHyIo K MaTpHie
1 01 :
A=l2 =2 1|
0 23
1 4 3 2 1
1.82., HaitrH panr matpans 4 = 05 610 ;
2 0 112
3 910 4 3
1.83. HaiiTh YHcno NHHEHHO He3aBHCHMBIX CTPOK MaTpHLB! A B, rie
210 0 2/3 -1
A=(0 3 1|, B=|0 ~1/3 O |
1 20 0o o0 0
1.84. Ips wakwx 3savesisix o past matpupl C = A~ + B~ pasen 2, roe
(2 1 1 1 11
A=|10 1 0Of, B=|0 1 aj
1 1 -1 11 2

1.85. ABTOTpaHCHOODTHOS TNpeNNpPHATHE 3aKYMUIO aBTOOYCHI, cpeau
kotopeix 20% Tpebylor npexpapurentHofi Hanaakd, 10% Hyxknatotres B
pemoHTe M 70% roToBH K 3KCIUTyaraudH., CTaTHCTHUYECKH YCTaHOBJIEHO,
4To Yepes rof paboTH cpear TeXx aBToGYCOB, KOTOPEIE NPOLUIH Npe/ABApH-
TENBHYK Hanagky, 30% BHOBb e Tpebylor, 50% HyXAaloTca B pEMOHTE H
20% moryT npocro npogomkars pabory. Cpean Tex asTo0ycoB, kKOoTopblie
IpOLUTH NepBOHAYANBHEA peMoHT, 40% Ryxkaatotca B Hanaake, 20% Hy-
XOaloTCA B pemoHTe, 40% rotosu k paGore. Cpenn Tex aBTobycoB, KOTo-
phle cpa3y kcmayaTHposanuck, 30% HyxgalwoTca B Hananke, 50% ayxaa-
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I0TCA B DEMOHTe, MOTYT NpoRomkuTh paboty. Haiitk nonwo asroGycos,
KOTOphle yepes 1 rom #d uepes 2 roga OyAayT: a) HYKBATbCA B HANAIKE;
6) TpeGOBaTH PEMONTA; B) NOTOBRH K KCIUTyaTalK 0¢3 HAISAKY M PEMOHTA.

KourpoabHbie 3a1anms
no riase 1 <Marpuupl u onpelenuTe N>

Bapuanm 1.1

| Bapuanm 1.2 |

Bapuarim 1.3

,H.Ba pa3jIHYHBIX O KaYMCCTBY BHIA PACTHTEJIBHOIO Macla npoJaioTcA

| B Tpex marazumax. Matpuua 4 ~ 06bEMBI IPOJAX ITHX NPOLYKTOB B

MarasuHax B 1-M KBaprane, MaTpHua B — Bo 2-M KBaprane (B THIC.
py6.). Onpeaenuts: 1} obnem npopgax 3a asa Ksaprana; 2) npupoct
npojax Bo 2-M KBapTaNle Mo CPABHEHHIO C NEPBLIM.

(2 5) 3 4 22
A=7 3§ A={6 4|, A=|3 4|;
2 4 2 3, 4 1)
3 4) (1 2) 1 2)
B=|6 4 B={5 3 B={3 4
25 3 3 4 2
2 Haiit matpuy C~', o6patayo k Matpue C = 4B’ + 3E:
1 2) 2 1) (1 0
A=]3 4| A=|4 2|; A=|0 2|;
56 0 1 3 1)
20 11 (31
B=|5 4 B=[1 1 B=|4 5
(1 2 0 1 1 0
BRUNCIHTE ONpEaCIINTEIIb,
31t 2 30 24 13 [|-11 o 3
5 7 12 01 -7 2 34 1 =2
3 -1 18 14 53 [l23 1 4
-3 -10 -3 6 39 -3 8 -4 2 -2 3
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OKOHYAHNE KOHMPOTLHBX JG0aHUL

Bapuanm 1.1 | Bapuawm 1.2 | Bapuarnm 1.3

OnpenenuTe MaKCHMAILHOE HHCI0 JIMHEHHO HE3aBUCHMBIX CTPOK MAT-
pHIIbI:

5 -1
-1 21 35 6

4 2 103
4
3 -5 2 -8 —11||]|2
5
1

I 2 1 2 3
5 6 0 5 6
-3 -2 1 12 15
9 10 1 -8 -9

] 1 -2 -4 -6 -8

[ 35 T -~ S Y

2 4 2 10 12

[IpeanpHATHE NMPOHIBOAUT TPH THNA NPOAYKIKH, HCTIONB3YA AB3 BHIA
pecypcos. HopMa 3atpar pecypcoB i-ro BHAa Ha NPOH3BOACTRO €1M-
HUUBI MTPOTYKLHY j-T0 THIA 3alaHa MAaTpuiefi 3aTpaT 4, BRITYCK Npo-
AYKLHH 33 KBapTal —— MaTpHued X, CTOMMOCTh €IMHHLEI KQXAOIo
BHAAa pecypcoB 3amaHa Martpuneid P. Haittn: /) Matpumy § nonHerx
3aTPAT PECYPCOB KAXKAOTO BHAA; 2) MONHYH CTOHMOCTh BCEX 3aTpa-

211
A= 3
b2

YEHHEBIX PECYpPCoB.
1 21 311
A= 1| A= :
3 21 211

10 10 20
26 |;
10 10

P=(52) P=(2;4) P=(1;3)

X:

3aBod MpOH3IBOANT IIBeifHKE MalHHLI. Kaknas MallHHa MOXeT Ha-
XOJNTHCA B OOHOM H3 OBYX cocToAHMH: /) paGotaer xopowo; 2) Tpe-
Oyer perynupoBkn. B MOMeHT H3roToBieHuA p % MammuH paboraioT
xopoiro, (1 — p) % tpebytor perymupokyn, CTaTHCTHUECKHE NCCNCHO-
BaHHUA MOKA3aIH, YTC W3 TEX MALIHH, KOTOphle ceroAHd paboTtaloT Xo-
poiuo, yepes mecal 70 % Gyayr pabotats xopoiuo, a 30 % notpeby-
10T perynupoBkH. Cpeay Tex MAlMH, KOTOpHE ceronds Tpebylor pe-
TyJIMPOBKH, Yepe3 mecan 60 % 6yayt pabotars xopowoe, 40 % notpe-
Oyior perynuposkn. KakoBsl 1011 Mainun, koropble OyayT paborats
XOpowWo WK NOTPeGYIOT PETYIMPOBKH Yepe3 Mecdll NoCcie MX M3re-
TOBNEHHA?

»=80% T 5=50% | »=20%
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Tectr 1
1 3 1 20
1. A= B= .
Hanp! MaTpHUB (5 7) H (3 { 0]

BHACHHTE, KAKHE H3 CIEQYIOLINX onepalHi MOXHO BEINOAHHTS,
1YA+B;2y4"+B;3)A+B';4) AB; 5) BA, 6) A'B; T) AB’; B) A'B";
NBA.

2, llaHbt MATPHL(BI:

A= 3 6'B= 1 . Haiitn B'A’AB.
21 -1

0
) . Ha#irn matpuuy C= As_.

1
3. aMa a A=
Jlana MaTpHn [0 5

Omsem: C=(a bJ, rmea=..; b=..;¢c=...;d=...
c d _ :
4, lapa maTpuna
2 3 1
A=|7 0 -=2|.
4 3 0

Haittu onpeaenurens |B| matpuuu B = 4'4.

5. BEACHHTD, KAKHE H3 NPHBEACHHRIX HIXKE MATPHII UMEIOT 0OpaTHbIE:

2 1 00 1 123 1 2 3
D3 1l )0 o 2|; 3]0 2 3 @2 3 4|
0 6 00 3 00 3 35 7

6. [lpa kakoM 3Ha4eHHH ¢ MaTpuua D = A+ 'py! Gynet pasua

6 —-4)
Mmarpuue BC, roe A4 =( J ?
a —6

7. Haittu cnen tr C marpaum C = (ABY — B'4’ + 3E,

1 2 {01 1 00
rie A=(4 5|; B=[2 i l]; E=(0 1 0].
6 7 0 01




8. PacnonoxHTe MaTpUUbl B NOpAIKe YOBIBAHHA HX paHrOB
1 2 31 1 2 2

{4 5 6 12310 3 11;
5792 00 1

3]2344)00
)-1—2—3-4 0 0)

9. CxonbKo IHHEHHO HE3aBHCHMEIX CTPOK HMEET Marpnua
C=(B4Y +A4'8B' -
01

o 4cfl 23 12 p<lo ol
& = ; = ; = .
8 011 3 4

3 8

10. IMpennpusTHe BBHITyCKaeT TPH BHAA NNPOAYKLHH, HCIIONL3YA ABA
BHJIA CHIPhsi, HOPME! PACXOMIOB CRIPbA Ha eMHHITY NPOAYKIVH 32/1a-

IOTCA MaTpHIei _
2 31
A= .
{ 1 4 2}

Onpenem-rrb ACHEAHBIE pacxodbl NPEANPHATHA Ha OCYLIECTBIIEHHE
1

BRITYCKA TOBapOB, 3afiaBacMoro MaTpieii C =( 1 |, ecnn cToMMOCTh
2
€NWHHUIIE] KAX/I0r0 BHIA CHPLA BHpaxaeTcsa MaTpuueii P = (2; 3).
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I'nasa 2
CucreMbl JHHEHHBIX ypaBHeHUIi

Cupasounbiii MaTepHan

1. Obwuii 6u0 cucmesbt m MMHEHHEIX YPABHEHWI C 11 TepEMEHHBIMH:
(ay,%) + appxy +.4 a,x; +..tax, =b,
Ay Xy + AppXy +ot @y X+t X, = by,

‘_b @.1)
aﬂx[ +ajzx2 +...+ ayxj +...+a,v,.,x,, = i
QX + Ay X+t @pX; +ot A, X, = b,
2. B mampuunoti popme cuctema (2.1) umeer Bua;
AX=2B8,
rae
a4 9 Ay X by
ay Qp .. a X b
A = | 2 2n s X = '2 s B = '2 . (2.2)
Gt Gz Dpin Xn bm

3neck A — MaTpHIA CHCTEMEL; X — MaTpHLia-cTonbel nepeMeHHEIX; B
— MaTpHUa-cToN0eH ¢BOGOIHEIX YNEHOR,

3. Ecim onpenemTels MATPHOB! CHCTEMB 1 THHEHHEIX ypapHeHHi ¢ 7
nepeMeHHBIMH A = [4] # 0 (T.e. MaTpHUA A — HEBHLIPOAACHHAN), TO SAHHCT-
BEHHOE PelIeHHE CHCTEMBI OTIPEACIIACTCH:

a) memodom obpamruoii Mampuyer 10 hopMye:

X=4"'B; (2.3)
0) no gopmynam Kpavepa:
A
xJ. = TJ (j = l, ieny R), (2'4)

rie A; — onpeaeNauTeNb MaTPULIbL, MOMy4aeMoil U3 MaTpHLL! A 3aMEHOM J-
ro cronbua cronbuoM cBoGOIHRIX YiIeHOR B.
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4. Memoodom I'aycca MOXKHO pellBTh MHO0YI0 CHCTEMY YPABHCHHH BHAA
(2.1). ia >Toro cocTaBNAIOT PacIIHPEHHYK0 MATpHUY KodGhQHUMEHTOB
(A\B), npunuceBas K MatpHue A cronben crobonHBIX wieHOB B, 3aTeM
MaTpuly (4|B) ¢ noMoumbKy 3MeMEATapHEIX npeodpaszosanuii (cm. § 1.3)
NPHBOAAT K CTYNIEHYATOMY BHIAY (TAaK Ha3bIBacMBblil «IIpAMOil Xony); aanee
TI0 NONYYeHHOIf MaTpHLe BEIMMCHIBAIOT HOBYIO CHCTEMY M PellaloT ee Me-
TOAOM MCKIIOYCHHA NICPEMEHHEX: HAUYHHANA ¢ [IOCNEHHX (11O HOMEpY) Ne-
PEMEHHEIX HaXOJAT BCe OCTANLHEE (TaK Ha3bBaeMbIH «00paTHLIA Xom»).

2.1. CuereMa n JAHEHHBIX ypaBHeHHAH
¢ N nepeMeHABIMEI

2.1. Merogom o0paTHO! MaTPHIKI PEITHTh CHCTEMY YDABHEHHIHA:
X + x + 4x=1,
26, + xy + 6xy=2,
13 +3x, +13x;,=2,

P e w e 1 n e. OGo3HaunM:

11 4 X, 1
A=|2 1 6|; X=|x|; B=[2].
3313 X; 3
Torza B MaTpruHOl (opMe cHcTeMa HMeeT B AX = B. Onpenenu-
11
Tesh Matpuuhl [4|=[2 1 6/=-1#0, 1.e. obparnas matpnua 4™ cyme-
3 31 '
cteyer (cm. § 1.2):
5 1 -2
A1'=[ 8 -1 -2/|. Teneps mo dopmyne (2.3):
-3 0 1
5 1 =231 3
X=4"-B= 8 -1 -2||2|=| 2|.
-3 0 1)12 -1

Omeem: (3; 2; -1).p»
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2.2, o jopmynaM KpaMmepa pewmrs CHCTEMY
2x; —3x; +xy, =0,
xl + 21’2 - x:_ = 3,

2 -3 1
PemeHrnue Onpepemurens A=|4|=|1 2 -1=18#0, cieno-
3 5

BaTeNLHO, O TeopeMe KpaMepa cHcTeMa HMEST ¢AHHCTBEHHOS PEIUICHHE,
BriunciuM onpeaennTen MaTpul A, A, A;, TOMyYeHHBIX N3 MaTpUUbl 4
3aMeHOH COOTBETCTBEHHO MEPROTO, BTOPOTO H TPETLETO cTONOIOE ¢TONG-
LIOM CBODOMHBIX YJ1€HOB!

0 -3 1 2 0 1 2 -3 0
A=[3 2 -1=18, A;=|1 3 —1=0, A;=|1 2 3=-36.
3 50 3 3 3 5 3

Teneps no dopmynam Kpamepa (2.4):
A 18 A, 0 A, =36
l=_=_=l’ 2=—'=—=0, Xy = —=—=-2.
A 18 A 18 A 18

Omeem: (1, 0; -2). »

2.3. Metoaom lNaycca pelTs cHCTEMY:
Sty — x, +2x3 - x =17,
"3x] +2x2 - X +2I4 l,
x] - xz +4x3 _2x4 =—4,

P e e H U e. BunuueM paciidperHyo MaTpuly cucteMsl. Heobxo-
JMMO Ha IEPBOM wIare, MToDK @ # 0, Ho yAoOHee Lns BRYHCIEHHH, YTO-
661 a;; = 1. [Io3TOMY nOMeHAEM MECTaMH NEPBYIO H YETEEPTYIO CTPOKH,
yTo0BL ay) CTAJ paBHBIM 1:

2 1 -1 320 1 -1 4 -21-4 ﬁ)
5 -1 2 -117 5 -1 2 =117

-3 2 -1 21| |-3 2 -1 2 1k
1 -1 4 -2(-4 2 1 -1 320)

llgz I, YMHOXHM 3eMEHThI NEepBoil CTPOKH Ha -5, 3 W —2 1 npuba-
BHM HX COOTBETCTBEHHO K 3/I€MEHTAM BTOpOH, Tperbedl M ueTBEpPTOH
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CTPOK, YToOR! MOA 3NEMEHTOM @) B NEPBOM croabue obpasoeanack «CTy-
HeHbKa» U3 HyneH.

Jna npoeeaeHud BTOpOre wara HeobxoaUMo, YyTodbl B HOBOH MaTpULe

ap#0, HO yaoOHee, yTobH gy = | HIH a» = -1. [losToMy nepectaBum
BTOPYIO H TPETHIO CTPOKH:

1 -1 4 -2-4 1 -1 4 -2/-4)

I::O 4 -18 9317 0 -1 11 - 13‘5)
of-1 11 -413 0 4 -18 937

¢] 3 -9 728 0 3 -9 7 28]

gz 2. Dnementsl BTOPOH CTPOKH YMHOXKacM Ha 4 i 3 n npubasngem
COOTBETCTBEHHC K JJEMEHTaM TPETheil W 4YeTBepToil cTpOK, TOrda MoXR
3NEMEHTOM dz; BO BTOPOM CTON0UE NOABHTCA ETOPAA «CTYIEHBKA,

a2 3. Tak kak B nomydesHod MaTpuue as; = 26 = 0, yMHOKaeM ae-

MCHTHI TpeTheH CTPOKH Ha EYERETY ¥ npHOaBIAEM K BIIEMEHTAM YeT-

BepTol cTpoku, Tlonyumnm:

(1 -1 4 -2-4 1 -1 4 -2|-4

T L1 11 -4-11 0 F1 11 —4-11

-12113) '0_'0_‘26 _q7l-7|7|0 [0 p6 =7 -7
I—’ 0

19( 19
L0 24 -5-5) (910 [9 |5 13
PacumperHasa MaTphLa NpHBeleHa K CTyneHuaToMy BHily. CooTBeTCT-
Bylollaq eff CHCTEMA HMEET BHA!
X —x, + 4xy— 2x,=-4,
—-x; +11x; — dxy=-11,

19 19
_x4 =
13 13

W3 nocnennero ypasreHHud x4 = 1, 3 TpeThero
-7+7x, -7+7:1 ~0-
26 26 '
H3 BTOpOTO X2 = 11 + 11x; — 4, =11 +11-0-4-1=7,
H3 mepBoro xX) = —4 +x; —dry + 204 =—4+7-40+2:1 =35,
Omsem: (5,7, 0; 1.0

Xy =
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3 amedqaHH e Obparneiil xoq Meroga INaycca MOXKHO IPOBOAMTE U
¢ paclUMpeHHO MaTpHueH, He Nepexois K CHCTEME, ecli 3TY MaTpHLY ¢
MOMOWBKY JEMEHTADHEIX TNpeolpasoBaHHi NpHBECTH K JAWATOHAILHOM.
YMHOXHM 3JIeMEHTsl YeTBepTol cTpokM Ha 13/19. 3arem snemeHTHI Mo-
cneqHeil cTpokH (agq = 1 = 0) ymuoxMM ha 7, 4, 2 u npubaBUM COOTRETCT-
BEHHO K JIEMEHTAM TpeTkeH, BTOpO# K nepsoif CTpok:

1 -1 4 =21-4) (4 1 4 -2]-4) (1 -1 4 0]-2

0 -1 11 -4|-1} 1o —1 11 -4 -1 [0 -1 11 0|-7
o-ozé—lg—lg 0 026 -7 -7 j0 0 26 0| o
0 0 0 =| =

) 5l 13 @ 00 i 1) (o 0 0 1] 1

Janee yMHOXHM 27eMEHTHI TpeTheil cTpokH Ha 1/26, a 3aTeM, YHHTHI-
BadA, uto a;3 = | # 0, — Ha (—4) u (—11) u mprbaBuM K JIRMeHTaM NEpPBOit H
BTOPO# CTPOK, a MOTOM OT NEPBOIt CTPOKU OTHAMAeM BTOPYIO {(gx; =—1 # 0):

1 -1 40|-2) (1 -100|-2 (1 00°0| 5
o -1 11 0[-7| o -1 0 o|=7| [0 -1 0 0|-7
o o 10/ 0/ lo o 10| o/ o 010]of
o o001l 1) o oo 1| 1) lo oo 11

Jlepaa vacTh paclidpeHHON MaTPULLI NPHBEIEHa K AHATOHAIbHOMY
BHAY. Beinumem cucremy:

Omegem: (5,7, 0; 1).p

2.4. Metogom I'aycca peilinTs cHeTeMy:
-2x + 3x,-2x, =2,
3x, —2x+ x3=2,
=5x; +10x, —7x, =3.
PeineHue BonuuweM w npeofpalyeM pacllMpeHHYI0 MAaTpHHY

cHCTeMB!, CHawajla npHOaBHM K IEMEGHTaM NepBOH CTPOKH 3/1E€MEHTHI
BTOpPO#:
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-2 3 =212 1 1 -1(4
3 -2 1|21~ 3 -2 1|2}~
-5 10 -7]|3 ~5 10 -7)|3
1 1 -1 4 1 1 -1 4
~(0 -5 41-10(~]0 =5 4]-10].
0 15 12 23 0o o0 0| -7

Tlocneamss ctpoka cooTeeTcTBYET ypasHeHuI0 0-x) + 0 xy + 0.3 = -7,
KOTOPOE HE MMEeT PELeHHI!; CIeI0BATENBHO, CHCTEMa HecOBMeCTHa. P>

2.5, dupma COCTOMT M3 ABYX OTACICHWHA, CyMMApHAs BEJIMYHHA MpPH-
ObETM KOTOpHIX B MHHYBIUEM IOZY cocTapria 12 mus yen. ea. Ha a3ror roa
JANJIGHAPOBAHO YBeNnHYeHue npadsuIn nepeoro otaeneHua xa 70 %, sro-
poro — Ha 40 %. B pesynctate cyMMapHas NpHORLIL HODKHA BLIPACTH B
1,5 paza.

KakoBa BenyunHa MpHOLUTH KDKAOTO U3 OTASNICHHH: g) B MUHYBILEM
romy; &) B 3ToM romy?

Pem e H n e. [Tycth x 1 y — npuOELTH NepBOTO H BTOPOTO OTACHEHHH
B MHHYBIIeM roay. Toraa ycnoBue 3agayy MOXKHO 3alHCaTh B BHAE CHCTe-
MBI :

x + y=12,
1,7x +1,4y=18.

Pemiup cucremy, nonygaM x = 4, y = 8, CnemopatensHo, a) npasiie B
MHHYBILEM MOy NepBOTC OTAENCHHA — 4 MAH YCI. ef., BTOpore — 8 MIH
YOI e11.;

0) npHOBUTE B 3TOM FOLY NEPBOro OTASNEHRA 1,74 = 6,8 MH yCIl. ex.,
sroporo 1,4-8 = 11,2 M yen. en, P

Metonom oGpaTHOH MaTpHUBI H Mo ¢opMynaM Kpamepa pemnTs cHe-
TeMBl YpaBHEHHH!

26. {le +7x, =81, 2.7, {3::, +hx, =18,
2%, + x, = 5, X+ X =2x;= 6,
5x; — xy =10. 5% +2x, + x;=16.
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5x,+8x, + x;= 2, 2x, -3x, +x; =-7,
210, <3x,-2x, +6x,=-7, AL { x +4x,+2x; =-1,

Tx+ 2y +3z=15, 3x+2y+z= 5,
2,12, 5x—- 3y +2z=15, 213. 2x— y+z= 6,
10x 11y +5z=36. x+5y =-3.
MeTOJIOM Faycca PELINATE CHCTEME] ypaBHeHHﬁ:
xX+2y+3z= 2, 6x,+ x5 +3xy, =-1,
206, {2x+3p—dz=-5 217 {-2x 55, +2x,= 6,
Ix+y+ z= 3. 3x, +2x, = L
X +3x%; - %, =10, X+ %, + x5 +x, = 10,
4x, +2x, -3x, =11 X =Xyt xy =Xy =2
=3x,—Txy —8xy +2x, =4, 4 B3x - X +2x%-x,=-1,
2‘20. 2x| - x2 +3X3 = 4, 2.21. le _2x2 +3I3 = 5,

Pewnte (m00EM METONOM) CHCTEMY YPaBHCHHIL, 3aJaHHYI0 B BHMAC
AX=B, rae A — MaTpHla cUCTeMEI, B — cTonben cBoGOIHEIX HNeHOB:

-3 2 4 5 15 2) 3
2.22. A= 2 -4 -3|, B=|-6| 2.23. 4=[2 9 5| B=| 12].
1 6 1 17 13 -2 -9)
302 —2} ~2 2 11 3)
224. A=|1 1 14, B=| O 225 4=[1 2 1|, B=|0]|
2 -3 -3 10 112 9)
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Petintsh MaTpHUHBIC YpaBHEHHA:

226" 3lx={' 1 227. x{” Ho[72 4
1 2 11 3 -4 3 4
228. (4 Vox (! Y=l® #2209 4-x=8 rae a=[* ] B=[®].
51 15 |55 3 2 7
-4 0 2
o) ea)

123 5
230. A-B'""X=C, roe A= B=
-1 20 -3

1190 5 -12 I 1 -t 8% -4
231,12 1 2(X=|-6 4 6| 232.X:|2 1 Qf=[-2 3 -4
011 -2 07 1 -1 1 13 8 -3

233, ®upmoit Osuto BhlgeneHo 236 TeIC. YCI. e, AIA MOKYTKH
29 npemMetos fua 00opyaoBaHHA oduca: HECKONBKO KOMIIBKITEPOB O LIEHE
20 THIC. YCII. €l. 3@ KOMNBIOTED, HCHEIX CTONOB Mo B,5 THC. ycl. en. 3a
CTOJN, CTYNLeB Mo 1,5 Thic. yoi. ead. 3a cryid. Iloiske BHIACHWAOCH, YTO B
APYrOM MecTe KOMMNBHTEPH MOXHQ MpHOOpecTH no 19,5 Teic. yon. ea., a
CTOMBl — [0 8 THIC. YCI. €X. (CTYJBA MO Toil %ke 1eke), Hnaroaaps YeMy Ha
Ty %e cyMMy Gbuto kynneHo Ha 1 cron Gonbie. BeifsicHUTE, Kakoe KOTHYE-
CTBO €HHUI KOKA0I0 BRAa 000pyAOBaHEA G110 npuobpeTeHo,

2,34, Illeeitnas dabpuka B TedeHME TpeX AHEH NPOM3BOAMIA KOCTH)-
MBI, [UTAlY ¥ KYPTKH. H3BecTHH 00BeMBl BRINYCKA MPOAYKUMH 32 TPH AHA
H IEHEeNKHBIE 3aTPaThl Ha TIPOU3BOACTBO 33 3TH JIHK!

e Obvem eoinycrka npodyxyuu (ecunuy) Jampamo:
e KocTioMbt [Inam Kyptu {myic. ycn. €0.,)
Iepsuiit 50 10 30 176
Bropoii 35 25 20 168
Tpetnii 40 20 30 184

Haiiti cefecToMMOCTE eAMHHLEI MPOOYKLHH KKOOTO BHAA.
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2.2, CucreMa m JuHeHHBIX YpaBHeHHit
¢ N mepeMeHHLIMH

Cnpanounniii MaTepnan

1. Cucrema (2.1) coBMecTHA TOTHA H TONBKO TOrAA, KOTAA PAHT MATPH-
1B CHCTEMEI A paBeH PaHry pacliipeHHol MaTpuusl (4|B) (meopesma Kpo-
nexepa—~Kanenm).

2 Ilyetb r (A) = r, ¥ < n; ¥ NEPEMEHHBIX X|, X2,..., X, HAILIBAIOTCH OC-
HogHbiMu (GazucHbiMu), €CNIH ONpeACTIHTEINb MATPUIE] M3 KOMpPHIMEHTOR
npH HHX (T.e. BasucHulii Munop) oTnMyer o Hyna. OcTansHeie # — # nepe-
MEHHEIX HAZLIBAIOTCA HeOCHOSHLIMY (MITH c60000RbLIMY).

Pemenne cucremul (2.1), B KOTOPOM BCE # — r HEOCHOBHBIX TIEPEMEH-
HEIX paBHEE HYITIO, HA3LIBAETCH HATUCHBIM.

CoemecTHaa cucrema (2.1) HMeeT: edurcmeennoe pelleHHe, eciH
¥ = 1, U BECKONEUROE MHOJNCECMEO PEIIEHHEH, €CNi r < n; YHCHO Ga3HCHBIX

s r
PeIICHHH KoHewHO A HE IPEBOCXOJAUT Cn .

2.35, Metonom [Maycca pelMInTE CHCTEMY!
x +2x, — 3x;-2x, =1,
—2x -3x, + x;+3x,=3,
5%, +9x; —10x, ~9x, =0.
P ¢ w ¢ H 1 e. [Ipeobpaiyem pacHIMpeHHYI0 MATPHILY CHCTEMEL:
1 2 -3 -2]1 1 2 -3 -2 1
-2 -3 1 3|3[~0 1 -5 -1{ 5|~
5 9 -10 -9]0) 10 -1 5 1]|-5
12 -3 -211
~[0 1 -5 -1]5].
00 0 0]0

CreZoBaTeIbHO, PaHI MATPHLIE CHCTEMBI F (4) = 2.
Onpefennreith (pH NEPeMEHHEIX X, X; (0a3HCHBIA MUAOp) OTIMYEH OT

.1

2
HyJIs: ! # 0, 311 nepeMeHHble GepeM 3a 0CHOBHbIE. OCTanbHbIe, HEOC-

0

HOBHBIE TIEPEMEHHBE X3, X4 (¢ HX KozdduHeHTaAMH ) IEpeHOCHM B MpaBEIe
YacTH YpaBHEHHIH:

X +2x, =3x; +2x, +1,
X, =5x+ x,+5,
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OTKYIOa x, =—2x2+3x3+2x4+ 1 =—2-(5x3+x4+5)+3x3+2x4+ 1
=—10x3 —ng— }.0+3X3 +2.X4+ i =—?I3——9.

3anaBad HeOCHOBHBIM NePCMCHHRIM TIPOH3BONBHEIC 3HAMEHHA X3y =
=01y X4= €3y Haigem GeckOHeUYHOe MHOXKECTBO pe]lleHHﬁ CHCTEMHEL:

(x. = —?C; - 9, Xa= 5C| +eyt 5, X3 =C1,X3= Cz).’

2.36. Haifti Bce GazHcHBIE peLIeHHA CHCTEMEI, IPUBEAEHHOI B mpHMe-
pe 2.35.

Pemredue Tax kak paHr MaTtpHisl cHCTeMBl F(A) = 2 (cM. npuMep
2.35), To omHO U3 YpaBHeHMH CHCTEMBI, HAPHMED, TPeThe, MOKHO OTOPOCKTE;
TOTAA BO3MOXCHEI CIIEAYIOUHE IPYIHE] OCHOBHBIX MEPEMEHHBIX!

X1, Xz, X1X3 X1,X4; X2, X3, Xp, X33 X3, Xy

Kak suzno w2 npumepa 2.35, nepeMeHHBIE x|, X; MOTYT OBITE OCHOB-
HeIMH (OazucubiMi). [IpHpaBHHBaA HEOCHOBHBIC (CBOGONHHE) mepeMeH-
X +2x, =
-2x —3x, =3"

= 5, 1.e. nepeoe 6azHcHoe pewedue (—9; 5; 0; 0).
BoabMeM B KaUeCTBE OCHOBHEIX NECPEMEHHLIC X, X3: 023UCHEIA MHHOD

2 -3
5 # 0. Ilomarasg HeOCHOBHbIE NMEPEMEHHEIE X3, X4 PABHBIMH HYIIO,

T.6. X=X3 = 0, nomyuum™ x; = -2, x3 =-1, T.e. BTOpOE 0a3ucHoe pelreHue
(-2;0;-1; 0).
Paccyxnas aHanoruyHo, Haﬁnem elle TpA GAIMCHBIX PenIeHu:

(-9; 0; 0; -5), (0; —g -=;0),(0;0, —% E) TNepeMenHEIe X3, X4

HBIE HYJIIO, T.e. X3 = X3 = 0, ONy2HM { oTKy#a x| = -9, x;

He MOTYT GHITh OCHOBHBIMM, TaK KaK COOTBETCTBYIOWWH GazHCHBIH MAHOp
7 _
3[= 0.

-3

3ameuanue Bce GasdcHsie DEHICHWA CHCTEME! MOKHO OELIO
HaliTH W3 obilero peiieHHA, MOMYYEHHOTO B NpuMepe 2.35, npHpaBHIBaA
COOTBETCTBYIOINME TiepeMenHble Hy 0. Hanpumep, ipux; = ¢ =0, xy=c; =
=0,x=-T¢1—9=-9,x:=5¢, + ¢ + 5 =35, T.e. nony4aeM GazucHoe pe-
wenue (-9; 5; ;0. Anpux; =-T7¢,-9=0,x3=5¢,+ 2+ 5=0, T.e. IpH

_ -9 _10 = _ -9 -10

== Xy =Cy = — T.e. Moay4aeM OaszncHoe

pemense (0; 0; —%; % Yar.ap
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MetonoM Maycca perHTL CHCTEME THReHHBX YpaBHEHHI U Haliti Bce
0asyCHEIE pellieHHA:

-2x+ 3x,-2x;= 2, 25— x-x = 1,
239 2,4+ xy+3x; = 1, 2.40, 2x, + 2%, + 30y + Sxy =4,
2.41. —3x, —2x, +12x5 — Txy = =5, 242, <— 2%, +3x, + 5x; +4x, =2,

6x, +4x;, + 500, +2x, +3x, = ],
3 +2x,-2x+ x, -1,
Ix +6xy + 23+ 3x,+2x5 = 2,
I +2x, +4x,+ X, +2x, = 3.

Hccnaenoratk CHCTEMY YpaBHEHHH OTHOCHTENBHO MapaMerpa o U Hai-
TH oDlLiee pellleHHe CUCTEMB:

X +35x, +3x; =2,
243, <2x,49x, +5x,+3x, =7, 2.44,
xl +3x2 +X3 +6x4 =8.

ox, +2x, +3x; =3,

2..45- 4 2]?1 +2x2 + I'J'.x3 = l, 2046. *-x| +4I3 =2,
-2x,+ 3xy =—L 5+ - x =0
% +2%,= 3, X = Xy +2xy =2,
247, 5 3x +ox, +6x0,= 9, 248, \—x +2x,+ x3 =a-2,
=25+ X+ x=—4 3x =3x; +6xy =6-a.

2.3. Merop, sHopnana—Tl'aycca

CnpasouHbli MaTepHan

Memood XKopdana—Iayceca pellieHUs cHCTEM THHEHHBIX YPRBHCHHH
COCTOWT B Ipeo0pa3oBaHiK paciMPeHHOR MaTPHLIEL cucTeMH {4|B) K Bu-
Iy, pA KoTopoM Ko3(hdHLUAEHTH NpPH » NEpeMEHHBIX CHCTEMH (TAe r =

44



rang (4|B)) cbpasyioT AaroHaneHyo MaTpHLy A ¢ TOYHOCTHIO JO Nepe-
CTAHOBKH CTPOK HIH cTOAOLOB , YTO HO3BOMAET cpasy, Oe3 momonHuTENs-
HBIX MIPeodpasoBatHil, MOAYUNTE PEIUEHHE CHCTEMBbL.

Ha xaxnom iuare peitieHWs BeIOHpaeTCs paspewimoupsi memenm g, = 0
{moBoi nemMeHT MAaTPHUH 4, OTIIHYHBIA OT HYJA), F-9 CTPOKa HAa3bIBAETCH
paspewiaionjeti cmpokoil, X, — paspewaowyeti nepementoti. JIna nepexona x
ClieIyIoWleMy LNATY pa3pellaiolias NepeMeHHasd X, UCKIIOYaeTCH M3 Bcex
OCTanbHHX YpaBHEHHH; 3/eMeHTHl paspellatolieil CTpOKH JeldTcs Ha pas-
pellalouipii 3NEMEHT, a AMeMEHTH APYrHX CTPOK 3aMEHAIOTCA HA HOBLIE MO
CIEAYIOMIEMY NPABWILY (Npasiay RPpAMOY2ORbHUKAY.

' a{'}‘ "y Qg Ay

=ty te 2ttt @5)

. [}
B dopmynax ucknwdeHus (2.5) B UHCIHUTENE CTOHT NpOU3BEAEHHE 3a-
MEHAEMOTO M Paipeilaiollero 3MNEMEHTOR MHHYC TPOM3IBEAEHHE 3IEMEH-
TOB, CTOMIUHX B OCTABLINXCA YIIaX [IPAMOYTOJBRYKa;

a

JameHACMBIL X; —— pazpeitaioman

HIEMCHT nepeMeHHas
ay iy

Paspetnarowian ay;
cTpoKa

s

Paspewmalomuii
3NCMEHT
Tlocre momydeHNs HOBOW MATpHIE! BRIOHpAETCA HOBBIA, OTIMYHEIH OT
HYJIA, paspeIlarolii MEMEHT B APYroi CTpOKe, BRIMHCNALTCA HOBAd MaTpHIA
H 1.1, IOKa MaTpilia A He Oyaer npHBEAcHA K AVATCHATBHOMY BHIY.
2.49. Metomom XKopaaHa—I aycca pelIHTh CHCTEMY:
2x, + x; +4xy +2x, +6x; =16,
3 +2x5 + X3+ x4+ x5 =10,
X +3%;, +3x3 + x4+ xg =16,

01 0|2
'Hanpnmep, matpsita | 1 O O 1 { mepectasoBkoil CTPOK MoXeT ObITE NpUBEACHA K
00 11(3
1 o 01
BUay [0 1 02
006 1|3
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P e m e H 1 e. BeinnilieM paciUMpeHHYI0 MATPHILY CHCTEMBI

2[0] 4 2 6|16
3211 1|10}
1 331 1[16

Illaz 1. B rauecTBe paspemaOIIero »IeMEeHTa YIOOHO BIITEL DIEMEHT,
paeHBIA |, HanpuMep, a2 = 1 = 0 (sbimendeM ero kBagpaTHkoM). Jemanm
3NeMeNTH paspematomedi nepsoii CTPOKH Ha paspemalolinii 3eMEHT a;;.
Tax kak aj2 = 1, 10 3MeMeHTH pazpemanniell ¢cTPokn He MeHAIOTCA. Pas-
pelaoLyio NePeMeHHYI0 X; CIedyeT MCKIIOYHTh M3 OCTANLHEIX YpaBHE-
HH, 0ITOMY B Nepsol MATPHIE BCe HEMEHTH! BTOPOro cronbua, KpoMe
a2’ = a3 = 1 OyayT paBHE Hymo. JIpyrue 3eMeHTH ROBOH MaTpHIB Ha-
XOIUM TIO TIPaBHITY IPAMOYTONBHHKA:

Ay 'ty = Gy _3-1-2-2

a, 1

a _ Q-G — Ay "Gy =10'1—2'16
26

Hanpumep, a;, = -1,

=-22 HT.AO.
a5 1

HoBaa MaTpHLa BMeeT BHL
21 4 2 6 16

Elo -7 -3 -11|-22|
-5 0 -9 -5 -17[-32

a2 2. B ravecTBe paspenialoIlero ieMeHTa OepeM He PaBHEIR HYIHO
eMenT K3 Mobolt cTpoKH, KpoMe nepBolt, Hanpumep, ¢z = —1. JdemuM
IEMCHTH pajpewiaiomieif Bropoit crpokn Ha (—1). DneMeHTH mepBOTO
cronbua, KpoMe az), OepeM paBHBIMH HYIIO, & OCTAaJbHEIE JJIEMEHTH BHI-
qHCAACM 110 TPABNITY npaMoyroikHika, Hanpusep,

v _Gladn =6y ay  2-(CD-2-(3)

Ay = ; =—4,
02| _l
ag, =D '“21‘; ay - ay _ (32 '(—1)_—1(—5) (22 _ e -
21

! JneMenTLI HOBBIX MATPHLE 060IHAUAEM CO IITPHXAMH.
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Hopas matpuua HMeeT BUA:

01 -10 -4 -16|-28
10 7 3 11| 22}
00 26 38| 78

Illaz 3. B xauecTse paspeaiouero fepeM 3NMEMEHT TPEThel CTPOKH,
HanpuMep, a;, = 10 # 0. INocne nepecuera 3/1eMEHTOR NOMYYacM HOBYIO

MaTpHUy:
¢ 1 04 0 -08]| 32
10 ~-08 0 -04|-14}
00 26 1 38| 78

Tak Kak Bce CTPOKH MaTpHLIB yxe Opajiuch B KauecTBe pa3pellaolinX,
BHITTHCHIBAEM CHCTEMY ypaBHEHHIt, COOTBETCTRYIOUIYIO NTOCTIeAHed MaTpHLe:

x, +0,4x, -0,8x; = 3,2,
x| - 0,8x3 - 0,4x5 = _1s4,

[lonaras x3 = ¢|, ¥s = ¢, Nony4nM obuiee pelIeHHE CHCTEMBIL:
{(x, =-1,4+0,8¢, +0,4c,; x, =3,2—0,4¢, +0,8¢,;
Xy=¢; X4=178-2,6c,-38c;; x5=0, ),
rae ¢, ¢a — Jobele YyHcna.
Metozom X opoana—Taycca pelluTh CHCTEMH YpasHEeHHHA:

N+ X+ x; =6,

2.50. B 2.51. <3x +5x;, +2x; +2x, =4,
= X2 +2% =5, Ox, +4x, + x; +Txy =2

3x, —6x, +5x;=6. N

9x, —3x, +5x; + 6x, = 4, 3x) —5x, +2x; +4x, =2,

2.52, <6x,—2x, +3x;3+ 4x, = 5, 2.53. {Tx; —4x, + %3+ 3x, =35,

3x, - xy+3x; +14x, =-8. 5x; +Tx, —4x, —6x4 =3.
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2.4. CyucreMbl JIMHEHHBIX OTHOPOAHDBIX YPABHEHMIA.
(DyHpaMeHTANLHAA CHCTEMA PelneHnit

Cupasounbiii MmaTepuan

I. Cuctema (2.1) HasmiBaeTcs odHopodHoH, ecli BCe CBOGOIHBIE Wie-

HBI YPAaBHEHHH PaBHEL HYIIO:
o, lxl + alzxz +...+ alnx" = 0,
az|x] + azzxz +...+ aznx" = 0, (2 6)

A X| +ApaXs +.ta,,x, =0.
PellieHRe CHCTEMEI 3aNMCHIBAEM B BHJIE CTPOKH (BekTopa)'
e= (xl» X2y 1oy xn‘)*

2. Ecnu panr MaTpuus! cueteMs! r (4) = r < n, 10 cucrema (2.6) HMeer

A — r MTHHeHHO HE3ABHCHMHIX pelleHHi e, &, ..., €., NpuueM modoe pe-
WeHKe cHeteME! (2.6) ABnserca nuHeliHolt komOuHauuelt pewenuit e, ;,
veuy €4y HaOop pelieHHA (BEKTOPOEB) e, €, ..., €, HA3LIBACTCA PYHOQ-

MenmanbHOl cucmemoi pewtenuil cUcTeMEl (2.6).
O0uee pemenne cicTeMbl (2.6) HMeeT BHA:

C1€) + 282+, F Cpr €nops

[a€ €1, €2, -+, Cyy — TIPOHIBONIBHBIE UHCTA.

3. Jina naxoxnenas ¢ryHaaMeHTANBHOH CHCTEME pellieHNH CHCTEME
(2.6):

) ¥ OCHOBHEIX (6a3HCHBIX) NEPEMEHHRIX (€ OTIMUHEIM OT HY/1A Oa3iCHEIM
MHHOPOM) BHPaXXalT Yepes HEOCHOBHEIE (CBODOIHEIE) ITEPEMEHHEIE;

) NOOUEPEIHO IAMEHAIOT (7 — ) HEOCHOBHEIX MePEMEHHBIX 3IEMEH-
TaMH KaKOo# CTPOKH HeBBIPOXACHHOH KBAAPATHOH MaTPHULEL NOpANKa i — F,
HanpuMep, equHUHOHR E, _ .

2.54, Haitth dyHIaMeHTaNLHYIO CHCTEMY DelIeHHI CHCTEMEI YpaBHe-
HHIA;
3o+ x - Bxy+ 2xi+ x5=0,
2x, — 2x,— 3xy— Tx,+2x5 =0,
X +1le, —12x5+34x, —5x; =0,
X — Sx,+ 2xy—16x,+3x;=0.

! owsTre BekTOpa BROAKTCA B rMage 3.
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PeweHne DBunuuem MATPHLY CHCTEMBI, HNOCTABHB I[IOCHCAHCS
YPaBHCHHE HE NICPROS MECTO, 3aTEM NMPHBEIEM €€ K CTYNEHYATOMY BHAY:

1 -5 2 -16 3 1 -5 2 -16 3
3 1 -8 2 1 0 16 -14 50 -8
2. -2 -3 -7 2{|0o 8 -7 25 -4|

1 11 -12 34 -5 0 16 -14 50 -8

1 -5 2 -16 3

6 8 -7 25 -4

0 0 0 o0 of
o 0 0 0 0
Paur Matpuusl r = r (4) = 2. Ba3uCHLIE MUHOD IPH NEPEMEHHBIX X|, X2

OTJIKYCH OT HYIA:

o s # 0 ; BRIOHpaeM X1, X3 B KAYECTBE OCHOBHBIX [€-

PEMEHHEIX M BEIPAKACM HX Yepe3 HEOCHOBHBIE X3, X4, Xs!
{x, —5x, ==2x, +16x, — 3x;, *)

8x, = Tx,—25x, +4x,.
Ana nonyvyenua dyHIaMEHTANBHOA CHUCTEMBI pPEILEHHH €|, €, € No-
OUEPENHO 3AMEHACM HEOCHOBHEIC TEPEMEHHBIE X3, X4, X5 ISMEHTAMY

CTPOK SAMHHYHON MaTpulbl £3.
1 Tlpu x3 = 1, x4 = 0, xs = 0 cucrema {*) npuHUMacT BUL

X, ~5x,=-2,
Bx, =7,

19 7
oTKYd X, =?, X, =E, T.€. TNody4aeM OasucHoe pellieHHe

2. AHaNOTHUHO HAXOOUM ele ABa OA3UCHEIX PemICHHS:

npuxs=0, x,=1,x=0 ezz{i; -_—%-.5—; 01 OJ;
8 8

npux;=0, x3=0,x=1 e—{—l'l'O'O'l}

p 3 L] 4 s A5 k! 21 2’ -] » d

Hailizenuble peweHus (BEeKTOpHI) €|, €, €3 00pasyloT (yHAAMEHTAIDb-
HYI0 CHCTEMY. Y MHOKUB KOMITOHEHTHL PEILENNi €|, €2, €3 COOTBETCTREHHO
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Ha 8, 8, 2, nomyynM GYHIAMEHTANBHYK) CHCTEMY PelIeHHA C LEILIMH
KOMITOHEHTaMH:

(19; 7 8; 0; 0), (3; =25, 0; 8; 0), (-1 1; 0; 0; 2).»
Haiith ¢yHnaMeHTANBHBIE CHCTEMBl pEIISHHH cHCTeM MRHEHHBIX
YpapHEHRI:
X+ Xy ~2x, + 2x,=0, 5x)+7x, +6xy —2x, +2x; =0,
3x +5x, +6x; — 4x,=0, 256 <8x| +9x, +9x; —-3x, +4x; =0,

4x) +5xy —2x; + 3x, =0, Tx, + %, +6x;,—2x, +6x5 =0,
LT

2.55,

(3x, + 5%, +3x, +2x4 + x5 =0,
3x, + 5xy—4xy+2x, =0,

2.57. 1 2x; + 4x, —6x; +3x, =0, 2.58. ;
1lx, +17x, —8x; +4x, =0.

S5x, +Txy + 6%y +4x, +3x5 =0,
Tx, +9x, +9%; +6x, +5x; =0,
[4x) +8x, +3x; +2x, =0

6%, +9%, +2x, =0, (5, +6x, ~ 2x; + Tx, +4x5 =0,
~4x, + X, + x; =0, 3 60. ‘2x|+3x2— x;+4x, +2x5 =0,

Sx) + 7%, +4x, =0, 7%, +9x, ~3x; +5x, + 6x5 =0,
‘ 2x) +5x; +3%; =0. 15%) +9x;, —3x3 + x4 +6x5 =0,

2.59.

2.5. Mopgeanp JleonTneBa
MHOTOOTPACIEBOH 9KOHOMHKH

CnpaBouHbiH MaTepHan

1. YpapHeHuda x; = ng +y  (i=1,2, .., n) HA3LIBAIOTCA COOMHO-
J=l
utenusmy Bananca, rae x; — oObeMbl BAJIOBOTO NPOAYKTA i OTPACHH JNA He-
TIPOH3BOACTBEHHOTO NoTpebienus, x; — o0beM MPOXYKUMM i-if oTpacs, no-
Tpebnaemoii j-i oTpacnsio B npoliecce nmponssodcTea (i=1,2, ..., #).

2, Coornomenux GanaHca MOTyT OBITh 3alHCaHBL:

i
a)BBARE X; =) a;x; +¥; (i=1,2, ., n), Q2.7
J=1

rme ay =L (i, j=1,2, .y ) 2.8)
x.
K]

a0



— ko3hPuyuernmn: APAMBIX 3GMpam, TOKA3bIBAIOIIAE 33TPaThl MPOXYKIHH
i-H OTpacnH Ha NPOW3BOACTEC eAMHHLIB NPOLYKUMH f-1 oTpacu;

1) B MaTPUUHOM BHJIE!

X=AX+Y 2.9
HIIH
(E-AX=7, (2.10)
X ay G2 e A M
X a
rae x=|"2| 4<% a2 a3, L ¥= y‘2 ’ @.11)
Xy Ay Gya o0 Gy Vn

X - gexmop 6ano6ozo ewinycka, ¥ — eexmop wowewnozo npodyxma, A —
Mampiya BpAMbIX 3ampam.

3. Ocnosanan 3adaua mexcompacieao2o 6aiarca COCTONT B OTHICKAHHK
TAKOTO BEKTOPA BANOBOTO BHIMYCKA X, KOTOPHIii NpH W3IBECTHOH MaTpHIe
MpAMEIX 3aTpaT A ofecneqnBaeT 3anaHHEIA BEKTOP KOHEYHOTO NpoayKra Y.

Bextop X HaxoauTes no dopMyne:

X=(E-4Y'Y=5Y. {2.12)
4. Marpuua § = (£ - A)” nasspaercs Mampuyetl nojineix 3ampam,
31EMEHT KOTOPOif 5 MOKa3bIBaeT BEIMYHHY BaJlOBOTO BHITYCKa IIPOAYKIHH
i-it oTpaciu, HeoOX0MMOI 1119 OBeCTIeUeHNs BRIMYCKA SIAHHIIE KOHEYHO-
ro npogykra j-it orpaciu y; =1 (/=1,2, ..., n).

5. Matpuna A > O HasnBaeTcH Apodyxmuarot, ecliv JA moboro sek-
topa Y > 0 cymecreyer pemerne X > § ypasnenns (2.10).
Marpuna 4 nposyKkTaBHa, eciin a; 2 0 gra mobux £, j=1,2, ...,n1

" L
max Y a, <1 W CylecTByeT HOMep j Takoid, uto ) a; <1.
Jo e o i=1

6. Yucmoii npodyxyueil oTpaciy HA3EIBAETCA Pa3HOCTE METY BAIIOBOH

npogykuHeil 3tofl oTpacnH W 3ATpPaTAMM NPONYKUHH BceX oTpacieii Ha
HPOHIBOJICTBO 2TOil OTpacIH.

2.61. B tafumne npueeneHb KO3POHINECHTEL NPAMBIX 3aTPaT H KOHEY-
Has NPOMYKUHA OTPAcieii Ha IIAHOBBII MEpHOA, YCII. AEH. €A,
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Ompacns po Koweunvii npodyxm
JNIEHHOCTh XO3RHCTBO
1 [Mpombiiu-
] NEHHOCTH 0,3 0,2 300
1 Cenpckoe’
X03aHcTRO 0,15 0,1 100

Haito:

a) NAaHoBhle o0BeMb] BaloBOH MPOAYKIKH OTpaciei, MeXoTpaciesbie
TOCTABKH, YHCTYIO MPOAYKUMIO OTpacheii;

£) Heobxomumulii o0bpeM BAJIOBOrO BHINYCKA KANIOH OTpachM, eciH
KOHEUHOe NoTpebieHHe MPONYKIHMH CENBCKOT0 XO34HCTBA YBENHYHTCH HA
20 %, a mpoMBILINEHHOCTH Ha 10 %.

Pemenne.
) BrnumieM Marpuny ko3d(gHuHeHTOR NpAMBIX 3aTpaT A, BEKTOP KO-
HeyHo# npoaykuuu Y

e 0,3 0,2 ’ Y= 300 '
0,15 0,1 100

3aMeTHM, 4TO MaTpHua A MPONYKTHBHA, TAK KaK €€ MIEMCHTBI IMOA0-
HKHTEIBHBEE M CYMMA 3JIEMEHTOB B KAKAOM cToA0Ie MEHbILE e AHHULIEL.
Hafinem maTpuiry

1-0,3 -0,2 0,7 -0,2
E-4A= = .
-0,15 1-0,1 0,15 0,9
Torna MaTprila MONYEIX 33TPaT
- 0,9 0,2 L5 0,33
S=(E-A)' == = :
0,610,153 0,7 0,25 1,17
ITo popMyne (2.12) BHIYHCANM BEKTOP BAOBOLO NPORYKTA X:
Yo L5 0,33) (300) (483
10,25 1,17 ) L100) (192
MexoTpacieBsie MOCTaBKH x; Hadimem no dopMynaM (2.8) x; = ayx;.
Hampumep, x) = aj; x, = 0,3 - 483 =144 .9,
BanoBrle MpoNyKTEl OTpachel, MeXoTpacleBsie MOCTABKH, A Takke

4HCTAS NPOAYKIEA OTPACIeH, HAHIGHHAA B COOTBETCTRUH C T. 6, pHBEne-
HHL B TaGnuue (B ycJI. JeH. en.):
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L Rt Koneunuil Baroeoti
Ompacasy poms- | Cenncxoe npodyxm npodyKm
JIEHHOCTE X039iCTBO
[pombin-
JIEHHOCTD 144.9 384 300 483
1 Censcroe
B asancial X03ARCTBO . 72,5 19,2 100 192
YucTas npoayKiHa 265,6 134,4 '
Banosas mpogyKumus 483 192

6) [To ycaoepHoo BEKTOp KOHEYHOTO NoTpelneHna
¥ 300-1,1) (330
“l100-1,2) {120
Toraa no dopmyine (2.12) BeKTOp BPOAYKRUH

. 4
yog.y_[ b5 033)(330)_(5346)
0,25 1,17)\120]) (221,9

Taknm 00pa3oM, BHIMYCK B MPOMBILITEHHOCTH HYXHO YBENHYMTE OO
534,6 ycn. ged. ell., a B cebcKoM Xo3siicTee — 710 221,9 yen. nen. en P

2.62. BrisacHUTL, NPOIYKTHEHA ITH MaTpHUA A:

06 05 06 02
e A:[O,’;’ 0,8]; ) A=[0,2 0,8}
02 03 0 01 09 04
& A=|01 0 03[ 2 4=|05 05 05|
06 05 07 03 11 03

a1 0,5
2.63. A= .
JaHa MaTpHLa OpAMBIX 3aTpaT (0’3 0,2J

Haiitu: 4) BekTop Banoeoil MpodyKUMHA X 1A ofecnedeHnd BHIMYCKa

40
. Y=
KOHEYHOH MpomyXIHH [500

100
JIHMEHHAA BHIIIYCKA KOHEUHO NpoAyKuMK Ha AY = [ 50 }
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2.64. Pafora crcTemsl, CoCTOALLEH H3 ABYX OTpacheii, B TedeHHE HEKOTOpPO-
IO MEPHOJA XapaKTEPHIYETCA CEAYICIIMMH AaHHBLIMH (YCN. ACH. L.):

Hompebin
Ompacas I il e m Yucman npodyxyus
| 100 160 240
Il 275 40 85

BEMACIATE MaTPHULY NPAMBIX 3aTparT.

2.65. HmeroTca gaHHBle 0 paGoTe CHCTEMBI HECKONBKHUX oTpacieil B
TpOILIOM fIepHOfie H NNAH BhINycKa KOHeuHo#i npoaykuun Y, B Oyayulem
neprong (yci. GeH. en.):

Om- Tlompebnenue Yucman npodys- Iaan
pacas 1 I yus h
I 80 120 300 350
11 70 30 200 300

Ha#TH MaTpHIBI MPAMBIX ¥ MONHBIX 34TPAT, 2 TAIOKE BHIMYCK BAlOBOH
HpOJIYKIMH B MUIAHOBOM NepHofe, ofecneyupalolleli BHNYCK KOHEYHOMH
npogykuny Y;.

2.66. ana MaTpHua § MOMHEIX 3aTpaT HEKOTOPOI MOneNH MexXoTpac/e-
Boro Ganmanca, Haiitn: g) npupainesmne Banosoro peinycka AX,;, obecnedu-
BalCIIEe NPHPALICHAHE KOReYHOH npoaykumy AY|; 6) npupaiieHue koneuHoil
npogyKuuH AY», cooTBeTCTBYOIIEE IPHPAIIEHA0 BAJICBOTO BRINYCKa AX)!

L5 02 0l 10 5
S=(05 15 03 a) AY, =30} &) AX,=[-10
02 01 11 20 20
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Jagaan aiA MoBTOpPEHNA
2.67. 1o popmynam KpaMmepa peliHTL CHCTEMY:
x +2x, - x, =35,
4x, + x, — 5x; = -3,
x —=3x + x, =6

2.68. Metoaom oOpaTHOR MATPHUBI PEUINTh CHCTEMY:
X +3x, - 5x, =0,

X +x —x =0,

[
[
L

3x, + x

2.69. Meroxom INaycca pelInTE CHCTEMY:
X +3x -3x, = 7,
2x, + x, + 2x,

nol
[
bt g

-x +tdx, + x

2.70. PernTh MaTpHuHOS YpaBHeHHe!
3 7 1 4
X- = .
2 5 0 3
2.71. YacTHHIM MUOM KYIJIEHB TPM NakeTa akiwi obwieil croumo-
cTbi0 485 fien. €11, NpHYEM aKUHH NEPBOi IPyINNbl KYIUIEHB 10 5 JeH. €.
3a akumio, Bropoit — no 20, tpetheii — no 13. Uepes Mecsil cTOMMOCTS
aKiMi Nepeoi, BTOPOil H TPETREH IPYNIT COCTABHIIA COOTBETCTBERHO 6, 14
H 19 peH. en., a CTOHMOCTE Becero maxera Oplna 550 neH. en. Euare gepes

Mecql oHH cTolH 1o 8, 22 H 20 meH. el. COOTBETCTBEHHO, 4. BeCh MAKeT
cronn 660 neH. en. Ckonbko akium#t kan o rpynns! 66010 KYNNSHO?

2.72. MetonoM I'aycca pelINTE CHCTEMY JHHEHHBIX ypaBHERH N Haji-
TH BCE DA3HCHDBIC PELliCHHA!

X, ~ 2% — X% + 4x, = 1,
3x + x, - X,

[
g

ad



2.73. Meronom Xopaaxa-T'aycca pemHTs CHCTEMY YpaBHEHHI:
x +5x, —2x, + x, =-1,
2x, + 4x, — 3x, - 5x, = 2,
Tx, — x, + x +2x, = 5.

2.74. Hcenenosath CHCTEMY YpaBHEHHH OTHOCHTENEHO MApaMeTpa d H
HailTH oflee pelleHe CHCTEMBIL:

X +3x, - x; =4,
ax, + X, +2x, =3,
%, +3x, =5,

2.75. Haitta dyHIaMCHTANBHYI0 CHCTEMY PEIMEHMA CHCTeMBl MUHECH-
HBIX YpaBHEHHH:

3 - 2x, + x, - x, =0,
x +x, ~4x;, + 5x, = 0,
Sx, = 5x, +6x; —Tx, =0,

2.76. BeIACHHTD, NPOAYKTHEHA JIH MATPHLIA:
d= 0.5 0,2
“lo,4 03)
0,5 0,3
0,2 04

HY TIOJHHIX 3atpaT S; 6) BekTop BanoBoil npoaykimu X ang obecrneyeHns Bbl-
1200

840

npoaykime  AY, COOTBETCTBYIOIee NPUPACHWIG BANOBOTO BRIMYCKa

1500
AX = :
[1000)

2.77. Hana MaTpHLa NpAMLIX 3arpat A ={ ] Haiitu: a) Matpu-

TyCKa KoHeuHO# npoaykiuu Y =[ ]; B) IPHpatlIeHHe BEKTOPA KOHEYHOH

a6



KoHTpoamHbIe 3ananns
no miase 2 «CHereMbl THHEHHBIX YPABHCHWH>

Bapuanm 2.1

Bapuanm 2.2

Bapuanm 2.3

Ho ¢gopMynam Kpamepa pelunts cucremy:

.tl +2x2 - Is = 1,

3%, = 2%, +4x; = -5,
Xz —2x3 = 4,

PenluTh MATPHYHOE YPABHEHHE !

e 2 )

€0

bl

-2 6
-2 35

B=(4 6 2 4)

B=(-6-4-5 2)

MeTtoaom I'aycca peniMTh CHCTEMY YPABHEHHEH, 3aJaHHYIO B MATPUY-
Hoit hopMe: AX = B. Jlano: X = (x| xz x3 x4),
1-4 3 7 1 2 -1 1 1 -1 3 2Y
A=_2 1_13,A=_103_1, _3 1 -4 -1
4-3 15 2 4 1 3 - 5 3-1 1 ’
-1 2-1-1 3 1 0 2 0 1 5 -1

B=(5-5 5-2)

PelnTs cHcTEMY, COCTAaBIEHHYIO U3 NMEPBLIX TPEX YPaBHEHHH CHCTEMEI
B 3as1a4e 3. Ykasars yucno H6a3UCHLIX pellesdii W HaliTH OAHO U3 HHX.

YPaEHEHHIt:

Haiftr QyHIAMEHTATBHYIO CHCTEMY PEIUEHHE CHCTEMBI JIMHEHHBIX

X +2x; +3%; +4x]
2x; +2x, + 5%y +8x/

X~ Xy —2%; + 3x,4
—2x +X) — Xy —3x,

=X 42X, =3x; + dxy =
3x; = 5xy +2x5 —10x, 5

57




Oxonyariie KOHMPOALHLIX 3a0aH

Bapuanm 2.1 | Bapuanm 2.2 | Bapuanm 2.3

Jlaxa MaTpuLia NpAMEIX 3aTpat A. HaliTh n3aMeHeHue BEKTOpOB:

a) KOHeTYHOTO NpoayKTa AY NMpH JaHHOM HIMEHESHHH BEKTOpa BATOBOTO
npoaykTa AX;

0) BanoBoro BrIycka AX Npn HeOOXOAMMOM H3MCHGHHH BEKTOPa KO-
HEYHOTO NpofykTa AY.

d= 0,3 0,2; 4= 0,1 0,4; A= 0,2 0,3;
04 0l 05 0,2 06 02

200 140 100
9 M=(100} a) AX:[mo} ) AX:[]ZO)’
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Tecr 2
1. [o bopmynam Kpamepa pelinTs CHCTEMY:
X +2x, . =-1,
-3x +x, =-2,
X+ x +x;= L.
B oTBere yKaszaTe 3HAYEHHS NEPEMEHHEIX X), X3 H ONpeJeNnTeNs
A,

2. MetogomM oGpaTHO# MaTpULH PEIliNTh CHCTEMY YpaBHEHHI:

3x2 + x3 = 1,

B oTeeTe yKa3ath x|, X3 B 3IEMEHT a2 oOpaTHO#l MaTPHIH A -l

3. Metonom [aycea pelmts CHCTEMY YPABHCHUIA:
J X +2x,+ x; =0,
x +3x, +2x; =1,
(— % +2x; =3. .

4. Jana cucrema ypaBHeHHi:
r

X +2x, +3x; =1
4 4xl + 51‘3 = 2,

BrifepuTe BepHOE YTBEpMICHHE:

1) cucrema onpeneneHHan; 2) cHCTEMa HECOBMECTHAA; 3) CHCTEMa
HEONpeASNICHHAS,

5. CacTeMa H3 TpEX YPaBHEHHH ¢ TPeMA NePpEeMEHHBIMY, 3a1aHHAA
B MATPHYROM BUJE AX = B, HECOBMECTHA B CIENYIONUX CIyYadx:

1) r(d)= r(A'B) =3 2}y r(4)= r(A|B) =2;

3} r(4)=2, r(4|B)=3; 4) r(A)=r(AB)=1;

5) r(Ay=1, r(4By=2.

_ BuibepuTe BepHEIC BAPHAHTEI OTBETOB. . . .. . .. .
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6. Haiiti wuci10 GasHCHBIX pelIeHHH CHCTEMDL ypaBHeHuil;
X +3xy +2x5 +3x, = -1,
2x, 4+ 5x;, +4x, +6x, = 0.

7. HaifTu ¢yHmaMeHTaIbHYHO CHCTEMY PEIICHHH CHCTEMbl YpaB-
HeHHA (B OTBETE YKa3aTh YHCIIO pellieHHH):

X+ X+ X3 +x,— x5=0,
Xy +2xy +3x; +x, +2x5 0.

8. BHﬂCHHTb KaKHE H3 NpHBCICHHRX MAaTpHL] SlB.llillOTCﬂ npoayk-

THBHEIMH:
02 04 08 07
b ; 2) ;
06 03 02 03
L2 05 . 01 03
3) ; 4) .
0,3 0.2 09 0,2
01 o0,
9. Jaxa MaTpHua npaMelx 3arTpaT 4 = (02 03) W BEKTOp Bajo-

800 :
BOIC BHIMycka X =(900}' HaifTH KOMIIOHEHTH yj, y» BEKTOpa

)
KOHEUHOro NpoayKTa ¥ = .
Y

10. 1 s 1,125 0,125
, Jana ma satpar 5= H BEKTO
Ha MaTpHLA NOJNHBIX 3aTpa 0.125 1,125 p

80
KOHEYHOro MpoAyKTa Y=[80). HaiiTu KxoMDOHEHTHI X, X; BEK-

x

1
TOpa BAJIOBOTO BHIMyCcKa X =( }
X
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I'nasa 3
BJleMell’l‘bl MﬂTpﬂ‘ll-lOl‘O aHaJIHn3a

3.1. BekTOopbl Ha ILUIOCKOCTH M B MPOCTPAHCTBE

CnpaBounbIi MaTepHan

1. Bexmopom Ha3LBacTCd HANPABJEHHEIH OTPE3OK AB ¢ HAYATLHOM
TOYKOH A M KoHe4Hoil Toukoil B (xoTophlff MOXHO NEepeMellaTs napan-
JensHO caMoMy cebe),

Hrunoti (Mna modyrem) IAB' BeKTOpa AB Ha3leiBaeTcA YHCHO, PaBHOE

IIHHE OTpe3ka AB, n306pakaloliero BEKTop.

BeKTOpB HA3LIBAIOTCA KOAAUHEGPHBIMY, €CIIH OHH JIEXKAT HA OAHOM
MpAMON HNY NapannenbLHX IpAMBIX.

BekTophl Ha3HBAIOTCA XOMRAGHAPHBIMU, ECTH OHHW JISKAaT B OOHOH
TUIOCKOCTH HITH B NIAPANIEIhHEIX TIOCKOCTAX.
2. [Ipouzgedenuem sexmopa G Ha yucao h Ha-

3HBAETCA BEKTOP & =Ad, MMeIOWMA JUHHY

|?;|=|7\.| l:;l, HaMpaBJIEHHE KOTOPOID COBNANAET €

HATIPABJIEHHEM BEKTOpA &, ecnu A >, H [poTH-
BOTIONIOMHO eMy, ecnu A < 0.

Cymmoti AByX BEKTOPOB d M b HasbIBaeTcs

Puc. 3.1 BEKTOp C=a+ b, onpemenfeMbii 1O NpABHAY
TPEYTo/bHIKa HIIY NapajenorpaMMa {puc. 3.1).
Paznocmelo IBYX BEKTOPOB d | b uasuBaerea peKTOp £ =a +(— b)

3. Koopounamamu (x, y) WIm {x, y, z) BEKTOpa @ Ha3bIBAIOTCA KOOPAH-
HATEl €r0 KOHSYHOH TOYKH, €CNM HAYANbHAR TOYKA BEXTOpa COEMamger ¢
Ha4AIOM KOOPAHHAT.

BekTop a =(x, y, z) MOXeT OBITL MpeICTaBNeH B BHAE

G=xi +yf +zk, 3.1)

rae i, j, kK — €IMHUYHBIE BEKTOPHI {OPTHI), COBNANAIOLINE C HATIpABE-

HHeMm oceit cooTsercTBeHHO Ox, Oy, Oz; |-;| = m = |._{'] =1,
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4. [auna |:l eexmopa a onpepenserca no gopMyne
|-¢;| = 1fx2 +y? 3.2)
W f;‘=\/x2+y2 +z2 . (3.3)

5. Hanpasasiowpumu xocunycamu eekmopa @ HAILIBAIOTCH HHCNA

cos o, cos f3, cos ¥, re a, B, Y — yIubl HaknoHa BekTopa @ k ocaM Ox,
Oy, 0z COOTBETCTRCHHO:

X
COST = e,
¥+ yt 42

cosy =

cosf =

-y
‘\}xz +y2 +22 (3.4)
z .
Ny ez

cos? a +cos’P+cosiy =1, (3.5)

TIPH 3TOM

6. [Koopdunamut cymmer Oeyx eexmopoe d= (xl, Y z,) H
b=(x,, ys, z,)n npouséedenue eexmopa a Ha 4ucAo0 A ONPENeNA0TCA TI0
dopmynam:

_5"”5 =(x, 31, 204 (%30 320 22)= (3 430 3+ 220 21 42,),  (3.6)
Ad= 7"("|s Yis 2 )= (h':, A, Az ) 3.7
7. Mpoexyueti np,d eexmopa @ Ha ocb | HASHIBAETCA YHCTIO

np,d = |:;|cosq> s 3.8
TAE (¢ — Yroll HAKIIOHA BEKTOPa & K OCH /.
8. Cranspnoim npouseedenuem (&, b ) deyx gexmopos d W b RazbiBa-
eTCA YHUCIIO

' (&, 5): db= Hﬂcosw. (3.9)
Cranspuoe  npouseedenue Ogyx  eexmopos d=(x, y,z) H
b= (xz, Y2 zz) BEIpaXAETCA (hopMy noi:
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CranapHuit kéadpam éexmopa d = (x ¥, z) paBeH lmaupa'ly €ro JTHHE:
(a, a) |a| =x?+y? +2? (3.11)

la| = NFES (3.12)

9. Yeon @ mexcoy eexmopamu a =(x|, Y,z )ub= (xz, Fas zz) Haxo-
aatcs no gopmyne:

HIIH

XXy + 1Yy + 212y )
|a||b| -Jx, +y] +z sz +y;+23

10. Nlga BextOpa 4, b HasBBAIOTCH OPMOZOHARLHBIMY, €CIIE HX CKa-

cosQ=

(3.13)

IApHOE TPOU3BEACHHS PABHO HYJO, T. €. db =0,
11. [ina nsyx pextopos & ={x;, y,, z,) 1 b =(x, y,, 2,):
YCAOBUE KOMTUHEAPHOCTAY (RADAIENBHOCHIW)

b=ka, Wl x—2=&=z—2=k; (3.19)
05
YCROBUE OPMD2OHATBHOCIMU (NEPREHOURYAAPHOCI)

=0, wwm X Xaty etz z=0. (3.15)

3.1. Jlaun Tpu pextopa: @ =(3; —1); 5 ={1; -2} ¢ =(-1;1). Mocrpo-
WTb BEKTOp P =a+b +¢, HAHTH ero JMHY M PasioXKHTb BEKTOP P MO
BEKTOpaM d W b.

Pew e e Tloctpoenue Bektopa p=a+4+¢, mo NpaBUITy MHO-
rOYTONBHHKA MOKa3aHO Ha PUC. 3.2. B COOTBETCTBHM C 3THM NPaBHIOM KaX-

y A IBli cnepyiomnii npuGapidemMblii Bex-
TOP NEPEHOCHTCA B KOHELl MpeablayIne-
'5."“"“9-: e ro, a BeKTOp [ 3aMBIKAET JIOMaHYID,

*\‘\.\ 4 --""";'fg . COCTABJIEKHYIO U3 BEKTOPOB &, b, & .
~3b “x\;_,’q” \"\E Ha@em KOODAHHATEI  BEKTOpa
) AN - p=da+b+cé=(3; -1) + (1, =2) +
42 93 6 x  +(LD=0+H1- <1247, 18 P =
27 5 Ya =(3; 4). Toraa wmHa BEKTOpa ompe-
penurcd  no  Jopmyne (3.2), te.

Puc. 3.2 || = 3 +47 =5,
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Pa3noxHuTh BeKTOp p MO BEKTOpaM @ H b — 3HAYMT, NPEACTABUTH

ero B BuIe: p =a€i+B5 , TAe @ ¥ P ~— HEKOTOpHIE YHCNa.
Jina ux onpenenenus sanuweM
(3;4)=a3;-1)+B(1;-2),
nu

3=3a+ j,
4=—o-20
Pelnnp nonyueHHyo cHcTeMy, HaliaeM o= 2; B =-3,Te. p=24— 3b.

Paznoxernne no pekTopaM & H b BekTopa P, NpeACTaBIAIOLIETO

IMAroHaNb TAPANIEeNorpaMMa, IOCTPOSHHOTO Ha BeKTopax 2a u —3b,
npuBeaeHo Ha puc. 3.1.p

3.2. Ha nnockocTH JaHB TPH €IMHHYHHMX BeKTOpa M, i, p, NPHYEM
(E: ﬁ)=30° , (ﬁ ;3} = 60°. TlocTpONTh BEKTOP & = M +2H — 3P U HailTH

€ro IAHHY.

= |60
0 2. T
= a=m+2n-3p
a (7]
Puc. 3.3

Pewe H #e TlocTpoeHHe BeKTOpPa d=m+2i—3p N0 3a0aHHBEIM
BeKTOpaM m, A, p (pHc. 3.3, a) nokazaHo Ha puc.3.3, 6. B cucreme koop-

auHat Oxy (puc. 3.3, 6) BekTop m= (l; 0), A= (1 -¢0830" +1-cos60° ), HIIH
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a:[g; %J u p=(0; 1). Hostomy d=m+27—-3p=(1;0) +2 (%;
%)— 30; 1) = (1 +z~‘-?- -3-0;o+2-%—3-1), am = (1+3; -2).
Jnuua pexropa no gopmyne (3.2):

= +v3] +(-2F ={8+23 ~34.

Jnuua Bexropa morna OuITh HAMIEHA W WHAYE, CCITW MCTIONB3OBATH
dopmyny (3.11),
laff =a* =(#+27 - 3p) =@ + 47 +9B* + 47 - 6P ~ 1275 =

= |Tn]2 + 4{;]2 + 9|;;|2 + 4|;;||:|cos30° - 6ﬁ|;|.cos90° - lZHE}]C@SﬁO“ =

=12 +4-17+9-1° —4-1-1-%—6-1-1-0—12-1-1-%=8+2J§,

OTKYZa ﬁ=\{c?_2=1}8+2£ =3,4.p

3.3, laHb! yeThIpe BEXTOPA

G=2i+); b=i—j+2k; ¢=21+2j-k; d=3i+7j-Tk.

Heofxomumo: @) pasioxuTs BeKTOp ¢ 1[0 BEKTOpaM d, b, &

6) HalTH JTHHY M HADABJICHHE BEKTOpa 711 =53 +25.

Pemenmne:

a) Tlo ycnoeuio d=od+ Bf; +YC, rae a, P,y — HeKOTophie 4HCNA.
CrnenopaTensno,

3 +77 -7k =a2i+ )+ pli- j+ 2k J+y2F + 27 - K).

[MpupasuuBad kOI(pPHHMEHTEI OpH EAMHMYHEIX BeKTOpax (opTax)
i, J, k, nonyunm cucremy:

) 3=2a+p+2y,
7= a-B+2y,
-1= -,

pemueHdeM Kotopoil a =2, p=-3, y=1,T1e. d=2d-3b+¢.
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6) Hafigem sexrop m:

A=5a+2b =507 + 1)+ 2 - F+26)=127 +3) + 4k .

Ero mnnHa |;z.| =v122+3? +4% =13, a HanpaBnsOmUE KOCHAYCH
HalineM no dopmynam (3.4):

12 3 4
cose=—, cosP=—, cosy=—20
13 P13 cs7=33

3.4, [anb gBa eMHHYHLX BEKTOPA M H 4, YIOJ MEXAY KOTOPHIMH
120°. Hafiti: @) ocTphlii yrom MexIy AHATOHAIAMH NapajlIcnorpaMma,

HOCTPOEHHOT0  HA  BEKTOpax a=-4m+2n H  b=m+3n

£) NIPOEKLHIO BEKTOpA ¢ HA HANpaBIEHHE BEKTOpa b.
Pemenne:
a) Uckometii yron ¢ (prc.3.4) onpenenyM no dopmyne (3.13):

AC-DB
COS P=—u5—,
gle 2
=G +b = (-4 +27)+ (7 + 38) = ~3/ + 57,

=d-b=(-4m+20)-(m+37)=—5m—7.

roe

Mo d¢opmynam (3.10>—(3.12) Haiigem
CKAIAPHOE NpPOH3BCIOCHHE BekTopoB AC M

DB W ux njaHHbL:

Pac. 34

AC -DB =(~3 + 58 )(- 5 - 7i) = 15" — 224 — 5i* =
=15]m] - 22jmf] cos120° - S|’ =15-12 = 22-1-1-(~1/2) - 5-12 =21,
ac =(-3m+5i) =9m* —30MmA + 2582 =9-1° =30-1-1-(- 1/2)+ 25 = 49;

DB’ =(-5m—-if =25m> +10mA + A =25-1 +10-1-1. (- 1/2)+ 1% = 21;
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[4C|=VAC" =45 =7, [DB|=VDB" = VaT.
Tenepe cos¢=%= % H @ =arccos./3/7 = 49°.

8) o dopmyne (3.8):

np:a= a
5 r—a
18

Haiinem 4b =(— 47 + 27 )/ + 37) = —4m* — 10 + 64° =
=—4.1 -10-1-1c0s120° +6-1* = 7;

|3|=J5_2=J(E:+3ﬁ')2 = V2 +6iii + 90 =
=VI2 +6-1-1.c08120° +9-1% = /7.

-1
Teneps np;a =7?-=\E.P

3.5. lauw1 Bektopbl g =2m+4i4 | b=#m—7,r0e M ¥ i — eIHHAY-
HEle BeKTOpBI, 00pasyiomme yroa B 120°, Haitti yron mexny eexTopaMu
Gub. :

3.6. B mnockocTH HaXomATcs Tpﬁ BEKTOpPa 4, 5, ¢. HspectHo, utO

. . _ A A ’
|a| =2, ]b| =3, |c| =5, [E b] =60°, [b E] =60°. Haiitu nmmuHy BeKTOpa
d=-d+b-é.

3.7. Haiitn yron Mexay JHaroHanAMH Mapajule/iorpaMma, MOCTPOEH-
HOTO Ha BexTOpax d=—27 +k, b =27 + J.

3.8. OnpegenuTs ANUHEI BEKTOPOB, HA KOTOPHIX MOCTPOEH Mapalieno-
TPaMM ¢ JHATOHAJIAMH =21 -F+3kn d=27 -2] +4k.

3.9, [laHb IIAHE BEKTOPOB |?| =11; l?;l =23; |Ei - Sl =30, Onpenenurs
|Ei +b | .

3.10. TIpn Kaxex 3HAYEHHSX o H . BekTopsl &=-2i +3] +Pk n

b=ai- 67+ 2k : a) KOJUIHHEApHH? §) OPTOroRaNbHH?
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3.11. Bekrop 52 cocTapmsAer ¢ ocAMH Ox, Oy U Oz yriel, COOTBETCT-

BeHHO paBHEIe /3, n/3, n/4. JloKa3aTs, YTO BEKTOPHI O4 v OB nepreH-
JAHKYRAPHEL, e Touka B (2; 2; -2 2 ).

3.12. Ha nnockoct OXxy TOCTPOHTH BEKTOPHI Od=a= 2,

OB=b=3 + 3/ u OC=¢=27+ 6. PasnomnTh reoMETPHYECKH H aHa-
NMHTHYECKH BEKTOP ¢ TO BEKTOpaM & | b.

3.13. Janm Tpu sektopa: & =(2;-2), b =(2;-1} ¢=(2;4). Haiiru

KOOPAHHATH! BEKTOpa ﬁ=25—5+6 H pa3fionHTh €10 Mo BeKTopaM 4 W b.

3.14. [lannl veTeIpe BexTopa: @ = (2; 1; 0), b= -12), 6=(22-1),

d= (3; 7; = 7). PasnoxuTE BeKTOp @ TIO BEKTOpAM b,E d.

3.15. Haiitu anuHy BexkTOpa G=2i+3j -6k u ero HaTpaBIAiomye
KOCHHYCHI.

3.16. Bekrop cocrasnser ¢ ocamMi Oy n Oz yrnm 60° i 120°, Kaxoii
Yrof OH COCTABRJIAET C 0Ckl0 Ox?

3.17. dans TouxH M\(4; -2; 6), Mx1; 4; 0). Hality anuHy H Hanpas-

neHue pextopa M\ M, .

3.18. Naubi BexTopsl a@ =6i —8) + 52k u b=2i -4j+ J2k. Haiiru
yroi, obpazyeMBblil BEKTOpOM a — b ¢ ocsio Oz,

3.19. Tipu KakoM 3HAuCHHM m BeKTOpH d=mi —3j+2k u b=i +
+2 - mk NEePNeHANKY IAPHbI?

3.20, Haiitn mpoekumio pexropa d=1 +j + 2k wa BekTop b =i -
- j+4k .

321 Jlaun! Bextopsl =37 -6/ -k, b=i+4j—5k u =37 +4j+

+2k . HaiiTH npoexuuio BeKTopa &+ ¢ Ha BEKTOp & + .
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3.22. HaiiTu BexTOp d, NCPHEHIMKYISPHHIA BeKTOpaM 4 =1 %
b= 2]~ k , eclM H3BECTHO, YTO €ro MPOEKLHS HA BEKTOp ¢ =1 +2/ + 2k
paeHa 1.

3.2, n-mepHblii BEKTOP
M BEeKTOPHOE NPOCTPAHCTEO,
Enximposo npocrpascTeo

CnpaBouHblii MmaTepaan

1. n-meproiv gexmopom HaRBIBAETCA YIOPAAOYeHHAS COBOKYITHOCTE #
OefiCTBUTENEHERIX YHCENT X = (X, X2, ...y Xu), THE X; — i-A KOMIIOHEHTA BEK-
opax(i=1,...,n).

Bexmopor X = (X1, X2, «cos Xg) B Y = (V15 V25 vy Vo) PABHHL T.€. X =}, €C-
il

xi=w(i=1,2,...,n)

IIpoussedenuenm eexmopa x = (x|, Xz,..., Xp} Ha YUCRO A HA3BIBAETCA
BEKTOp #=Ax, ecim ;= Ax; (i= 1,2, ..., #).

Cymmoti deyx sexmopos X = (X1, X2, ..., Xg) U ¥ = (¥, V2, .., V) HA3EIBA-
eTcA BeKTOp Z=x+p, ecnu z;=x;+ % (= 1,2, ..., n).

2. Bexmopnoim (Auneiineism) npocmparncmeom HasblBaeTCA MHOMKECTBO
BEKTOPOB (3IEMEHTOB) C JeiCTBHTENLHLIMH KOMIIOHEHTAMH, B KOTOPOM
ONpeACNEHE! ONCPALKH CIOKESHHA BCKTOpOIB W YMHOXCHHS BEKTOPa Ha
YHCJIO, YAOBNETBOPAIOLIMM ONPERENEHHBIM CBOHCTBaM, {paccMaTpuBae-
MBIM KaK aKCHOMBI).

3. Bextop 4, HasHBAaeTCA Aunetnoll xomOunayueli sexmopos
&, dy, ..., 8y |, €CNIH

dy = l]ﬂ] + }.202 + ...+ lm_] [ PN ) (3.16)
TAE Aty A2y .e.p Ay — KAKHE-TO YHCNIA.

4. BexTopul a4y, a, ..., &, HA3BIBANOTCA JUHELHO 3A6UCHUMbIMY, ECIH
CYLIECTBYIOT TAKHE 9UCIIA Ay, Az, ..., Am, HE PABHBIE ONHOBPEMEHHO HYIMIO,
41O

Aay + Aaas +. .+ A a, =0, (3.17)

! CM. yuebun, c. 69.
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Ecmi pagerctso (3.17) BLINOMHAESTCA TONLKO TIPH A = A2 = ...= A, =0, TO
BEKTOPHI &y, &2, ..., @, HAIBIBAKYTCA AUHEHHO HE3AGUCIMbBIMY.

5. Pasmepnocmy npocmpaucnéd — MaKCHMAaNbHOE YHCIO COAEpXa-
U B HeM JTHHeHHO He3aBHCHMEIX BEKTOPOB.

Bazucom n-meprozo RpeCMpancmea HA3EBACTCA COBOKYITHOCTE 1 JIHHEHHO
HE3ABHCHMEIX BEKTOPOB.

Paznoocenue eexmopa x no 6asucy (e, ey, ..., €,).

x=xe, + Xaext... tx,e,, (3.18)
THE X1, X2, ..., X » — KOOPAUHATEI BEKTOPA.

6. Iepexod om cmapoeo Bazuca (ey, €3, ..., €,) K HOBOMY (e,', €, e;)
3agaeTca Mampuyeli nepexeoa

g, ay --- 4y,
A=|a, ay ... a, (3.19)
Ay Gip ore Gy
TaK, 9TO
e e, .
w =4 (3.20)
e, e,

[lepexoa OT KOOPAMHAT X{, X3, ..., X, BEKTOPA X OTHOCHTENBHO CTApOTO
fashca K KOOPAWHATAM BEKTOPA X, X3, ..., X, OTHOCHTENbHO HOBOro Ga-
3MCa OCYLIECTBIAETCA 110 HopMyTam:

{ x]-w X,
%] G2y
\ % Xy
(x .

am |2 |=al B, (3.22)
v |l

rae A — maTpuua nepexona (3.19).
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7. Cranspreis npoussedenueM NBYX BEKTOPOB X = (X, X3, ..., Xp} U
Y=, ¥2 ..., V) HA3BIBAETCA YUCIO

(x, y)= XY XY, Fat X, Y, = D XV, (3.23)
=

8. Eexnudoeuim npocmpancmeoM HasbIBaeTci NHHeHHoe (BEKTOpHOE)
MPOCTPAHCTBO, B KOTOPOM 33[aHO CKANSPHOE NPOH3BSACHUE BEKTOPOE,
YAOBASTBOPAIOLIMX ONPEASNEHHEIM CBOHCTBAM,

Lnunoti (ropmoil) sexmopa X B eBRIHAOBOM NPOCTPAHCTES HA3KIBACTCHA
YHCTIO

|x| = ,ﬂx x)=yx2+x2+txl (3.24)

9. Yeon @ medcdy gexmopamu X 1y ONPEACHACTCH PABCHCTBOM:
cosp = M (3.25)

Il

rned<g<am.

10. 1pa Bexropa x, y Ha3EIBAIOTCA OPMOGHA6HBIMHU, €CTH (X, ) = 0.

BexkropH e, &, ..., €, n-MEPHOTO €BKIHAOBA TIPOCTPAHCTBA 00pasyroT
opmozonanhbiti basuc, ecnu (e;, ) = 0 npH i # j, 1 — OpMOHOPMUPOEaH-
nwiti 6asuc, ecin (e, ) =0npuizjule|=1mpni=1,2,...,x

3.23. BuIACHHTE, ABNSETCA JIH JIKHEHHEIM MPOCTPAHCTBOM MHOMNKECTBO
BCEX:

a) OeficTBUTENBHBIX YHCe; §) UeJBIX YHCEeN; ¢) PALMOHAALHBIX YHUCEn?

P ¢ m e H n ¢. U3 yka3aHHEIX MHOXECTB TOJIBKO MHOKECTBO ACHCTBH-
TenbHHX HMcen ofpazyer nuHeiiHoe npoctpancrso. B camom gene, npu
CIOMEHHH AeficTBHTENBHEIX YUCeNl H YMHOMKEHUH HX Ha moboe ducno no-
Iy4YaloTCcA BCerAa AeiiCTRUTENBHEIE YHCNA. A NpPH YMHOMEHHH LIEJBIX YH-
cefl, HanpuMeEp, Ha PALIHOHANKHBIE YHCTA A = p/g noIyYaOTCd pamuoHAlb-
HBle YHCIIa, HO He 06A3aTensHO Nenksie. AHANOMMYHO NPH YMHOXEHHH pa-
IIHOHANBHEIX YHCEN, HANPHMED, HA HPPaIHOHATEHEIE YHCA A MOMYYAIOTCA
HpPPALIHOHATLHEIE, @ HE PALHOHATIBHEIE Yicaa. P

3.24. BoifcHHTE, ABMAIOTCA JIH BEKTOPH &) = (4; -5; 2; 6), @y = (2;
-2;1;3), a3 =(6; -3; 3; 9}, a4 = (4; -1, 5, 6) nuHeHHO 3aBHCHMEBEIMHT

'Cm. yuebuu, c. 76, 77.
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P e w e H H e. BekToph! 4, 42, 43, 44 AMHEAHO 32aBHCHMEL, €CJTH CYLIe-
CTBYIOT TaKie 3Ha4eHHA A, A2, A1, Ay, U3 KOTOPEIX xorrn Ol OAHO OTIHYHO
OT HYJIA, 9TO OyIEeT BBINONHATLCA BEKTOPHOE paBeHcho (3.17):

4 2 6 4\ (o
-5 -2 -3 -1 |o

A +A +A +A = .
T2l ™ 1 ™ 3177 s| |o
6 3 9 6/ Lo

3agaua cBeNnach K PeileHUI CHCTEMBL:
4k, +2h, + 62, +41, =0,

—5A, =2k, =3k, — Ay =0, .
20+ A, +3h; +50,=0, ®
6A, +30, +94, + 60, =0.

Pemas cucteMy (*) MeronoM Taycca, NpUBOIMM €€ K BHAY:!
4k, +2h, + 6y + 4k, =0,
2h, +18%; +16A, =0,
- 61, =0,
0 =0
T.€. PaHT MATPHLIEI CHCTEME! (# = 3) MeHbILe YHCNa MepeMeHHBIX (1 = 4), oT-
KyAa cneayer GeckoHeyHoe MHOXKECTBO pemieHui (A, Ay, A3, A4) DaHHOH
CHCTEMEI, CE0BATSABHO, BEKTOPH &), 42, i1, 44 — INHEHHO 3aBHCHMBL
SaMeuadne VYCTaHOBHTL HEONPEACNCHHOCTh CHCTEMEl OOHO-
podubtx THHEHHBIX ypaBHeHHH (*) MoxHO ObUIO H HHave, yOeNUBILNCE B
TOM, 4TO ONPENEITHTEIb MATPHIM CHCTEMEL A = |4] =

3.25. Haiitu Bce 3HAYeHHA m, MPH KOTOPHIX BekTop B = (1; m; 3) nu-
HEHHO BBRIpAXACTCH uepes BekTophl o = (25 3; 7), @ = (3; -2; 4),
a;=(-1; 1;-1).

P e m e H 4 e. Bektop b ecTe nuHeliRas koMOHHALHMA BEKTOPOE &, @2,
a3, CCNIH

b=Ma +ra, +a, ,

HITH
1 2 3 -1
mi=A|3|+h =2 [+25 1],
3 7 4 -1

rae Aq, Az, Az — KaKHE-TO YHCNA.

! B nannoM cnyuae sexTopbl yAOGHEE 3aNUCaTh B BHE BEKTOP-CTONGIIOB.
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Petnas coOTBETCTBYIOIIYIO CHCTEMY
2h, +3%h, —A, =1,
N =20, +A, =m,
A +4h, —Ry =3
MetoftoM [aycca, MPUBOIHM €¢ K BHAY:
20, 43k, — Ay =],
138, =5&; =3-2m,
0=2-2m.

CucremMa OyfeT COBMECTHZ (a MMEHHO -— HEONPEACNEHHAA), €CIH
0=2—2m, 1.e. npu m = | BeKTOp b eCcThb INHEHHax KOMOHHALIHA BEKTOPOB
a,, @, a.

l 3% a 14 ¢ 4 a H H . 3agaua AONYCKaeT U Apyroe peniedue, Tak Kak on-

2 3 -1
pedenyTens MATPHLEL CHCTEMBL A = |A| =13 -2 =0, To cucreMa Oy-
7 4 -1

JET COBMECTHO# (a2 UMEHHO — HEONpeaeNeHHOiT), ECTH OTpeAeNHTEND JTI-
0o MaTpHLBI A;, nmomyueHHO#H K3 Matpuubl A 3aMeHOH j-ro cTonbua
CTOI0LOM CBOOOAHEIX YICHOR, paBeH HYIIO, T...

A =|4,]=0 G=12,...n).

1 3 -1
Hanmpumep, A, =|A,| =lm -2 1=0, wum A, =|A2|=O, HIH
' 3 4 -1

A;=|4;|=0 nppm=1.»

3.26. B 6asuce {e|, €, 1) Banbl pektopul @) = (1; 1; 1), @z = {Q; 2; 3),
a;=(0; 1; 5}

a) NOKA3aTh, YTO BEKTOPEI &1, &>, &3 00pa3yloT Gazuc;

&) HaliTH KOOPAUHATH BekTopa d = 2| — e, + 3 B Oasuce (@, a2, @3).

Pemenne:
a) TpH BexTOpAa 4/, d2, @3 TPEXMEPHOTO MPOCTPAHCTBA 00pasyloT Ga3nc,
€CITH OHH JIMHEHHO HezaBHcHMBL. CoCTaBMM BeKTOpHOE paBeHcTBO (3.17):

1 0 0 0
1 3 5 0
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Pemas ypapHeHHe (*) aHANOrHYHO TipUMepy 3.24, MoxHo yOeaHThCA B
€IHHCTBEHHOM HYJIEBOM €ro peineHun; A = h; = A3 = 0, T.e. BeKTOpH 4,
@3, @ NIPEACTABASIOT COBOKYIHOCTh JHHEHHO HE3aBHCHMBIX BEKTOPOB W,
cllefoBaTeNbHo, 00pa3yior Oaskc.

&) BupasnMm cBa3b Mexny bazncamu (@, a2, a3) ¥ (e, €3, e3):

a =€ t+e,+ e,
a, = 2e,+3e;,
B cootreetctBHH ¢ (3.20):
a, e 1090
a, |= A e, |, oTkyaa matpnua nepexonga A=|1 2 1}.
a, e; 1 3 5
(Ofpamacm BHAMAHHE Ha TO, YTO KO(MPALHEHTHI Pa3/ioKeHNA HOBHIX Oa-

3HCHBIX BEKTOPOB 4|, 42, @3 MO cTapoMy Oasucy (e, ez e;) obpaszyior
¢TO N6 I B MAaTpHILE Nepexoaa A.)

| 7 0 0
Buiuncasem A~ =-_;- -4 5 -1 (cm § 1.2}
1 -3 2

Teneps no (3.21) mpy x = (2; -1 l) MOMYYHM

x; . 7 0 0Y( 2 2
x5 [==-[-4 5 -1||-1]|=|-2],
x; 1 -3 2J 1 1

T.e. KOOpAHHATH BekTOpa d B Oasnce 4, @3, a3 ecTe 2, -2, 1, T,
d=2a,-2a;+a;.

3.27. Jana marputia
1 2 3
A=|-1 0 4
31 -5

nepexona ot Gasuca (e, €2, e;) k 6asncy (e, €3, €; ). Haitti koopauHaTh!
BEKTOpa e; B Gasnce (e, €3, &3).
* L * L]
P ¢ e n ue Bekrop e; B basuce (e, e;, €4} AMEET KOOPAWHATHI
£ =(0;0; 1).
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Cnenopatensno, no gopmyne (3.21):

X I 2 3y0 3
X |=|-1 0 4fo0i= 4],
Xy 31 -5/l1) -5

T1.e. B Gasuce (e, ez, €3) vekrop €; = (3; 4; -5). P

3.28. lpeanpuarne BeimyckaeT 4 BHAa npoaykunu Py, P, Py, PyB Ko-
mnyecteax 50, 80, 20, 120 equnni. TIpn 5ToM HOPMEI pacxoda Chipbs ¢O-
CTARNAICT COOTBETCTEERHO 7; 3,5; 10; 4 kr. Onpenenuts CyMMapHBIi pac-
XOJ CHIPBA H €ro H3IMEHeHHe TIPH H2MEHEHHAX BRIMYCcKa npoaykuud P\, P>,
P3, PycooreeTcTBeHno +5, —4, -2, +10 eaunu,

PemenHe. Ilycts Bekrop BEMYycka mpodykuuu x = (50; 80; 20;
120), a sexrop pacxona ceipbi y = (7; 3,5; 10; 4). Torna cyMmapHsIi pac-
XOJ CHIPEA S €CTh CKaNAPHOE NIPOH3BENEHHE BEKTOPOR X A Y, T.€.

S=(x,) = 50-7 + 80-3,5 + 20-10 + 120-4 = 1310 {r).

ITo cROHCTBY CKAMAPHOTO NMPOH3BENCHHA BEKTOPOB H3IMEHEHHE CYM-
MAapHOTO pacxoia CHph:
AS={x+ Ax,y) —(x, ) ={Ax, p}=+57 ~43,5-2-10 + 10-4 = 41 (xr).»

3.29. JlaHk! BEKTOPEHI &y, €2, &3, 00pazyIoIHe OPTOHOPMHPORAHKEI Da-
suc. HaliT yron Mexny BekTopaMH X =5¢, +e3 0 y =&+ 3 + &5

P e w e n u e Haiizem no dopmyaam (3.23), (3.24) ckanapHoe mpo-
H3BEACHHME BEKTOPOB ¥ UX ANHHEI, YAUTHIBAA, YTO eMHHYHLIE BEKTOPH &,
€2, €3 06pasyloT OpTOHOPMHpOBaHHEI OasHc:

(6y)=5-1+0-1+1-1=6;

=452 +12 =426 ; |y =VI2 +12 +12 =43,
6 6 6 o
Tlo dopmMyne (3.25) coscp—m—\l% H (p—arccongzﬂ »

3.30. BoisicHuTS, ABAAETCA MM IHHEHHEIM NPOCTPAHCTBOM MHOKECTBO
BceX anrebpaHyecKMX MHOTOYNCHOB OOHOH NepeMeHROH: 4) CTENeHH He
BHIE 77, 6) CTCICHN 1} 6) CTENEHH BHIILE A?

3.31. BrificHUTS, ABNAETCA MM JIHHEHHBIM MPOCTPAHCTBOM MHOXECTBO
BCEX!
a) MATPHIL pasMepa mxx,
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£) JMarOHANBHEIX MATPHL NIOPSAKS #;
8) HEBBIPOXKACHHBIX MATPHIL IOPANKA 1;
2) BexTopoB?

3.32. BoiAcHHTD, ABNACTCA JIH MHOXKECTBO BCEX PeLISHHMA CHCTEMBI A
JHHEAHEIX ONHOPOAHBIX YPABHEHHUIH C # TICPCMEHHBIMH JHHEHHBIM TpO-
CTPaHCTBOM?

3.33. KaxkuM J0MKHO OLITh YHCIO @, YTOOKI MHOMKECTRO, COCTOAILIEE H3
OOHOTO TOTO YHCTA, ARIANIOCE IHHEHHBIM IPOCTPAHCTEOM?

3.34. ,[lorcasa’rh uTO B ABYMEPHOM BEKTOPHOM MPOCTPaHCTBE R
@) BEKTOPHl | ¥ j — MHHEHHO HE3aBHCHMbL,

6} moGble QBa KOJLTHHEAPHEIX BEKTOpA NHHEHHO 3aBHCHMBI;
6) nodble TPH BEKTOPa THHEAHO 3aBHCHMBIL.

3.35. Jloka3aTh, 4TO B TPEXMEPHOM BEKTOPHOM MPOCTpaHCTRe R:
a) BEKTOPH i, j,k — NVHEHHO HEIARUCHMBY,

6) mo0ble TPH KOMIDTAHAPHBIX BEKTOPA JIMHEHHO 3aBHCHMBI;
&) nobsle YeThbipe BEKTOpa THHEHHO 3aBHCHMEL.

3.36. JJokazars, 4TO CUCTEMa BEKTOPOB OyneT nuHeitHo 3aBHCHMA, ec-
JIA OHA COASPXHT: @) NBa PaBHBIX BEKTCPa; 6) ABa IPONOPLUHOHANBHBIX
BEKTOpA.

3.37. B uexoTopoM Oasuce 3apaHbl BeKTOopbl @, = (-2; 0; 1), @ =
=1; -1; 0}, a3 = (0; 1; 2). BHACHUTD, ABNAETCA K BeKTOP @4 = (2; 3; 4)
JHHEHHOH KOMOMHAMEH BEKTOPOB a), a3, @ 3.

3.38. B uexotopoMm 0a3snce gaHel BeKTOpHl @) = (2; 1), @ = (-1; 3).
Haiiti BCe 3HAYEHMN M2, P KOTOPLIX BEKTOP b = (1; m) B TOM e Basuce
ABNAETCH THHEHHOM KOMOVHALIMelt BEKTOPOR &\, ¢a.

3.39. B umexoropoM Gazmce aanst Bekropel a1 = (15 2; 1), & = (2; 1; 1),
a3 =(~1; -2; —1). Haiitu Bce 3HaueHHs n1, IpH KOTOPHIX BekTOp & = (2; 3;
m) TUHEHHO BBIPAXKAETCA Yepe3 BEKTOPH 4, 42, 4 3.

BuiscHMTE, ABAAIOTCA TH IMHEHHO 3aBHCHMBIMY HIIM JTUHEHHO HE3aBn-
CHMBIMI BEKTOPBL;

340.0/=(-7;519,8:=(-5; 7, -T), a3=(-8; 7; 14).

Jdl.a =(1; 8, -1),a2=(-2;3;3), a3 =(4, 11, 9).
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3.42, B Gasuce {e), ¢;) NaHBI BEKTOPH @) = 2e| + &, @2 = €] — 2e3:
d} AOKa3aTk, UTO BEKTODHI &, @ 00pa3zyioT Gasnc; 6) HANTH KOOPAMHATH
BEKTOpa ;3 = 3e) + 2e; B Gazuce (a,, a2).

3.43. BriacHuTe, o0pa3yloT nR Gasnc TPeXMepHOIO IPOCTPEHCTEA
R BekTopil: &y =(1; 1; 1), a2 =(1; O; 1), a3 =(2; 1, 2).

3.44. BeisacHuth, ofpasyer MM Ga3uc YETHIPEXMEPHOTO NMPOCTPAHCTBA
R'sexroper @ = (1; 1; 1; 1), @ = (1; 0; 1; 0), a3 = (0; —1; 0; 1),
as={1;0;0; 1).

3.45. B Gasuce (e,, €3, 3)3anaH sexkTop X = (4; 0; —12), Haiitu xoop-
JHHATHI 3TOTO Bempa B Gasnce (e =e +2e, +ey;

e, =2e, +3e, +4de;, &) =3e, +4e, +3e;).

3.46. Ha#itu matpHuy nepexoma ot Gasuca (e, 2, €;) K Oasucy
(e =€, +e;, e;=—¢ +2¢;, €; =¢, +&,).

()

- L] ar
nepexona or Hasnca (e, e;) k Gazucy (e, e,). Haiitu koopavHaTHI BEKTO-

3.47. aua matpuna

poB ¢, &2 B Bazuce (e, e;).

3.48. /lana maTpHua

1 01
A= 0 0 2
-1 3 1

nepexona ot Gasuca {e,, es, ;) K DazHcy (el', e;, e; ). Haiiti koopaAuHaTHL

* - *
BEKTOPOB €, €,, &; B Daiuce (e, e,, €;).

3.49. [lana marpuna

R,
1}
L oS T ¥ R
L=
=
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niepexofia oT Gasuca (e, ;, ;) k Gasucy (e, e, e; ). HaiiTu xoopauHaTH!

BeKTOpa e; B baznce (e, 1, €3).

3.50. Haittn Marpuny nepexoga or Gaimca (e, e:, €3, €4) K Gasucy
(839 €4, €2, el)°

3.51. IlpeanpHaTHe BHITYCKAaeT TPH BRIa mpoaykiuuu Py, Pz, Py B Ko-
muuectee 15, 25, 40 wTyx, peannsyempix no ueHam 30, 40, 50 ycn. en. co-
oTBeTcTBeHHO. HaliTH BRIpyuKy MpeanpHaTUs OT peanu3aliid NPOAYKLMH
H ec MIMEHCHME TIpH H3IMEHeHMH UeH 1poaykuun Py, P,
P cooTBeTcTBEHHO Ha 15, -3, +2 ye. en.

3.52. BexToptl &, £;, £3 00pa3yioT oproroHATEHE Gasuc. Hailimi cransap-
HOE TIPOU3BSIEHHE BEKTOPOR X = 2¢) — ey + 4¢3 ny =€) + e, — Sey ¥ nX anu-
HEL, €CJH |e;| = 1, |eo] = 2, |es| = 2.

3.53. BekTopHl ¢;, €3, e; 00pas3yloT opToHOPMHPOBaHHELK 6a3nc. Halith
YIoJl MEXIY BEKTOpaMU X = 3es —esny = de) + e; — 283,

3.3. JInnelinnie oneparopnl
CnpapouHblii MaTepHan

1. Ecnn 3afaH 3akoH (MpaBWjIO), NO KOTOPOMY KAXAOMY BEKTOPY X
npocTpaHcTea R CTABHTCS B COOTBETCTSHE €MHCTBEHHEHIA BEKTOpP y Npo-
cTpancTBa R™, TO rOBODAT, UTO 3a8aH onepamop (npeobpasoeanue, omo-
6pancenue) A(x), nefctayionmii uz R" 8 R”: y = A(x).

PaccMaTprBaeM ciry4aif, korZa IpocTpancTsa R” H R” coBmagaor.

2. Onepatop A Ha3LIBaeTCA AuKEliHbIM, ECTH JIA MOGHX BEKTOPOE X,
npocTpacTsa R” H moforo Yncia A BePHB COOTHOLICHHA;

Alx +y) = A(x) + A(y),
AOX) =), (3.26)

3. Bextop y = A(x) Ha3piBaeTcA ofipasom BEKTOPa X, a CAM BEKTOp
X — npoobpazoM BEKTOpa .

Canzb Medcoy eexmopom X W 20 obpaizom y = A(x) MoxeT GBIThL ipen-
CTaBIICHA B BHJE:

y=Ax, 327
e A — wMaTpuna JuHeHHOro oneparopa; X ={x,X; .., X, Y,
y={¥. Y2 «s),) — BEKTODHI, 3aNHCHIBAEMBIE B BHIIE BEKTOP-CTONOLIOB.
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4. Cymma u npousgedenue RUHELHLIX ONEPAMOpos, a TAKkKe MPON3Be-
AeHHe JIHHEHHOTO ONepaTopa Ha YHCIO OLPEACINIOTCH PABCHCTBAMH:

(4 + B)(x) = A(x) + B(x),
(AB)x) = 4(B(x), (3.28)
rA(x) =M A(x)).

5. Hyneevim (Xx) ¥ moxcoecmeennoim E(x) Ha3bBalOTCA ONEpaTOpHI,
IeHCTBYIOLIHE MO [IPaBHITy:

O(x) =0,
E(x)=x. 3.29)
6. Marpurust A u A* nuneitroro oneparopa A B Basmcax (e, ez ..., e,)
H (e, €, ..., €,) CBAIAHBI COOTHOLIEHNEM:
A*=C4cC, (3.30)

rae C — MaTpHIa lepexofia OT cTaporo Ga3uca k HoBoMY .

3.54. BoiacHuts, ABNgeTcA AH omepatop A (x) = (2x; — x3; X33 X) — X2)
JTHHEHHBIM, €CJTH BEKTOP X = (X, X2, X3)-

PemeHue. [lo ycnoeuio BekTOp X = (X3, X2, X3). LIycTh BEekTOp
Y=, ¥2. ¥3). Toraa no onpeencHMIO ollepaluid Hal BEKTODaMi:

Xx +J’ = (xl -.i-yb X2 +)’2; X3 +y3)s Ax= (Mls hz’ M3)‘
Haiinem ofpassl BeKTOPOB!
A +y)= Q00 +3) = (3 + pa)s 3 +y35 (11 +91) = O+ 32)) =
={2x;—x3)+ 2y -ty -+ -y)=
= (2x) —x3; X35 X1 — X2) + (21 — Y3, V3 1 — )
A () = (hxy — Axs; Axag Ay — Az = A0xy — X33 X33 X1 — X2).

Tax kak A x+y) = A {x)+ A ), 4 (Ax) = A A (x), To oneparop A
ABAAETCA NHHEANLIM. P

3.55, Haiitu maTpuLy MuHeliHoro oneparopa

¥y =A(x)= (x| + x3 — x3; 2x3; 2x2 + 5x3), rOe x = (x), X2, X3} B ToM Gazn-
¢e, B KOTOPOM ZaHbl KOOPAMHATHI BEKTOPOB X, J.

Pe w e H ¥ e. 3anHileM CBA3L MeXIY KOOPAWHATAMH BEKTOPOB X U

H COOTBETCTBEHHO MATPHILY THHEHHOTO onepaTopa A :

''B § 3.2 MaTpuLa nepexona oGosnauanack Gyxaoit A.
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W =X Xy =Xy, 11 -1
y, = 2x, cienosaTensHo, A=(0 0 2(Pp
V3= 2% +5x;, 02 5

3.56. Haiitn (B ToM e Oa3uce) KOOPAHWHATHI BEKTOpA y = A (x), ecnu
oneparop 4 sanan Marpuied

-1 0 2
A= 2 1 1| ux=2e +4e;—e;.
30 -1
P ¢ m ¢ H ¥ e. B coorsercreun ¢ (3.27):
» -1 0 2Y 2 -4

y =l 2 1 1) 4= 7|, rey=T7,7»
v) L3 o -th-1) |7

3.57. Marpuua manefiHoro oneparopa B fasuce (e, €;, €3} HMeeT BUL;

0 -2 1
A=|(3 1 0f.
2 -1 1

Haiitn Matpuuy A* storo omepatopa B Gasuce (e, e;,e;), ecau

ef =3¢, +e, +2e;, e,=2e +e,+2e;, e; =—e +2e,+5e,.

Pewe Hne Marpuna C nepexona or craporo 6amca K HOBOMY
HMECT BUA:

32 -1
C=|1 1 2}.
22 5
Torna no gopmy e (3.30):
-8 -59 18
A"=CT4C=| 121 84 -25|.
-13 -9 3

(PacueTnl npezIaraeM IPOBECTH YHTATENIO CAMOCTOATENbHO.) P
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BriscHUTD, ABNAETCA NH onepaTop A(X) NHHEHHBIM, eCIH BEKTOp
x= (x]s X2, I3):

3.58. A(x) =Xy — 2x3; X + X35 %) 3.59, Z(x) = (X X2 XaX35 X% b
3.60. A(x)= (xf; %35 %3). 3.61. A(x)= (x; — x5 22 + X35 X5 — 223).
3.62. ;f(x) — TOWAECTBEHHBIR onepatop E(x) = (x5 x2; x3).

3.63. Z(x) — HyNeBo#t oneparop O( x)=(0; 0:0).

HaiiTh koOpOHHATE BEKTOpa y = ;!-(x), ecrn onepatop A 3ajaH Mar-
puneit 4 (B atom xe fazuce):

36d A= 2 _l], x=e.
3 4
0 0 1
365 A=(1 1 2|, x=—-e,+2e& te.
1 21
366 A=| 1}, x=(2;~1).
21

a L] - * L]
Haiitu matpumy A* nuHefinoro onepatopa B Baince (e, e,, ey), 3a-
HarHOTO MatpHileii A B Hasuce (e, e, e3):

_3 1 L] L3
3067. A= 1 N el =ez, 82 =e] +82.

2

2 -1 0

3.68. A=|0 | -1|,¢ =2¢,+e,~e,, & =2¢ —e,+2e,,
60 o 1

e; =3¢ +e,.

21 . x . e

3.69. A= NE e, =3¢ —e,e,=¢€ t+e,.
(1 2 -3

370. A=| 0 3 1|, e =¢, e,=3¢/ +&;, e;=2¢ +e, +2e;.
-1 2 5
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3.4. CoOcTBEeHHDBIE BEKTOPH M COOCTBEHHDbIE
3HaYeHHA JHHEIHOro oneparopa (MATPALDB )

CnpasoyHblit MaTepuan

1. Bektop x # 0 HasbIBaETCA COOCMBEHHDIM GEKMOPOM NHHEHHOTO ONe-
paTopa A (mm MaTPHIIEL A), eCIi HAAASTCA TAKOE YHCIAO A, 4TO
A(x)=x 331
HIH
Ax=2x. (3.32)
Uncno A HASHBAETCA COBCMEEHHLIM (XAPAKMEPUCMUYECKUM) IHAYEHU-

em (vucaom) onepamopa 4 (s mampuyer A), COOTBETCTBYHOIIUM BEKTO-

py x.
Onpenenenne (3.32) moxker OBITH 3aMHUCAHO B BHIE:

(4-2AE)x=0. (3.33)

2. Xapaxemepucmuvecxum ypagrenuem oneparopa A (wn MaTpuubl A)
HA3BIBACTCA YPaBHEHHE!

a“—l alz aan a]n .
a Aoy —h ... 4

|[4-2g=| ™ 7% =0, (3.34)
a, Qpz e Gy — A

— K -
rAag CInpencInTeENb *E| naspipaetca xa MEPUCMUYECKUM MHOZ0WTE:

HoMm oneparopa A (nu MaTpULEl A).
XapakTepHCTHYECKHI MHOTOWIEH NHHAEHHOTO OMEPATOpa HE 3aBHCHT
ot Beibopa Ga3mca.

3. Martpuua onepatopa A B Gaznce, cocTofeM U2 ero COOCTBEHHBIX
BEKTOPOR ¢ COOCTBEHHBIMH 3IHAYSHHAMH X, X3, ..., A, ABINETCH JHAro-
HANBHO:

A* =diag (&, Aa, ..., Ay). (3.35)
H obpatHoO, ecnu MaTpula A NMHeliHOro omneparopa A B HekoTo-
poM Oasuce aBnfercda amaroHansHOH (3.35), TO BCe BEKTOPH ITOrO

Ga3znca — cobcTBerHble BeKTOPH onepaTtopa A ¢ coGCTBEHHEIMH 3Ha-
YEHUAMH Ajy A2y ovry A
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3. 71, Ha#itt coBcTBEHHHE 3HAYSHHA ¥ COOCTBEHHLIE BEKTOPHI Onepa-
Topa A (MaTpuue A);

) 3 1 -4 -8
a)A=(4 J; 6) A=|-4 7 -4]|.
-8 -4 1

Pemenue (a)
" 1. CocTaBngeM XapaKTEPHCTHYECKOE YpaBHeHue (3.34):

2-A 3
A-)\E|=
i P
oTkyza A2~ 3% — 10=0 1 COGCTBEHHEIC 3HAYSHM MATPHIBL A =—2, A, = 5.

2. Haiinem coberaennniil Bextop X'V, cooTeTcTRYIOMMIE COBCTBEHHO
MY 3HAUEHHIO A; = —2;

3 4 3)x)_[0 4%, +3x, =0,
A-hE)x=0, wm (4 3}(;:2}'[0]’”" {4x.+3x2=0.

Tlonaras x, = ¢, HaiigeM (x, = —%c., x; = ¢y), T.e. Bexrop X7 =(—%q,cl)

’:0 s HIH 2-Ma-1-12=0,

npH nioGoM ¢; # 0 ects cobereeHnntii Bexrop onepatopa A (MaTpHugrl A) ¢
COOCTBEHHBIM 3HAYEHHEM A = —2,

3. Haiinem cofGcTBeHHEIH BEKTOD xm, COOTBETCTRYIOUIME coOCTBEHHO-
MY 3HAYEHHIO A = 5:

— -3 3Y x _ 0 =3x,+3x, =0,
(A-3:E)x=0, am [ 4 _41%]*[0],1&{ dx, — dxy =0,

Tlonaraa x; = ¢, MONYYMUM X; = €3, X2 = €3, T.€. BEKTOP x? = (c2, ¢2) npn
moboM ¢ # 0 ecTb coOCTBEHHBIH BeKTOp onmepatopa A (Marphus 4) ¢
coOCTBeHHEIM 3HAUEHHEM A = 5.

Pemenuce (6

1. CoctaBnsieM XapakTepucTHyeckoe ypasHeHne (3.34)

-, -4 -8
|4-1E|=|-4 7-1 -4|=0.
-8 -4 1-}

Tlocne npeoGpazoraniii ypapHeHYe NpHMET BUI:
2 -9 -81A+729=0.
Pemias 310 ypaBHEHHE, NOMYYHM:
A2(A=-9-81{(A—9)=0, umm (A—9) (A -81)=0,
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OTKyHa COOCTBEHHBIE BHAUeHMA onepatopa A (Matpuiml A): &) = A = 9,
A 3= -9.

2. HaiineM cobereennnit aextop X', cooTmeTcTByfOWMI cOBCTBEHHO-
MY 3HAYEHHIO &) = A, = 9:

-8 -4 -8i(x 0
(A-9Eyx=0, wumu -4 -2 -4f|x,[=]0].
-8 -4 -8)ix, 0
Peuias MONyYeHHYIO CHCTEMY MeTO0M T'aycca, monyuumM:
—8x; ~4x, —8x; =0,
0=0,
0=0.

Tak kak paHT cHcTeMBI ypaBHEHHH ¥ = 1, TO I HioNydyeHHA ee pewie-
HHIl HYXKHO paccMaTpHBath m—+ = 3 — | = 2 cBoboHBe (HEOCHOBHEE)
NMepeMeHHbIe, HAIPHUMED, X3 H X 3. [lonarasd x» = ¢y, X3 = ¢z, HalineM BeKTop

1
X = (—Ec, -5 05 cz} , koTopuli NpH mMoBHIX ¢, €3, YAOBNETBOPAIO-
X YCTOBHIO et +c§ # 0, ecTe coOCcTRBEHHEIN BEKTOp onepaTopa A (mar-
pHiel 4) ¢ coDCTREHHEIM 3HAUEHMEM A = 9.

1
3. AHamorHYHO HAXOAHM, YTO BEKTOp x® = (cj; 503; ¢, | npu mobom
¢3 # 0 ecTh cobcTeeHHbIH BekTOp onepatopa A (MaTpudsl A) ¢ cobcTBeH-
HEBIM 3Ha4YeHHeM A = 9.0

3.72. [lpuBecTH K AMaroHaALHOMY BHAY MaTpHLY A JHHeHHoro onepa-
TOpa A:

5 3 1-4 -8
a)A=(4 J; 6) A=|-4 7 -4|.
84 1

Pe e s ne. B mpumepe 3.71, o HaligeHsl coGCcTBEHHBIE 3HaueHHA
onepatopa A (MaTphubl A} A = =2, ; = 5 H €10 COOCTREHHBIC BEKTOPH

3
X = (— Ic,; ¢l x¥ = {cy; €3), TAE ¢ # 0, 3 # 0. Cneaoratensho, B 6a-

3unce (x“), xm), COCTOAINEM W3 COOCTBEHHEIX BEKTOPOB, MaTpHUa A Gyner
HMETb BHAroHANLHEIA BUI, T.€.

. (-2 0} .
A —( 0 5]—dlag( 2; 5).
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310 o03Havyaer, 4YTO MOPH nNepexoae oOT craporo Gasuca

2 3
{91 = [4}; e, = (l]] K Gaincy (x(”, xm), COCTOAIEMY W3 COBCTBEHHBIX

-3 1
BEKTOPOE, T.€., HAPHMED, MPH MaTpHUE Nepexona C:( 4 J {nony-

YeHHO# npH ¢; = 4, ¢; = 1), MaTpuna A B COOTRETCTRBHH ¢ dopmynoii (3,30)
CTAHET HATOHANBHOLH!
A" =C7AC =diag (-2; 5).
B npumepe 3.71, 6 wailzeHbl cOOCTBEHHBIE 3HAUEHHs OMEpPATOpa A
(MatpHUB!l A). A = k2 = 9, A3 = —9H ero cobCTBEHHBIE BEKTOPHL
(m-;—c, -cz;c,;cz), [03;%c3;c3), rae ¢ + c3# 0, ¢c; # 0. Cneaoea-

TENBHO, B a3Hce, COCTOAMEM H3 mpex COOCTBEHHBIX BEKTOPOB, MATPHLA A4
Oynmet ¥MeTh AMarOHANBHEIA BHA!

@0 0
A" =[0 9 0| =diag(9;9;-9).
00 -9
-1
3T0 03Ha4aeT, 4TO NpH MepexoAe oT craporo Gasuca (e, =| -4,
-8
4 -8
e, =| 7|, e;=1—4]| Kk H6a3ucy, cocToAllEMY N3 COOCTBEHHBIX BEKTOPOB
-4 1
(monyueHHBIX, HaTIpUMep, MpH ¢; =2, c; =0, c3=2u¢;=0,0;=1,6,=2)},
-1 -1 2
T.e. Ip¥ MaTpuue nepexofja C=| 2 0 1| MaTpuna 4 B COOTBETCTBHH
0 12

¢ opmynoit (3,30) cTaneT AMArOHANLHOIN:
- A =C'AC=diag (9; 9; -9).p»
3.73. BuiacHHTS, IPHBOANWTCA JIU K JHATOHANBHOMY BHAY MATPULA
2 -1 -1
A=|-3 2 0].
4 2 4
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Pe 1w e H ¥ e. AHamoruuHo npumMepy 3.71 ycTaHaBIMBaeM, YTo JaH-
Hasd MaTpHUa HMeeT cOOCTREHHBIC 3HAYSHHA A = 2, Az = 3 H OTBeualolHe

MM COOCTBEHHBIE BEKTODBI x0 = 0, <; ¢} u x =[%c2, _%Cg, Cz)-

roe ¢ # 0, 3 # 0. Tax kak Apa MTHHEHHO He3aBHCHMEIX COOCTBEHHBIX BEK-
TOpa, NONYUaeMBIX npH MoBHIX mapax sHayeHud ¢) = 0, ¢; # 0, He MoTYT
ofpazoBats Oazic B MPOCTPaHCTRE R’,_ TO MaTpHlla 4 He MOXeT ObITh IIpH-
BéAcHA K AUarOHATILHOMY BUHAY. P>

HaiiTi cofcTReHHBIe 3HaYeHNS W cOOCTBEHHEIE BEKTOPHI JMHeiiHOTO
oneparopa A (MaTprus A):

¢ { _
3.74. A= 2 4]. 3.75. A= 3 4).
-1 -3 -2 1
1 2 - -1 0 2
3.76. A=|1 0 3]|. 3.77. A={ 0 3 0].
1 3 0 (100
1 1 8) 2 0 -
3.98. A=|0 2 0. 3719, A=| 1 3 -2]|.
10 -1 -1 0 1
101 0 1 0 0 0
- 1 1 -4 -8
3.80.A=0 20 3. 3.81. A= . )
000 -1 2 -4 7 -4
000 O -1 -8 -4 1

—

Haiftu 6a3zuc, 8 KoTopoM NHHEHHHH onepatop A, 3anaBaembli MaT-
pruet 4, UMeeT AMAaroHaNLHLIE BUI:

1 2 31 2 -2 0
3._82.A=(4 3}. 3.83.A=(2 2}. 384, A=|-2 1 -2|.
0 -2 0

BrIACHHTD, NPHBOAKTCA JH K J[HATOHANLHOMY BHOY Matpuua 4. Ecnu
NPHBOAHTCA, TO 3a[THCATE ,EI,HaFOHaJIBHBlﬁ BHA MAaTPHLB.

3gs. 4=[> 1. 386 4[> Y.
3 4 3 4
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25 3 (31 -1
387. 4=[0 3 4. 388. 4=/0 0 3|
00 -6 30 0

3.5. ReagpaTuunbie ¢gopMbl

Cnpapounslit MaTepnai

1. Keadpamuunoil ghopmoii L {x1, X3, ..., Xz} OT 2 HCPEMCHHBIX HAIKIBA~
eTca CyMMa, kKbl uneH KoTopoif Aeaserca nubo KBAAPATOM OAHOH H3
TIEPEMEHHEIX, THOO NIPOH3PEIeHHEM ABYX Pa3HBIX NEPeMEeHHBIX, BIATHIX C
HEKOTOphIM K03 dunueHTOM:

L(X)3 X35 wn Xy ) = D D A% (3.36)
i=1 j=1
B mampuunoii 3anucu xsaaparndnas Hopma MMEET BUA:
L=X'AX, ' 3.37)

roe X = (x, xa, ..., Xy) — MaTpuUa-cronbel nepeMeHHEIX.

2. lpy HeBbIpOXASHHOM THHEHHOM npeobpazosanun X = CY (rae X' =

= (X1, X2, o0y X, Y= (1, 32, ..., Y4)') MATPHUA KBANPATHUHOH GOPMBI HME-
€T BUO:

A" =C4C, (3.38)
raec C — maTpuia aubetinoro npeobpazosaHus.
non
3. Keagpatuunas gopma L= Y A;X;X; HA3BIBAETCH KAHOHUYECKOH
i=1 j=1
(uMeeT xanonuveckuii BUL), €CIN Bee e KoaddrunenTn a; =0 npu i #

n
L =05 +ayX; +.t @,,X3 = Zafjxf. 3.39)
=t

Panz xeadpamuynoti hopmel paBeH 4Ty OTIMYHEIX OT HYNA Koad-
(PHUKHEHTOB KaHOHWYecKOH POpMBL H He MeHAeTCA NpH JNHHeHHEIX npeol-
pasoBaHHAX.

4. Kpagpatnunan ¢opma L(x(, xz, ..., X,) HA3BIBACTCH NOJONCUMENLHO
{ompuyamensHo} onpedesennot, el NpH BceX 3Ha4YeHHAX NepeMeHHLIX,
H3 KOTOPBIX XOTA OBl OMHO OTAHYHO OT HY A,

L(xlsx21---1xn)>0 (L (xllx%-"’xﬂ)(‘o)'
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Keanpatuunas opMa L = X AX nonoxcumenvho onpedenena Toria H
TOJILKO TOT/A, KOTAA:

a) Bce coOCTReHHBIE 3HAYEHHA A ; MATPHUB! A NONOKHUTENLHEL;

£) Bce TnaBHbe (YTAOBBIE) MHHOPEI MATPULULL 4 MONMKHTENBHBI (Kpu-
mepuil Curvsecmpa).

Keapparrunas dopma L = X' AX ompuyamensio onpedenena TOrIa v
TONBKO TOrAa, Korna:

d) Bee cOOCTBEHHBIC 3HAYCHHA A; MATPHIIH A OTPHLATENbHEL,

f) Bce IMaeHLle (YTNOBblE) MHHOPH MAaTPHOBl A HEYETHOTO MopAnKa
OTPHIRTENBHE], 8 MHHOPB MATPHIEI HETHOTO MOPAAKA MOJNONHTENBHEL
(xpumepuii Cunveecmpay.

Ecnu xpazipatuiaan $opMa sHaxoonpedenerian, 170 Bee TIABHEIE (YT-
JIOBBIE) MHHOPBI €€ MATPHILI OTIMYHE OT HYNA,

3.89. /lana kpaaparnuuas opma

3anwcars ee B MATPHYHOM BHAC,

P e w e H u e. [luaroHaneHele 3NIEMEHTE CHMMCTPHHECKOH MATPHIILL
A xBaapartuaHoii GopMb paBHE! Kox(pdHLIHEeHTaM NpH KBagparax Mepe-
MEHHBIX, T.. 2; —5; &, a ApyTHE IMEMEHTE — MOJIOBHHAM COOTBETCTBYIO-
MX Ko3hpunneHToB KRaapaTnaHoi Qopmel. [ToaToMy, Hemonssya (3.37),
TIONY4HM :

2 2 ~1N\x
L=XAX =(x,,%,%3)| 2 -5 3||x, [P
-1 3 8J)ix
3.90. HaiiTn kBagpaTHYHYI0 OPMY, COOTBETCTBYHOMIYIO MATPHIIC
1 -2 3
A=|-2 5 -1]|.
3 -1 0

PeweH e B coorerctrn ¢ (3.37) nomyuum nocne npeobpaso-
BaHHH :

1 -2 33)(x
L=X§4X=(I|gxz,x3) -2 5 -1{[xi=
3 -1 0)lx

= x,2 + ng —45x,%, +6x.05 —2x,%, P
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3.91. Jlaua xsanparnunas dopma L(x;, x;) =3x{ — x3 +4x,x,. Haiirn

KBagpaTHyHyio hopMmy L (3|, ¥z), TONYUEeHHYIO U3 AaHHO# nuHeliHEIM npe-
obpasoBaHueM x| = 2y — ¥, X2 =y + ).

3 2
P e w e B 1 e. Matprua nasHoA KBaapaTHIHOH GOPMH A=(2 J,

2
a MaTpuua mHeiHONO npeobpasosarus C = [ A J . CneaoparensHo, no

(3.38) MaTpHua HCcKOMOFH KBaAPaTHYHOH HOPMEL

\ 2 13 2y2 -1 19 -5
A = C'AC = = 1
-1 12 -1A1 1 -5 -2
a KBampaTHuHas dopMa uMeer BuL: A° =19y7 —10y,y, —2y2 P
3.92. [IpHEECTH K KAHOHMYECKOMY BHAY KBaApaTHUHYIO hopMy:
L =x] +2x5 +7x% +2xx, + 2%, + 4x,;5.
Pe e nue CrpynnupyeM Bce wieHEHl, colepiallye x|, H A0ONoN-
HHUM HX [0 MONHOTO KBaJpaTa:
L= (x,z +2xx, + 2x,x3)+ 20 +7x] +4x,%; =
= .1:,2 +2x,(xy + x5 )+ (x5 +x3)2 ~{xy +x:,)2 +2x§ +7x§ +4x,x, =

Crpynnﬂpyeu BCE YJIEHBI, COAEPIKAILNUE X3, H TOMONHHM HX OO ITOJTHO-
ro KBanpara:

L=(x +x,+x,)7 +(x, +x;)” +5x5.

Hrak, HeBHIpOXKAEHHOE NUHElHOe mpeobpazoBaHne ¥ = x| + X2 + X3,
Y2=x; + X3, y3= X3 NPHBOAHT B2HHYIO KBaJApaTHYHYI0 (OPMY K KaHOHH-
ueckoMy BHIY L(¥, ¥2, ;) =i +¥3 +5)3.

3.93. Hecneaopars Ha 3HAKOOIPEACNEHHOCTL KBAAPATHYHYIO (opMy L:

a) L=2x2 +x +4x? +2x,x, — 42,2, — 2x,%5;

6) L=2x +x; —6x,x;; 8) L =4x7 +xF —4xx,.

Pemenue (a)
I eroco6. Martpuua 4 ksaaparuuHoii opMbl HMEeT BUA:

2 1 -2
A=| 1 1 -1|.
-2 -1 4
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Ee colcTeeHHBIe 3HAYEHHA (HAXOOUM aHANOIHYHO MpHMepy 3.71): &, = 1,
hy3 =3z J7 — Bce nonowutensune, crenoBaTensHO, KBaIpaTHYHASA
topma L(x|, x2, X 3) HONOXHTENEHO ONpefeNieHHas.

Il cnocob. Tak Kax Bce TNaEHbIe (YTNIOBEIE) MUHODE MaTpHLUB! A mono-

KATENBHEL T.€.
2 1 -2
=1>0, A;=[ 1 1 -§=2>0,T0 N0 KDPH-
-2 -1

Tepuio CHMbBecTpa KeaapaTnaHan (opma L(x|, X, x3) NONOKHTENLHO ON-
peneneHHas.

Peuweunne (6. Marpuna A kpagpatuuuoil ¢opMH HMeeT BHA

2 -3
1=—7<0, TO KBazpa-

2 1
M=2>0,8,=["

e I
A=[ 3 ﬂ.TaKKaKA|=2>O, A, =

THYecKas (opma L (x;, xz) He ABNFETCA 3HAKOOMpeAeIeHHON {oHa Gblna GHl
OTPHUATEALHO Onpenenennoif, ecmu 651 A) <0, a Ay > 0).
Pemenne (8). Matpuma A kBaaparuduo#i GopMEI HMEET BHA

4 -2 ~2
A=[ 5 l].TaKmA1=4,a A, = 2 l=0,'mlcaa.npamqnasl
dopma L (x), x,) He SBAFETCA 3HAKOONPENENCHHOW. >

Hanucarte kBaapatHaHy0 GopMy L B MATPHYHOM BHIE:
3.94. L=3x7 +x —xx,.

3.95, L=x] +xi -2xx, +5%%;.
3.96. L=2x7 +3x2 =2x% + x,%, + 2%,% + 32, ;5.

Haittn paur ksagparnunoil popMul L:

3,97, L=x{ +x% +x3 +2x,x,.
3.98, L =2x] —x2 +3x3 +2xx; +6x,x;.

3.99. L=2x7 +4x} +9x% + 4x,x, + 6x,x; +12x,x,.
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Haiitv xBagpatHuHyio ¢opMy, NONy4YeHHYI0 M3 HaHHOH YKa3aHHBEIM
npeobpasoBaHHEM: i

3100, L=3x7-x3 +4xx,; 3.101. L =2x] +3x3 —x +x,x,;
{x1=2J’|‘J’2s X = -n+2y,
=0 +): = 30+ Yyt
X3 ==23 - ¥
3.102. L=2x? +4x7 —2x,%5 + XXy}
N=n+y =y,
Xy =Y —¥Y2+Ys
X3=0+Y;.

INpuBecTd kK KAHOHHYECKOMY BHAY KBaJpaTHYHEIE OPMEL:
3.103. L=2x} -3x? - dx;x, +4x,x, —8x,x,.

3.104. L=x? +2x,x, +2%,%;.

3.105. L=x] —dx,x, +x7.

3106, L=x] +3x3 +4x; +2x,x, +2x,%, + 6x,%;5.

HcecnepoBaTh Ha 3HAKOONPEASNEHHOCTE KBAAPATHIHY10 hopmy L:
3.007. L=x +4x2 +3x% +2x,x,.

3.108. L=-2x] —x’ —xx, +2x,x, - 2x;.

3.109. L=x! + x% + xf +4x,x, + 6x,x; +4x,x;.

3.110. L=3x7 +3x7 +4x,x, +4x,%; — 2X,%5.
TIpH Kakux 3HAUCHUAX TApaMeTpa m ABAACTCA 3HAKOOIPEACTCHHOM
kBafpaTHuHad Gopma L:

3111 L=mx? +x3 +4xx,.
3012, L=2x7 +3x2 +2mx;x, + 2x,%; — 4x,%5.

3.113. L=mx? —x? —4x,x, + 6x,%; +10x,x,.

Haiitu Bce 3HauEHHMA mapaMeTpa mi, NpH KOTOPHIX MONCKHTENBHO Ofl-
peAcneHE] KBanpaTHyHele hopMer L:

3.114. L=2x} +x3 +mx} +2x,x, — 2x,x, — 2x,%;.
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3018, L=mx? +2x2 +3x} + 2x,%, +2x,2; + 4%, ;.
3016, L=2mx2 +x2 +2x2 +2x,x;, +2x,%,.
37, L=2x7 +mxl +2x] +2x,x, +6x,x; +4x,1;.

Haiith Bce 3HaYeHHs napaMeTpa m, NPH KOTOPBIX OTPHIATENLHO ONpe-
JeneHa kBagpaTHuHas dopma L:

3118, L=—x2 +mx? +3x7 +4x,x, + 2% + 2%,%;.
3019, L=-2x7 -2x] +mxi +2x,%, +4x,%; — 2X,%;.
3120, L=2mxl +x2 +x% —4xx, +2X,.%, +225%5.

3121 L=-x - 2x2 +2m Jc32 +2x,x, +2x)x3 — 6x,5.

3.6. JIunciinan Monean odOMeHa
(Mope» MeKIYHAPOIHOH TOProRim)

CnpaBounstii MATEpHA

Jlunetinas modene obmena (Modens MeNCOVRAPOOHOH mopzoenu) 1o-
JBOJIAET HAWTH HANMOHAIBHEIC AOXOAL! CTPaH (HJIM KX COOTHOIIEHME) I8
cbanancuposaHHolt TOProBIH.

[ycts x = (x1, X2, ..., X,;) BEKTOP HALMOHANBHBIX JOXOAOB CTPaH S,
82 ...y Sus @ Appey = (@) — CTPYKTYPHAA MATPHLIA TOPTOBIH, FAE @ — AOMA
HALMOHANBHOrO A0XO0A4, KOTOPYIO CTpaHa S; TPATHT Ha NOKYTIKY TOBAPOB Yy

"
CTpaHH §, NpHyeM Y a; =1.
4=l
Jnda cbanaHcupoBaHHOW TOPTOBIH Heoﬁxonnguo HaliTH TaKo# paBHO-
BECHBIH BEKTOP HALIHOHAIBHRIX IOXOA0R X, YTOOE

Ax=x. (3-40)

3amaua cBenach K OTHICKAHHIO COOCTBEHHOMO BEKTOpA X, OTBEHAIOMIETO
cofCTBEHHOMY 3HAUeHHIO A = 1 (cM. §3.4).

s

! Cwm. yuebHux, c. 92.
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3.122. CrpykTyphRas MaTpHila TOPrOBIH TPEX CTPaH HMEeT BHA:

02 03 02
A=|06 04 06/
02 03 02

HalTH CcOOTHOMEHNe HALMOHANBHBIX AOXOROB 3THX CTpaH and cOa-
NAHCHPOBAHHOMU TOPTrOBIIH.
P e w1 e v ¥ e. HaxoouMm COGCTBCHH_LIﬁ BEKTOp X, OTBeUaoUIHii cober-
BeHHOMY 3HaueHH!o A = 1, penus ypasHense (A — E}y x =0, unn
-08 03 02)x 0
06 -06 06(x,|=|0],
02 " 03 -08)x, 0
metoaom [aycca. Haiipem x = (c; 2¢; ¢). TTonyveHBbIA pe3ynpTaT O3HAYA-

er, YTo cOHANaHCHPORAHHOCTS TCProBIH TPEX CTPaH JOCTHTaeTcsa MpH Co-
OTHOLLIEHHH HX HALHOHAILHLIX Aoxonoe 1 :2: 1.

HaitTi cOOTHOLIEHHE HAUMOHANSHBIX AOXOAO0B CTPaH 3, ..., S, 1nd cba-
JIAHCHPOBAHHON TOPrOBIH, €CIIH 33/1aHA CTPYKTYPHAA MATPHULA TOPTOEIH A:

02 03 02 02

0 025 1/3 04 03 01 02
3123. 4=[05 05 1/3. 3.124. 4= o’ 0’3 0’5 0’2 )
05 025 1/3 ot 09 0

401 01 02 04

HailiTH paBHOBECHBIH BEKTOP HALHOHAILHBIX JOXOAOB 8 MOACNH MexX-
AyHapoaHOH TOPTOBNH JUIA CIPYKTYPHO! MaTpUIE! TOProBNH A, €ClM H3-
BECTHO, YTC CYMMApPHBIH JOXO0J 3THX CTpaH paseH 402 yci. IeH. en.:

(03 04 02 (0,6 03 05
3125, A=(04 05 0,7]. 3.126. 4=(03 04 O01]|.
03 01 0l 01 03 04
(2/5 3/10 1/10 310 15 2/5
3.127. A=(1/10 2/5 3/10]. 3.128. A=(3/10 1/10 1/10].
1/2 3/10 3/5 \ 2/5 7/10 1/2
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Jaxa" M 1A NOBTOpeHUA

3.129. Paznoxuts BeKTOp & ={9; 4) N0 BEKTOPaM d H b, ecnn a=(1;
2)m b=27-3j.

3.130. Bextopti &, &, ¢ MMEIOT PaBHBIC JUTHHBI H FIONapHO oGpasyioT
paBuie yrabl. Haditi pektop ¢, ecmu @ =(1; 1; 0), &= (0; 1;-1).

- 3.131. Haiitn mmMHer nuaronanedi mapaaneiorpaMma, NOCTPOSHHOTo
Ha BEKTOpaX & =5p+2§, b = p- 3G, ecam nasectHo, 4t |p|=2v2; || =3
H YTOI MeX Iy BeKTOpaMH P H § paBeH 45°.

3.132. Hana napamiaa c epioadaMi A((7; 2; 4), 4x(7;-1;-2), 43(3; 3; 1),
Ay—4; 2;1). Haittn mmuy pebpa 4.4, u yronm Mexay pebpamn A4, u
A4, .

3.133. Haiith BekTOp d, 3nas, uro d1d,d.lb, roe a=(2;3 -0,
b=(-43)nd Qi -j+k)=-6.

3.134, YGenuTCA B TOM, 9TO BEKTOPH & =27 + 3/, b =i —3] obpasy-
10T 6a3Hc MpOCTpaHCTBA R> M HAWTH pasnokeHue sektopa &=1+3] B

3ToM Hasuce.
3.135, Haiity Bce 3HayeHHa TApaMeTpa f, NMpPH KOTOPLIX BEKTOpLI

a=i+j+k, b=i-3j+k, ¢=37 -5f+tk obpasylor Gasuc B npo-
CTpaHCTEe R.

3.136. Hasectust BeKTOpHl 3apaboTHON NnaTel (B yon. AeH. €.} ceMu
paGoTHUKoB 3a aHBaph @ = (500; 190; 160; 210; 300; 270; 310) u 3a der-
panb b = (380; 190; 170; 150; 230; 250; 300). B Mapre 3TUM paboTHHEAM
NpeIOCTABHIIH OTMYCK, 3alJaTHE MM [0 CpeaHeMy 3apaboTky 3a AHBAPE H
¢espane. Halith BekTOp ¢ — BeKTOp 3apaboTROI [aTH 3THX pabOTHHKOB
3a MapT H DOKA3aTh, UTO BEKTOPHI d, b, ¢ THHEHHO 3aBACHMBI.

3.137. lauml BekTOpH a4, =¢, +¢,+e,, a,=2e¢,+3e,, @, =¢, +5e,, TIe
(e, e,, e,)— Oasuc auueiinoro npocrpancrea. Heobxonumo: a) Jokasats,
4TO BEKTOPH &, &,. @, 00pasyloT 0aszuc; ) HailTH KOOPAMHATH BEKTOpa
d=2¢ —e, + e; BGazuce (4, a,, 4;).

3.138. B HekotopoM Gazuce gaHsl BekTopsl 4; = (2; 3; 7), @2 = (3; -2; 4),
a3 =(—1; 1; —1). Halitn Bce 3HaYeHHA M, TIPH KOTOPBIX BekTOop & =(1; m; 3)
AMHEHHO BRIPAKACTCA Yepes BEKTOPH a,, &,, 4,.

3.139. B Gaszuce (e, e,, ¢,) 3a1an BekTop X =(-1; 2; 0). HatiTh xoop-
AMHATHL 3TOre BekTopa B Gasuce (e =2e —e, +3e,, e, = -3¢ +e,-2e,,
e, =de, +5e,).
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3.140. Haiitu (B TOM Me Ga3nce} KOOPAMHATH BEKTOpA = Ax, ecnu
ONEpAaTOp 3aNaH CAMHHYHOH MATpHUEH YETBEPTOr0 nNopagxa |
x=2e +e,—e +e,.

3.141. Marpunua nuHefinoro oneparopa b Oa3suce (e, e,, ;) HMeeT BUA

1 2 -3
A= 0 3 1| Ha#itu MaTpuuy A* 3T0rO0 oONECparopa B OasHce
-1 2 5§

(e, €}, €] ), ecnu ¢, =e], e, =3¢ +e;, ¢, =2e +e,+2¢).
3.142. Haiitit colcTBeHHbIe 3HaYEHHA H COOCTBEHHHE BEKTOPH omepa-
Topa A (MaTpHUBI 4):
4 -1 -1
a) A=(_; 3; 6) A=[1 2 -1|.
1 -1 2
3.143. BeISCHHTS, IIPHBOAMTCA MH K AHANOHANLHOMY BHAY MaTphLia
2 11
A=]-1 2 2|
100
3.144. IIpupecTH K KAHOHHYECKOMY BHAY KBRIPATHYHYIO HOpMy
L=x2+2x3 +7x} +2x,%, + 2%, + 4%, ;.
3.145. Hanucars ksanparHunyo gopMy
_ L==3x}—5x2 =3x2 +2x,x, - 2%,%, + 2x,%,
B MAaTPHYHOH (opMe H BLIACHUTD, ABJIACTCA M OHA NOIMKHTENbHO (OTpHUA-
TeABHO) ONpeAeneH o, CTIoNE3YA COOCTBEHHEIE 3HAYEHUA e€ MATPUILH.
3.146. Pemute npumep 3.145, nenomsays kpuTepiit CHisBectpa.
3.147, Kepaapatnudas ¢gopMa L MMeeT BHA KBaApPaTHOIO TPEXWIEHa;
L =ax} +bx,x, +cx;. Kakopa B3aHMOCBA3b MEXAY 3HAKOONPEAENCHHOCTHIO

KBafpaTHYHO# GOPMBI 1 AHCKPHMHHAHTOM KBAJpaTHOrO TpexyneHa?
3.148. B kaxoM OTHOWIEHMH JOKHEI ORITE HALMOHANGHEIE NOXOMBI
Tpex cTpaH WA cGanaHCHPOBaHHON TOPToBIH, €CIH CTPYKTYPHAA MaTpHlia
TOPrOB/IH HMEET BHA;
0,3 0,9 0,5
A= 0 01 0,3]?
07 0 02
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KoHTpoasbHbIE 3a0aHUA -
no raape 3 «JNeMeHTHh MATPHTHOIO AHAJIH3A»

Me

Bapuanm 3.1 I Bapuanm 3.2 | Bapuanm 3.3

JlaHe! ABA eAMHWYHBIX BEKTOPA 72 U 7 , YTON ME&KEY KoTopbivu 120°, Haii-
™: @) ocrpbmyronme)lcﬂy;maroﬂa.lmm TIAPAUIENOTPAMM, TIOCTPOCHHOTO
Ha BEKTOpax a M b; ; 6) TIPOKUMIO BEKTODA b Ha HATIPAB/ICHHE BEKTOpa & |

a=-2m+n, a=2m-H, a=m-3n,
b = —if + 37 b=-3m+n b=m+2n

2 | BLIACHHTE, ABIAKTCA JIH THHEHHO 3aBHCHMBIMH BEKTODEI @), &2, 3!
a1=(1;4;6), @ =(2;-3; 1), a,=(1;2;3),
a=(1-11), a:=(3;-1;5), a2 =(4;5; 6),
as=(1;1;3) a;=(1;-4; 3) a;=(7.8,9)

3 | JlaHbl 4eTHIpE BEKTODA 4|, 42, @3 H b B HeKoTopoM Gazuce. Ilokazarts,
YTO BEKTOPEL 41, 42, 41 00pa3yloT 6a3uc, 1 HaliTi KOOPIHHATE! BEKTO-
pa b B 2TOM Dazmce: :

a =452, a;=(3;-5;2), a,=(-2;3;3), .
a;=(3;,0; 1), a:=(4;5; 1), a=(1;-3;4),
a3 =(-1;4;2), ay=(-3; 0, 4), a3 =(7; & -1),
b=(5,7;8) bh=(4;5;-16) b=(1;20; 1)

4 | Haiitu cobcTeeHHBIE 3HAaY€HHA H COOCTBEHHBIE BEKTOPLL NHHEHHOTO
onepaTopa A {matpuupl A). [IpuBecTH MaTpHLY A K JHATOHANLHOMY
BHOY A {€CJIH ITO BOSMOXKHO):

2 -1 0 3 -1 1 5 -1 -1
A=|-1 20 A=|0 2 1 A=|0 4 -1
1 -1 1 0o 1 2 0 -1 4

5 | lpuBecty K KAaHOHHYECKOMY BHIOY KeagpaTHiecKyw dopmy L. HaliTh
paHr kpaapaTHuHoit Gopmel L, BRIZCAUTE, ABNASTCA TH KBAADATH-
yeckad Gopma L 3HakoonpeeneHHoi:

L= X|2 +4x|x2 + 4x|x3 + L= 4X|2 +4XIX2 +8.Y|I3 - L= 4.\?]2 + 8x|x2 + 4I!X3 +
+4x5x; +t1.7c32 ~3x3 +4sz + 3x§ - 4x§

6 | BBISCHHTB, B KAKOM OTHOIIEHHH NOKHB! OBITH HAMOHAABHBIE 10X0-

JBl TPEX cTpaH ana cOanaHcHpOBAHHO# TOPTOBIIH, €CHH 3afiaHa CTPYK-
TypHasA MaTpULIa TOPTOBJH 4:

03 03 08 05 03 006 07 03 04
A=[06 01 0l A=104 03 01 A=102 05 0]l
6l 06 Gl 0l 04 03 01 02 05
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Teer 3

1. YCTaHOBHTE CCOTBETCTBHE MEXKAY PHCYHKAMH H BEKTOPHBIMH pa-
BCHCTBaMH:

2)

Y1
o1

oy
= o

4)

b3}
=7

oy
oy

a)d+b+¢=0, 6)d+b-¢=0;, 6) d-b+c=0;, 2)da—-b—-c=0.
2. Onpenenwts  JUHHY - BEKTOpa c_=4a+3', €CIn

[d=3,J5| =4, @b=120".

3. Haittu ab +bC +ac, rae a, b, ¢ — eaAHWUHBIE BEKTOPHI, YAOB-
JIETBOPAIOWAE YCOBHIO d + b +& = 0.

4, JaHu BEKTODB! &=3f—6}—§, 5:f+4}:+5§,
c=3i+4j+ 2k . Haittn (c TouHocTeio Ao 0,1) npoekuio BeKTCpa

(b +¢) Ha HanpaBneHue sexTopa (a4 +b).
5. BreiacHHTB, KakHe MHOXKeCTBA 3JJeMeHTOB oOpa3yloT nuHeliHoe
IPOCTPAHCTRO;
1) MHOXKECTBO HATYPANBHEIX YHCET;
2) MHOYKECTBO YETHHIX YHCENT;
'3) MHOKECTBO BCEX MHOTOUJIEHOB CTETIEHH HE BBILIE 7}
4) MHOXECTBO BCeX HEHYIEBBIX MaTPHILL;
3) MHOXecTBO BCeX pelleHHt CHCTEMBI # JIHHEMHBIX OJHOPOAHBIX
{ ypasHeHuil ¢ # nEpeMEHRBIMA,
. Bextop d =a + b+ ¢ npeacTaBuTh B BHAE THHeHHON KOMOUHALIHA
sekropoBa u b, ecnmra=(3;-1),b=(1;-2),e=(-1; 7).
Omeenm:d=va+Bb,raco=..;p=....




7. BRiacHHTb, KaKKe H3 NPHBEACHHBIX TPOEK BEKTOPOB 06pasyloT Ha-
3HC B IPOCTPaHCTBE R:

1} (0;0;1),(0;1;0),(0; 15 1);

2} (0;0;1),(1;0;0),(0; 1;0);

3y (5 151),(0;, 150, (25 2; 2);

4)  (1;151),(0; 150), (1; 0; O).

2 1
8. Naua matpuua A =( : ZJ nepexoza ot 6asuca (eq, e2) K 0asucy

(ey, ;) . Haiiti koopamHatsi (a; b) BekTopa e, B Sasice (e, e3).
9. Bextop x B Oazuce (e, &;) ¥iMeeT koopaAnHATH —3; 1, Haiiti Koop-
nuHaTH (a; b) 3Toro BekTopa B Gazuce (e =-2e¢,+e,, €; =¢,).

10, Bekrophl ¢, ez, €; 06pasyioT opToHOpMKpoBaHREIE Gazuc. Haitrn
{c TounocTeio g0 0,01) KocHHyC yrna Mex Iy BeKTopaMi X = ¢ + 2e; —
—2e,uy=2e +2e;+e;.

11. Jlunefinpii onepatop A B Gasuce (e1, €2) 3anaH MatpHneii
2 -1
A=(3 4}.Haﬁmoﬁpasy=A(x)nempax=e..

Omgem:y=(a; b),toea=...;b=....
12, W3BecTHO, YTO HEKOLTHHEAPHRIE BEKTOPH X = (@; 1) nxs = (b; 1)

-1 4

HaittH cooTBeTCTRYIOMIHE COOCTBEHHEIE 3HAYCHHA A1 K h; MATPHLIL A
H3HaveHma a 4 b (a > b).

1
13. Marpuay A={ .

1 2
ABNATCA COOCTBEHHBIMH BEKTOpPaMH MaTpHLB! A =( J .

2
‘J {cM. 3aganue 12) npuBecTH k AMaro-

HAJNBHOMY BHNY 4"

0

b

14, Haiity paHr wMaTpHEEI KBagpaTHYHOR dopMEl (x|, X32)
1 4 x

ol

15. Haiitu nanGonpinee nenoce sHaueHMe m, NpU KOTOPOM KBaapa-

TiuHad dopMa L =4mx’ +3x3 +48x,x, He SBIAETCH IHAKOOMpEsE-
NEeHHOMH,

a
Omsem: A' I[O J,mea= b=
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I'naBa 4
Ypasuenne ;muum. IlpamMasa u niockoeTh

4.1. TIpocreiimme 3amaum.
¥YparueHue npaMoi HA IVIOCKOCTH

CnpaBo4HbIH MaTepHaI

1. Paccmonnue d mexcoy deyma mouxamu M(x)) u Mx(x:} xoopdu-
HAMAHOM OCH HAXOOUTCA 1O (popMyne:

d= |:¢:2 —x,|. 1)

2. Paccmonnue d mesicdy osyma mouxamu M\(x), y) u Ma(x2, y») naoc-
xocmu HaXOaHTCA Mo hopMyIIe:

d=ﬁx2 _"|)2 +(; _y])2° 4.2)
3. Paccmosuue d mexcoy deyma moyxamu Mi(x), v, 21) u Mya, yo, 23)
npOCMPAaRcmea HAXOANTCA 110 hopMmy.e:

d=~J(x2—x1)2 "'(J"z")*’l)z‘*'(zz‘zl)z- 4.3)

4. Koopounamut {x, y) mouxu M, dermyeit ompesox ¢ kouyamu M(x,, y)
u Ma(xs, y2) 6 omuowenuy ), 1.€. |M M |:|MM 2| =} , Haxo[aTCa o dopmMylie:

=X +Ax,
I1+A
LY
1+A
5. Koopounamu (x, y) mouxu M — cepedunst ompera ¢ KOHYaMy
Mi(x\, y1) u Mx(x;, y2) HaxoaaTes no popmyne:
ht%
===
Mty
5

Kl

4.9)

(4.5)
y=
6. Vpasnenue npamoii:
¢  C yrnoBHIM Ko2(<pUUAESHTOM k H HaYanbHON OpAMHATOd b:
y=kx+b (4.6)
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* [poXoAAliel B AAHHOM HampasieHWH (C YFNOBHIM KO3(PduimHed-
TOM k) 9epe3 DaHHYO TOuKy M(x|, y1):

y-n=k{x-x) : 4.7
*  [pOXOAAUIECH Yepes ABe AAHHHE TOUKH Mi(x), ¥) 0 Ma(x3, 32):
Y—n = X — X (4-8)
Y2=h X=X
(C YyrIoBeIM KOADHLHEHTOM
p=22"hy, 4.9)
X=X
L B OTPCBKB.X:
LIPS (.10)
a b

{a 1 b — COOTBETCTBEHHO OTPE3KH, OTCEKaeMble Ha ocax Ox n Oy);
s o0mee:

Ax+By+C =0. @.11)

7. Paccmosnue d om mouxu A (xo, yo) 00 npsmoit Ax+By+C =0
HaxoauTca no Gopmyne:
=%t By +d
VA* + B
8 Jige nmpampie (/) w (2) 3a0aHbl YpaBHeHWIMH V=K Xx+b -n
y=kx+b, wmm Ax+By+C =0 u Ax+B,y+C,=0.
Veon @ medicdy npampivu HAXOOHTCA W3 COOTHOLUCHHS :

4.12)

e

b~k
te @ = 2 4.13
8o=1 Tk, (4.13)

na
(A A, + BB
cosp = 2( L . ‘2 2) =. 4.14)
- V42 + B 4 + B
Venosue napannensHocniu npamsix:
ki=k wmm i=ﬂ; (4.15}
4, B

) CTpesika 03HAYALT, HTO HCKOMBII YrOJl (¢ HAXONMTCA NOBOPOTOM NpaMod (/) Ao nps-
Mot (2) npoTus Yacosoil cTpenxy.
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Yerosue nepnendusynaprocmu npamoix:

k2="‘kl win AA; + B B.=0. {4.16)
1

Touxa nepeceenus deyx PPAMbIX HAXOZHTCA M3 PEUICHHA CHCTEMBL
y=kx+b, Ax+By+C =0,
AN (4.17)

4.1. [ansl Bepumnsl Tpeyronsuaka A(7; 9), B(2; -3), C(3; 6).
Haiitu:

a) TOuKy M nepeceueHHs MeNaH TPeYTroNLHHKA;

&) Touky E nepecedenns Succexrpucel AL co croporoit BC.
Pemenmune:

a) o dopmyne (4.5) Haiinem cepeanny D croponst CB (puc. 4.1);
_Xc+xp 3+2 5

73 AT; 9) Xp 5 SRL
_JYctVs =ﬂ=1 D[EEJ
Yp=T 7 2 M)

Touxka M mnepeceueHMs MEIHAH Tpe-
yronbHUKa AENHT NioGyio MemuaHy, Ha-
npamep AD, B oTHowweHnH A = 2:1 (cunras
or epnHbl). ClieoBarensno, no hop-
Myne (4.4):

5
T+2-=
. _Xgthxp 2 _4
M 1+A 1+2 ’
3
YitAyp 9+2E 4
= = =4, 1.¢. 0(4; 4).
o S A

&) INo hopmyne (4.2) Halinem amuas ctopod AC v BC:

4C|= (7 -3 +(9-6)* =5, |4B|= (7 -2 +0+3)" =13.

Tax kak 6uccexrpuca AE nemut cropoy BC Ha oTpeskH, nponopuxo-
HAJIBHBIE JJTHHAM OPOTHBONEXKAWNX CTOPOH, T.€.

LS
" |EB| |48 137
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5 5
3+=-2 6+—(-
1+ 14> 18 1+A 145 2
13 13
1 7
T.C. E{ﬁ’ 2).)

4.2. CocTaBHTh YpaBHEHKe TMHHH, PACCTOAHHE KAKIOH TOYKM KOTO-
poi o1 ToUKH A(2; —2) paBHO €€ pacCTOAHHIO OT IpaMoii x + 1 =0,

P e m e B 4 e. PaccToanune ot mofioll ToukH muHuN M(x, y) A0 TOUKH
A(2; -2) no bopmyae (4.2):

)4 d=J(x-2 +(y+2).

. Paccroauue ot ToukH Mix, y) Ao
npamoii x + 1 = 0 no dopmyne (4.12):

x [To ycnoBsnio:

Jx=27 +(r+2)? =|x +1}

[Tocne Bo3BEOEHHA B KBaapaT ¥
COOTBETCTRYIOINX  mpeobpazoBaHmii
HONY4YHM YpaBHEHHE:

Puc. 4.2 (y+2)2 :6-(,‘.\:—%),

Hekoman mmana (e, § 4.2) — napabona, CHMMETPUYHAS OTHOCKRTEb-
" " " 1
HO TpaAMoii, napamnencHoit ocH Ox, ¢ BeplUMHOH B Touke ( 5; -2)

{pvic. 4.2).p

4.3. Hagepxxu y (8 pyDd.) Ha M3rOTOBNEHHE MapTHH AeTaneil ompers-
asoTea no popMyne y = ax + b, rae x — odwem naprun. Jna nepeoro 1a-
pUAHTA TEXHOTOTHHECKOTO Tipollecea y = 1,45x + 20. [ing BToporo sapi H-
Ta H3IBECTHO, 4To ¥ = 157,5 (py6.) npn x = 100 (mer.) u y = 452,5 (py0.) npn
x =300 (mer.). TlpoBecTH OLCHKY IBYX BADHAHTOR TEXHOJOIHYMECKOTC Mpo-
lecca W HAHTH ceOeCTOMMOCTE MPORYKUMH Ans o0OHX BapHAHTOB MpH
x =200 (ger.).
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200 1
100 T

P
Lol

o | 100 200 300 400 500 600 x
Puc. 4.3

Pewmenune M sToporo
BApHAHTa OMNpemensAeM NapaMer-
phl @ H b H3 CHCTEMBI YPABHEHHI!

157,5=a-100+ &,
452,5=a-300+54,
otkyma a = 1,475u b = 10, Te.
y=1475x+ 10,
Touka (xy, yo) TepecedeHHs

JBYX NPAMEIX HAXONHTCA H3 CHC-
TeMbl HX YpaBHEHHIL:

y=145x +20, )
y=1475x +10, %)

oTkyaa xp= 400, yo= 600,
Ouesraro (puc. 4.3), 4T0 IPH

oOBeMe mapThd x < 400 BHErogHee BTOPOH BAPHAHT TEXHOJOTHYECKOID MpO-
ecca, npH x> 400 — neppeiit papuant. CebecToMMOCTE NpoOyKIHE (py©.)
npH x = 200 no nepeoMy BapHAHTY coctapiser y = 1,45 - 200 + 20=310, a no
BTOpoMy — y = 1,475 - 200 + 10 =305, P '

4.4. I. CocTaBUTh YpaBHEHHE NPAMOH, Mpoxonawedi yepes Touxy A(3; 2):

Puc. 4.4

a) nop yraom 135° x ocu Ox;

6) napanrensHo ocH Oy;

&) H TouKy B (-2; -1).

2. Haiitd yroa Mexxy mpsAMH-
MH, 3aaBaeMEIMH B 11. la H le.

Pemenne:

- I, @) Yraoeoil xo3dgpumuent

npamoii (1) k=tgl35°=—1.

VpaeHeHMe NpAMOMH, APOXOAA-
we’ gepes Touxy A(3; 2), o dop-
myne (4.7) umeer By y — 2 =

=(-1)-(x-3)umx+y-5=0(puc. 44).
- 6) Ypaeuenue npamoit (2), npoxonamei depes Touxy A(3; 2) n napan-

AcaeHOH ocH Oy, x = 3.

6) YpasueHue npamol (3), npoxoxmawed 4vepes touku A(3; 2) u
B {-2; -1), no popmyne (4.8) umeet BUA:

y-2 x-3
-1-2 -2-3
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2. Yrnosoil kos(duLnent npaMoit 4B: k= keg= % (ubo ypaBHeHHe AR

MOXHO PEACTABHTE B BHAE P = %x + % ). Toraa no dopmyne (4.13):

=% 5t

I+kky, ;. 3
5

4.5. CocTaBHTh ypaBHEeHUEe ABYX IPAMEIX, TIPOXOIALUHX 4YEpe3 TOUKY
A(5; 1), onHa B3 KOTOPEIX NapannensHa mpamMoit 3x+2y — 7 ={, a apyras —
NEPIeHINKYNAapHa ToH e npAMod. HalTH paccTosHine MexXIy napalulielb-
HBIMU TIPAMBIMH.

Pemenue: _

1-ii cnocof. YpaBReHHE Ny4Ka NpPAMBIX, DPOXOMAILMX 4Yepes TO4KY
A(5; 1), umeer BuA:

tgp= =4, T.e. p=arctgd =~76". P

yv=l=k(x-5)
H3 3Tor0 myuka cnexyeT BHIACNHTH Ope npamble (2} B (3) — napan-
JIEJIBHYEO H NePIICHANKYNIAPHY K JaHHOH (puc. 4.5},
Yrnosoit koapduuneHt npamMoit (1):

k= —% (TaK Kak ypaBHeHHe npamoit (/)

MOXHO Mpe/ICTaBHTh B BHE
3 7

y= —Ex + 5 ). Ilo ycmoBuio mapan-

JeILHOCTH YrioBo# KO3hpHUMEHT nps-
Moit (2); k2 = k) = =3/2 u ee ypaBHenne

umeer BHI: y —1 =—%(x—5) HIH 3x +

+2y — 17=0. Ilo ycnosuwo nepneHan-

KYJSPROCTH Yrnosoi kos(hunuedt npamoid (3) &, = _ki =% ¥ YpaBHEHHE
1

sro#t mpamMoit y — 1=—(x 5), unn 2x — 3y — 7 =0 (cm. prc. 4.5).

2-i enocob. Hpﬂmas Ax + By + C=006yzer napaniensHa anlM(pH
3x + 2y — 7=0, ecnn ee xox{xbHUHEHTE NPH X U y NPONOPLUHOHANBHI,

T.C. §=§ Bsas 4 = 3, B =2 (npu kodpHLHEHTE NpONopHHOHANBHO-

CTH, paBHOM 1), nomyuuM ypasseune 3x + 2y + C = 0, Kosdpuuuenr C
HalifeM ¢ y4eTOM TOTQ, UTO KOOPAHHATH TouKE A (5; 1), nexameii Ha nps-
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MOH, JOIDKHBL YAOBNIETBOPATE €€ YPaBHEHHIO, T.€. 35+ 2+ 1 + =0, oTkyna
C =— 17 v ypaBAeHHe nipamoii {2): 3x + 2y - 17 =0,

YpasHeHHe npAMoii, NepneHAUKYNApHON aannoit 3x + 2y — 7=10, Oyaer
nMets B 2x — 3y + ¢ = 0 (ubo B 31OM ciiyuae cyMMa poH3EeaeHHI Ko3d-
(PMLIHEHTOR MpY IEPEMEHHBIX X 1 Y paBHa HYMO, T.¢. 3 - 2 + 2.(-3)} = 0). Teneps,
MOOCTARIAA KOOPAHHATH TOMKH A(5; 1) B ypaBHeHMe NpAMOif, Mmomy4um
2+-5-3+1+C=0,orkyna C =—7 n ypasHeHue npamoii (3): 2x -3y~ 7=0.

Jlna HaxoX[OeHMS PACCTOAHMA MEXIY Napa/UIeNbHBIMH NPAMBIMH Ha
OHOH W3 HHX, HampuMep, IpaMoit 3x + 2y — 17 = 0 possMeM m0OYI0 TOU-
Ky, ckakeM, A(5; 1). Torna HckoMoe paccTOAHHE PABHO PACCTOSHHIO OT
TOYKH A 1o npamoit 3x + 2y — 7 = 0, onpeaenaemoe no Gopmyne (4.12):

d=|3 5+2:1-7_ 10 ©28. B
V3242 J13

4.6. CocraBuTte: ypaBHeHHe NpAMOil, KoTopas MPOXOIHT Yepes Touky A(10; —6)
H OTCEKAET OT KOOPAHHATHOIC YA TPEYTONBHUK MAOWANEK 15 ke, e,

P e w1 e H 1 e. O603HAYNM
OTpe3Kd, oTceKkaeMble NPAMOit

Ha OCAX KOODOWHAT, & H b
{puc. 4.6). Torga npaMasn (4.10)

X

—+ Z =1

a b
OTCEKACT OT KOOPAHHATHOIO
yria TpEYroJbHHEK, MLIoIalb

KOTOPOTO paBHa

s =l =15

Puc. 4.6 T.. ab = 30 nau ab =-30.
Tax kak Touxa A(10; —6)
JOKHA YAOBNETBOPATE YPABHEHHIO NPIMON, TO MMEEM IBE CUCTEMBI:

w_6_, 10.6_,
a b a b
ab =30; ab=-30.

M3 nepeoit cHcrenMbl HaxoaHM Ipa pemleHHA: ¢ =5, b = 6; ay = -10,
b.=-3, Bropas cucrema pewennit ve uMeer. Utak, ypasHeHHd IPAMO#L:

i i+%=l, i 6x+5y-30=0;

5
< + X =1, um 3x+10y+30=0.p
—10 -3

105



4.7. lans! Bepiunn A(-7; 2); B(5; -3); C(8; 1) mpeyronsauka ABC,
CocTaBHTL ypaBHEHHA MEIHAHBL, BHICOTEI H GUCCEKTPHCHI, [POBEASHHBIX
H3 BEPIIMHE B.

Pemenne:

1. I1y4oK NpAMBIX, NPOXOMALMX Yepes Touky B(5; —3) (puc. 4.7) umeeT i

y+3=k(x-35). *)
2. HaiineM ypaeHeHue Menuansl BD. [To dopMynam (4.5) koopaHHATHl
cepenunsl D otpeska AC:
x =‘xA+xC=—?+8=l ‘=yA+yC=2+l=§
p=7 2 27T 2 2
T.€. D{%; %] Mo ¢opMyne (4.9) yrooeoit KoxhoULHEHT
k. =XD " V8 _ 3/2+3 —_
B xp-xp 12-5

HNMoncrasman k=—1 B popmyny (*), NoSyuHM ypasHeHHe MeIHaHbl BD:
yv+3=—(x-5),um x+y-2=0.
3. HaiigeM ypaeHe-

vt HHe BHICOTHL BE. Tlo
T dopmyne (4.9) yranopoi
4 koxpbunvenT  npamoii
A-7 2) 2]
8 —6 —4 2N kyo=2c"24

s _1-2 __l__.

8+7 15
Puc. 4.7 Ha ocHoBaHnm ycno-

BUA NEPIIEHIHKYJIAPHOCTH ABYX NPAMEIX Kgp = _kL =15.
A€

CneposarentHo, no gopMye (*) ypapHenue BbiCOTH BE npuMer BujL:
y+3=15x-5), unu 15x—y—-78=0. :
4. Haiinem ypasuenue 6HcceKTpHehl BF.
1-& cnocof. Yrnopo#t kodpduuHeHT kpr TONYYHM M3 paBeHCTBA
1gLABF =tg/FBC , ucnons3ya gopmyny (4.13): :
4 5 :

L 2N _a 2
L+ kgpkpe  1+k pgkpr 1"'1;‘73}-' l—é—k”
3 12
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yc.-—y3=l+3=i, kmz}’g—y; =—3—2= 5 ), oTkya

nocne  mpeobpasosamuii  33kj; +112kz ~33=0 w (kge), = %,

(rae kge =

(kpr), =_%° Ueprexy sazadu yROBACTBOPACT. (kg ), =_1_3l, TAK Kax

ouccextpuca BF obpasyet Tymoif yron ¢ ocklo Or,
Teneps no dopMyne (*) ypapHenne BF:

y+3=—-l-;-(x—5), i llx+3y—-46=0.

2-ii cnocob. ITo dopmyne (*) HalipeM ypasHeHNs CTOPOH TPEYTOJBHH~

ka AB n BC, yunrnisad, 4To & 45 =—%, kpe =§;
y+3=—%(x—5), i Sx+12y+11=0 (4B);
y+3=%(x—5), win 4x~3y-29=0 (BO).

YuuTthiBadA, 910 N0 CBOHCTBY GHCCEKTPHCH! PaccTOSHHMA ee oT nroboit
TOuKK M (x, y} 10 ¢TopoH AB u BC passl, no popmyne (4.12) nonyanM ee
ypaBHEHHE:

| [5x+12y+11] _|4x-3y-29|
| Jsie12? a3
. lanucaHHOMY YpaBHEHHO YAOBJIETBOPAIOT JBa:

5x+1123y+ll =i4x—35y—29 , wM {nocne npeobpasosanmit) 3x — 11y —

—-48 = 0w llx + 3y — 46 = 0, 13 KOTOPBIX NOCAEIHEE — YPABHEHHE € OT-
PHLATENLHLIM YTAOBBIM K03bduLmeHTOM. P>

4.8. Ha ocn abcumce HaltTh TOUKY, OTCTOAIYD HA PACcCTOAHUH
d =10 ot Touxu A(2; 6).

. 4.9, Ha ocn abcrLuce H Ha OCH OPJIMHAT HAWTH TOUKHA, PABHOYIATICHHRIE
oT Touek A(2; 3) u B(S; 6).

4,10, Orpesok, orpaHndeHHblil ToukaMu 4(1; —3) u B(4; 3), pazgenen
HA TPY paBHbie YacTH. ONpeaeauTh KOOPAHHATH TOYEK NEJIEHNA.

4.11. Tpu BepwnHel nmapannenorpaMma — touku A(3; -5), B(5; -3),
Ci(~1; 3). Onpegenurs YeTRESPTYIO Bepliuny D, IPOTHBONIONOXHYIO B.
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4.12. Touxn A(-2; 1), B(2; 3) n C{4; —1) — cepenHHH CTOPOH Tpe-
yronbHuxa. HafiTin X0OpAMHATH €10 BEPIIHH.

4.13. Janm BepumHel TpeyronsHuka: 4(3; 5), B(=3; 3), €(5; -8). On-
PEACNNTh JUTHHY MEIMAHEL, TPOBSACHHON B3 BepIINHK C.

4.14. HaiiTn ueHTp Macc OAHOPOAHOI NNACTHHKH, WMEIOILER dopMy!
TpEyrofbHuKa ¢ BepmARaMu A(2; 4), B(0; 1), C(4; -2).

4.15, TpeyronbHUK 33faH KOOPAMHATAMH BepliHH A(3; 5), B(9; -3) u
C(0; 1). Hafit anuAy OHeceKTpHCE! yraa A.

4.16. CocTaBuTh YPaBHCHHE MHOXKECTEBA TOYEK, PABHOYIANEHHBIX OT
ABYX DAHHBIX Touek M(—4; 3) n Ms(2; 5).

4.17. CocraBuTb ypaBHEHHE MHOXECTBa TOYEK, CYMMa, PacCTOSHMI
xawpoit U3 KoTopeIx ot Touek F1(2; 0) n F2(—2; 0) pasHa 2J§ .

4.18. CocTaBHTE YPaBHCHHE MHOXKECTBA TOYCK, PABHOYIAJICHHBIX OT
TOukH F(2; 2) u oT och Ox.

4.19. CocTapHTh ypaBHEHHE MHOECTBA TOYEK, PARHOYIANEHHBIX OT
ocu Oy u Touku F (4, 0).

4.20. CocTaBHTE ypaBHEHNE TpaeKTOpHHM ToukM M(x, y), xoTopas mpu
CBOEM ABHKCHHWH ocTacTca papoe Omnke K Touke A(Q; —1), uem K Touke
B(0; ).

4.21. U3gepXKu nepeBo3KH p ABYMA BHAAMH TPaHCMOPTA BEIPAKAIOTCA
ypaeHeHHAMH: ¥ = 150 + 50x u y = 250 + 25x, rae x — pacCTOAHHA B COT-
HAX KHIOMETPOB, ¥ — TPAHCNOpPTHEIE pacXonsl. HaumHast ¢ kakoro pac-
cToAHus HoNlee IKOHOMHYEH BTOpO# BUA TpaHCNOpTa?

4.22. 3nad, 4TO H3MeHeHHe 00beMa NMPOH3BOACTBA ¥ ¢ H3MEHEHHEM
NPOU3BOAMTENBHOCTY TPYZA X NPOHCXOANT N0 NPSMOH AHHHH, COCTABHUTE
ee ypaBHeHMe, ecim pd x = 3 y = 185, a ipu x = 5 y = 305. Onpegennts
ofBeM npoK3BOACTRA NpH X = 20,

4.23, Jlexat s HA ONHOH NpAMO Tpu JaHHble Todxku A(2; 0), B(6; 4),
C(11; 9)?

4.24, CocTaBUThL YpaBHeHHe IpAMOi, npoxopawel gepes Touky A(5; —1)
noa yrnom 45° k ocn Ox. 4

4.25. COCTaBHTE YPABHEHHE TIPAMBIX, NPOXOIAIMX Yepes Touky A(—4; 1)
TAPAIELHO OCAM KOODAHHAT,

4.26. CocTaBUTbL ypaBHEHHE NPAMOH, NPOXOAAILEH Yepe3 ABe TOYKH
A{(-4; 2) u B(3; -1).

4.27. Haittu yron Mexny npamMoii 3x + 3 — 6 = 0 u npamoii, npoxons-
medt yepes Touky A(=3; 1} u B(3; 3).
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4.28. CocraBuTe YPABHCHHA NOPAMEIX, TPOXOIAIIHX 4Yepes TOUYKY
M(2; 3) nox yrnom 45° K npamoit 5x +2y -4 =10, :

4.29. lana npamas 2x + 5y — 1 = 0, CocTapuTs ypaBHEHHE MPAMOi,
npoxoasame uepes Touky M (—1; 3). a) napannensHO RAHHOH NPAMOIL;
) IePIEHANKY TAPHO AanHOA Npamoi.

4.30. Yepes pepunby tpeyronsHuka A(-1; 2), B(3; -1) n C(0; 4) npo-
BEJSHE] OIPAMBIC NAPAISABHO NPOTHBONCKANIHM CTOPOHAM, COCTaBHTD HX
ypaBHEHU.

4.31. laum age mpameie y = 3x — 2 u 3x — y + 12 = 0, CocrapHT Ypas-
HeHHe nmpAMoii, NpopeneHHOH MapalienbHo AaHHBIM HA PABHOM paccmn-
HUH MeXIY HHMH,

4.32. [Ipe cTOpOHB! KBAOpaTta NEXKaT Ha MpAMLIX 3x + 4y + 22 = 0, 3x+
+ 4y — 13 = 0. BeMucAuTE IOUAAb KBaIpaTa.

4,33, Uepes Touky M(2; 5) npoBecTH NpsMyIo Tak, YTCOH OTpeE30K ee,
3AKHOYEHHBIH MEXTY OCAMH KOOPIMHAT, AETUIICA B 3TOH TOUKE IIOMONaM,

4.34, Hanel cepemuHbl ¢TOpoH TpeyrombHHKa P(1; 2), O(5; -1) u
R(—4; 3). CocTaBATE YpaBHEHMA €TI0 CTOPOH.

4,35, YpasHeHHe NpAMOH, NPOXCIALLESH Yepes TOUKY NepeceueHH MpAMBIX
S5x—y+ 10=0u 8x + 4y + 9= 0 napamwrensro npamoid x + 3y=0.

4.36. CocTaBUTE YPaBHEHHe NIpAMOH, IPOXOAALIEH yepes TOUKY nepe-
ceyeHHA MpAMBIX 2x — 3y + 5 =0u 3x + y — 7 = 0 nepneHAHKYIAPHO K
npAMOH y = 2x.

4.37. CocTaBHTE YpaBHEHHE NepNeHANKYIApa K npsamoii 8x + 4y -3 =08
TOUKe TIepecedeHHs ee ¢ mMpAMoi x — y = 0.

4.38. Jlaum Bepiuuse! rpeyroasiuka A(—1; 3), B(3; -2) u C(5; 3). Co-
'’TABHTH YPaBHEHHA: &) TPEX ero CTOPOH; 6} MEeAHaHBI, NPOBEACHHOH M3
BEpPIIHHLL B, 6) BRICOTEI, OMYIiEHHOH U3 BepiHHbl ( Ha cTopoHy AB.

439, Jlauel ypaBHCHHA ABYX CMCHHBIX CTOPOH NApaine/iorpaMma
x+y+5=0nx-4y=0. CocrasuTh YpaBHEHHA ABYX APYIHX CTOpPOH,
€C/IH H3BECTHA TOYKA MEPECEUCHNA ero auaronanei P(2; —2).

4.40. auwl ypaBHeHWA CTOPCH NPAMOYTONbHHMKA 3x — 4y + 5 = 0,
4x + 3y — 7 = 0 n onua u3 ero BepiivH A(-2; 1). CocTaBuTh YpaBHEHHS
ABYX APYTHX CTOPOH NPAMOYTONBHHKA.

4,41, CocTaBuTh YPaBHCHUA KATCTOB [IPAMOYTONLHOrO paBHobedpeH-
Horo TpeyroibHHKa, 3HasA ypaBHeHHe THNoTeHy3w 2x + 3y — 5 = 0 u Bep-
mwnRy npamoro yriaa C(2; -1).

' 4.42. CocTapuTL YpaBHEHMS CTOPOH TPEYrONbHMKA, 3HAf OOHY ero
BepmHHy A(0Q; 2), W ypaeHeHMs BoicoT (BM) x + vy — 4 = 0 u (CM)
y=12x, roe M — Touka nepeceyeHNs BEICOT.
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4,43, Naus ape Bepumak 4(-2; 1) u B(3; —4) TpeyroJbHHKa H TOYKa
D(5; —1) mepeceucHun ero BeiCOT. COCTABHTH YPABHEHMS CTOPOH 3TOrO
TPeyrOIbHHKA.

d.44. CocTaBUTs YpaBHEHHA OHCCEKTPUC YTIOB MEKAY NDAMBIMH
Ix+4y-1=0udx~3y+5=0.

4.45. YpasHeHHe oaHO# U3 CTOPOH HeKOTOpOro yria 2x ~ 9%y -3 =0, a
ypasHeHne Ouccektpuctl 4x — y + 11 = §. CoctaBurs ypasHeHHe BTOpoOil
CTOPOHEI YTJIA.

4.46. B TpeyronsHuke ABC naHH ypaBHeHMA CTOPOHH (AB) x + Ty —
— 6 =0 u SuccexTpuc (ALY x +y -2 =0 u {BM) x - 3y — 6 = 0, Haiitd xo-
OPAMHATH! BEPILHH. '

4.2, Kpunnie BTOpOro mopanka
Cnpasounbiii MmaTepuan
1. Ob6ugee ypasrenue Kpusux 8mopoza ROpAoKa.
Ax*+ Bxy+ CP + Ey+ F=0. 4.18)

2. Hopmanvroe ypasuenue oxpyxcocmu paduyca R ¢ yenmpom 6
mouxax C (xp, yo) u O (0;() cOOTBETCTBEHHO HMEIOT BRI
C-x)’+-y)' =R, . 4.19)
Z+y =R, (4.20)

3. Kanonuvecroe ypasxenue anunca (KOOPIHHATHEIE OCH connaaalo'rj
¢ OCAMH IJUTANCA).

2 2 .
x )y
—+—==1, 4.21
) at b . @.21)
rie a ¥ & — ocH 3IHTCca;
b=d"-c, 4.22)

Fi(-¢;0)u Fy(c; 0) — toKychl HUMICa, ecad a > b,
3xcyenmpucumem aarunca

g=X (4.23)
[

{ana aanmunca € <1).
Paccmonnus mouxu M(x, ) 3nmunca do ezo Poxycoe (oxarsuste pa-
duyces) HaxoOATcA no GopMynaM:

n=a-ex, 1, =a+ex. {4.24)
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4. Kanonuvecxoe ypaerenue 2unepboasi {0OCH KOOPAMHAT COBAJAICT €
OCSMH FHIIEpOOE);

2 2
4
—-==1, 4.25)
a> b
rae a, b COOTBETCTBEHHO ACHCTBHTENBHAA M MHAMAA HONYOCK THNepGOIIbI;
=+, (4.26)

Fi(- c; 0}, Fa(c: 0) — doxycel ranepSonsl, ¢ > a.

Sucyenmpucumem sunepbonst Haxoautes no dopmyne (4.23); ona ru-
nepbonel &€ >1,

Paccmonnun mouxu Mix, y) zunepborer 0o ¢oxycos (hoxarsmbie pa-
duyest) HAXOAATCA 1O (opMyIaM:

r —Iax a|, ry = |ax+a| 4.27)
Vpasuenue obewx acumnmom 2unepbonet.
y=% [ X (4.28)
a

3. Obpamuan nponopyYLONARLRAR 306UCHMOCTb
y== (4.29)
x

eCTh paBHOCTOpOHHaﬂ anepﬁo.ﬂa C AaCHMNTOTaMH — KOOp.I[HHaTHBIMH ocH-
MH M BEpLIMHAMH (X0, Yo), THe |xo| =|vo) =1f|m| (3HAKN Xo, Yo 3ABUCAT OT

KBAJpAHTa).
6. Apobuo-nunetinan dyryun
ax + b
y= (cz20, bc~ad=0) (4.30)
ex+d
a d
€CTh PABHOCTOPOHHAA THNepfoNa ¢ acUMOTOTAMH y=—, x=——, Na-
c c
PanAeNbHEIMH OCAM KOOPAKHAT, H USHTPOM B TOUKE [ ——, — | .
c ¢

7. Kanonuueckoe ypasuentie napabonor ¢ sepustinoti € Havane xoopou-
Hum BMEET BUJL

¥y =2px @.31)
(ecnu OH2 CUMMETPHYHA OTHOCHTENLHO ocH Ox),
Wid X =2py, (4.32)
y=Ax" 4.33)
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(ecnu oHa cMMMETpUUHA OTHOCHTENbHO ocH Oy), rae p unu A =2L -
4
napaMeTphl mapaGonm.
Paccmonnue om ¢hoxyca napabone F [-g-, 0) do ocu Ox (hoxanbuvti

paauyc) Haxoauted no Gopmyne

r=x+ E (4.34)
Ypasnenue dupexmpuce napatoner:
x=—+ 435
2 (4:35)

8. Keadpamnuiii mpexunen y = Ax* + Bx + C ects napaGona ¢ ochio

CHUMMETPHH, NapamnensHoi ocH Oy, U BepilIHHOH B TOYKE [——2%, —%) , e

D= B - 44C — nuCKPUMHHAHT.

4.47. CocTaBUTh YPaBHEHHE OKPYXHOCTH, NPOXQOAISH uepes TOUYKR
A(1; 5), B(—4; 0) u DX(4; —4).

P e w e H W e. YpaBHeHHe oxpzy)unocm ga,un ca R ¢ UEHTPOM B TOUKE
C(xp, vo) umeeT Bun {4.19): (x — %) + (¥ —yo)° = R". Tak kak Toukn 4, B, D
JIEXKAT Ha OKPYXKHOCTH, TO MX KOOPAMHATH ACNKHE YIOBIETBOPATE ITOMY
YPABHEHHI:

(-x)° +(5-y,)° =R?,
(~4-x0)" +(0-y,)* =R7,
(4-x4)° +(4-y,)? =R~

BriuuTrax W3 nepeorc ypaeH:
HUA CHCTEMB! BTOpOE, a 3aTe
TpeThe, MONY4HUM (pekoMeHmye
YHTATEN0 YOeAUTECA B DTOM CAMI
CTOATENBHO) X = 1, ¥y = 0, a nane

Prc. 4.8 u R = 5, T.e. ypaBHeHUHe OKPYKHO
eth: (x — 1)2 +y*=25 (puc. 4.8).p

4.48. Haiitn 3na4enue napaMerpa g, IpH KOTOPOM OKPYXHOCTE x+ 3{2 -
— 4x + g = 0 xacaerca mpamMol y = x\E . Haiitu pagnyc okpyxnocTi s
LEHTP H TOYKY KacaHHs.
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Pem e nue [To ycnoBrio OKpYXKHOCTE M MIPAMaA HMEIOT ORHY 00-
Y0 TOUKY, C/IENOBATENLHO, CHCTEMA

g {x2+y2—4x+a=0,
! y=x3
2 HIIH ¥YpaBHEHHE
4 6 x x2+(x\(§)2-4x+a=0
’ AOIHBI HMETEh €AHHCTBEHHOE PEIICHHE.
Pue. 4.9 3TO NPO3IOHAET, €CNH IHCKPUMUMHAHT T10-

AYYEHHOTO KBaAPATHOTO ypaBHEHHA 4x® — 4x +
a =0 Gyaet paBeH HYJIHO, T.¢. D=(—4)2—4 4a=16(1 —a)=0, otkyma a = 1.

1
Penias xeaapaTHOE ypaBHEHHE NIpH a = |, HAXOAHM X = 5 T.€. TOMKa

3

1
KacaHug A{E; —;J Jlng onpeaeneHus paauyca OKPYKHOCTH NpHBEIEM

€€ YPABHCHHE K HOPMAJIBHOMY BHAY, TPYIIKRPYA YWICHEl, COAEPKALIHE X, H
JACMOMHAA HX A0 MOJHOTC KBagpaTa:

-4+ +1=0,(x"-dx+4)-4+y° +1=0,
otkyza (x — 2)° + ¥ = 3, T.e. ueHTp okpyxHocty (2; 0) U pamuyc R=+3
(puc. 4.9).p

4.49. Haﬁ'l;n NOfAyOCH, KOOPAWHATHE (OKYCOB H IKCHEHTPUCHTET 1-
nunica 9x° + 4y” = 36.

y Pew e H ue Pasnenns Ha 36, npusenem
) aBHEHME K B x” +y2 =1
f] P oy 4 9 '

) Qrcioga cnemyer, 4To Gonbllad MOAYOCh
42\ 0 2 4 x 3NUIATCa g = 3, a manas nomyock b = 2, Tpu
2 a1oM Oouibiias ock NAUNca B ee dOKycHl pac-
—4 nosoxeHsl Ha ocK Oy {puc. 4.10). Ilo popmyae
(4.22) paccroadue ot (hokyca 3IIMNCA A0 HAYaA-

Pue. 410 P Goky

: ga koopammar c=+va® b =3t 22 =45,
T.¢. KOopaArHaTH dokycos F(0; - V5 } u Fo{0; V5.

c 5

DKCLEHTPHCHTET HuIHnca 1o Gopmyne (4.23) e=—= W >
a
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4.50. HaifTh KOOPAMHATEI UEHTpPa, BEPLIHH H YPABHEHUA ACUMITTOT T'H-
nepGomst 9x° — 16)° + 144 = 0.
Pemenne. [Ipupesem ypaBHeHne runepSoNbl K KAHOHMYECKOMY

BHAY, pazgenus ofe uactd ypasHe-
2y
HUA Ha (-144) - —+—=1,
16 9 .
CrnenoraTensHo, runepbona
AMeet Qoxycel Ha ocH Oy, ee neii-
CTBHUTENBLHAS NONYOCh & = 3, 3 MHU-
Mad nomyock b =4 (puc, 4.11).
ACHMOTOTE  rHIepbonel  no

bopmyne (4.28): x=i§ ¥ HIH

Puc. 4.11

3 -
y=i—4—x. BepmuHE naHHOH TIu-

nepbonnt A,(0; —3), 4>(0; 3). Hanee, no dopmyne (4.26); c=+16+9 =5,
no2ToMy ($OKYCH pacnolioxkeHel B Toukax Fy(0; —5), Fx(0; 5). DxcueHTph-
curer runepbone no hopmyne (4.23) £=5/3. P

4.51. CoctasuTs ypaBHeHHe THNEpOOIbI, €CM ee aCHMIITOTH 3ajaHkl

3
y “ YPaBHEHHAMH ¥ = j:gx H

runepbona MPOXOOHT depes

Touky M (10; -3 /3 ). Haitrn

paccrosuue Mexay (oky-

CaMH M BEPIUMHAMH TCUMEp-
6onml,

Pewmenne Tak kax

~ 1ouKa (10; —34/3 ) nexcur ma

MQ0; -343) runepGone  (npHdeM BBl

acHMMNTOTLI y = —zx, pHC.
Puc. 4.12 5

4.12), 10 ee KOOPOHHATHL

HJOJDKHEI YAOBJIETECPATE ypaBHenuio (4.25): @-;—zz 1. Kpome Toro,
a

b 3 3
Z=3 TaK KaKk AaCHMITOTH FHIIep6onel y = :tgx .
a
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Pellme nomyveHHyo CHCTEMy IOBYX YPakHeHHit, naiineM a =5, b = 3,

2 y2

x
T.€. YpaBHeHHe runepbonsl — ——— =1. PaccToAnmne Mexay BeplIMHAMH

25 9

runepbonsl 2a = 10, Mexay dokycamu 2c =234, roe c=va?+b? =

=J25+9=431 p
2 2

4,52, JTan smumne J%+y?=*l. Cocra-

BHTL YpasHeHHE Tunepboiibl, BEPIIHHBI KO-
TOpoi Haxonsrcs B Qokycax, a PoKycEH — B
BEpLIVHAX JAHHOTO JUIICE,

P e w e H u e. [Tonyock anmunca a, = 3,

b, =J§ y Cy =J_9 —5=2. o ycnosuio Ans
renepbonsl g, = ¢, = 2, ¢ = a, = 3. Cnegopa-
TENLHO, no dopmyie (4.26),
b = 1’03 —al =y9-4= 5 u ypaBHEHHE

2 2

HCKOMoOi#1 rrRuepbons! % - y? =1 (puc. 4.13).»

Pnc. 4.13

4.53. TlapaGona ¢ BepwiHHOH B Hayane KOOPIOHHAT MPOXOAMT Yepes
TONKY A(2; 4) ¥ CHMMETpHYHa OTHOCHTENLHO ocH Ox, Halitn dokyc n

YpaBHEHHS MapaboJibl 1 ¢e AUPEKTPHCEL.

Pewenne Tak kak napabona

opoxoaut depe3 Todky (X0;0) n cuM-
MeTpH4Ha OTHOCHTENEHO ocH Ox, TO ee
ypagaenue (4.31) ¥ = 2px. [loncrarnss
KOOPAMHATEL TOUKH A B 3TO ypaBHEHHe,
T.e. 4 = 2p-2, Haiinem napamerp p = 4.
CrnenopatenbHo, ypaBHeHHe napaGonbl
¥ = 8x. VpaBHeHHe e¢ JUPEKTPHCHI
(4.35) x = 2, doxyc mapabonsl F(2;0)
(puc. 4.14).p

Puc. 4,14 4.54. Yepes touky A(3; -1) npo-

BECTH Takylo Xopay mapaGonel y =%x2—x—2 , KoTopas Jenunack Oni B

JaHHOM TOUKE MONOAaM.

P e m e H H e. 4 nocTpoeHya napabonkl MpeacTasHM e¢ B U

y=%(x2 —4;—8):%[&--2)2 —4—8]:%(3:—2)2 -3,
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T.e. BepilluHa napa6onst (2:-3). YpasHeHHe
TpAMOH (XOpABL), IPOXOAALLEH Yepes TOYKY
A(3; 1) B cooTBeTCTBHH C (4.7) HMEET BUI:
¥+ 1 =k(x — 3). Touxd nepecedeHAd Xop-
Abt ¢ mapafonoi onpenenAoTca CHCTEMO#:

1 2
=—x"-x-2,
¥ 4

y+1=k(x-3),

peII€HHE KOTOpr‘I, mocae RCKNOYEeHusq y,

Puc. 4.15

CBOMINTCA K YPABHEHHIO:
ze —x—2)+l=k(x—3) win x° —4(k+Dx+43k-1)=0. (%

Tlo ycnommio Touka A(3; —1) memHT XopAy momnoiaM, clnefoBaTeNLHO,

X +x

_HtX
xd -_—

» [I€ X| H X2 — KOpHM ypasHeHu4 (*).

4(k+l)=

Ilo Teopeme Brera x; + x; = 4(k + 1), cnenosatenbHo, x, =
=20(k+1) wH x4 = 2(k + 1} = 3, otkyna & =%, K ypaaﬁeHHe XOpHBI:

y+1 =%(x—3) i x -2y -5 =0 (puc. 4.15).

4.55, HaiiTH LEHTp H paHyc OKPYXHOCTH 3x° + 3)7 — 6x + 8y = 0.

4.56. HaliTu uenTp U palHyc OKPY)KHOCTH, NpOXoadlned Yepe3 TOUYKH
A(-1; 5), B(-2; -2) n (5; 5).

4.57. Yepes toukn A(8; 2) u B(10; 0) npoBecTH OKpYKHEOCTh pPajJHyca
R=10.

4.58. CocTapuTe YPABHEHHE OKPYWHOCTH, NpoxofAuei depes TOuky
{5; 3) ¢ UEHTpPOM B TOUKE AepecedeHHA OpAMEIX 5x — 3y — 13 =0 u
x+d4y+2=0.

4.59. CocTaBnTh ypaBHEHHe OKPY)XHOCTH, Kacamomiefics ocH Oy B Ha-
yajie KOOPAHHAT U nepecekatoied ock Ox.B Touke M(6; 0).

4.60. CocTapHTh YPABHEHHE OKPYXKHOCTH, €CAH OHAa IPOXOIMT depes
ToukH A(3; 1} 1 B(—1; 3), a UeHTp ee ICHUT HA MPAMOH 3x —y —2 =10,

4,61, CocTapuTh YpaBHEHHE TIPAMOil, Npoxoadaieii Yepe3 UeHTp OKPYX-
HocTH X2 + ) + 4x + 12y + 15 = 0 mapannensso npaMoii x +y = 0.

4.62. CocTaBUTh YpaBHEHME OKPYKHOCTH, MpOXOAAlNeil yepe3 TOUKH
nepecedeHUs OKpYKHOCTH P+ +4x—4y=0c npaMoi x + y = 0 H Tou-
Ky M(4; 4).
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4.63. Onpeaenuts TOTYOCH, KOOPIMHATE (OKYCOB H 3KCLIEHTPHCUTET
3

snmrca 3x° + 4y - 12=0.

4.64. OnpenenuTh >KCUEHTPUCHTET IIHNCA, eCIH €ro OoAbWAas och
Brpoe Gonbile Manofi.

4,65, CocTaBHTe KAaHOHHYECKOE YpaBHEHHE JUIMNCA, €CNM ero GoMb-
iIas nonyock pasHa 12, a akcueHTpHeuTeT paBed 0,8. Halith paccrosuue
Mexay PoKycaMH IUTHICA.

4.66. DanHnc nMpoxonaMT depes Touku M (2; N5 ) u Mx{0; 2). Cocra-
BHThH YPaBHEHHE IIUNCA ¥ HAHTH paccTOSHUE OT TOMKH M) oT dokycoB.

4.67. Ha »nnmnce 9% + 25;;;)2 = 223 HalTH TOUKY, PACCTOSHHE KOTOPOH OF
npaeoro $oKyca B YeTHpe pasa Sonblle ee paccToSHUA OT NeBoro dokyca.

4.68. Onpeae/uTe IKCUSHTPUCHTET LIHNCA, €CITH PACCTOAHHE MEXTY
doKycaMH paBHO PacCTOAHHIO MeXny BepliMHaMH Goibwod d manoil
ocei.

4.69. OpanHaTH BceX TOYEK OKPYXXHOCTH X+ y2 = 36 cokpalieHb
BTpoe. COCTaBATL ypaBHEHHE TIONYUeHHOH HOBOH KPUBOIL,

4.70. CocTaBITh KAHOHUHECKOE YPaBHEHHE THnep6onel 9 — 167 = 144,
HailiTh KoopaAHAaTH ee GOKYCOB H BEpINHH, SKCLEHTPACHTET H YpaBHEeHHA
ACHMIITOT.

4.71. CocTaBuTh KAaHOHUYECKOE YpaBHEHHE THNepboNbl, Mpoxoaailei

aepes Touxn 4(2; 1) n B(—4; V7).

4,72, Trnepbona npoXonur depes Touky M(6; —2\5) H HMeeT MHH-

My noyock & = 2. CocTaBuTh €€ YpaBHEHHE W HAHTH pacCTOAHHE TOUKH
M ot diokycos.

ed

2 2
X
4.73. Haiitu paccToshne okyca ranepbonst — — y_z =1 oT ee acuUM-
a b
ITOT H YIOHA MEXKIY aCHMITTOTAMH.

4.74. CocTaBHTh ypaBHeHUE THNepOonsl, UMelonleit BepiIMHEl B OKY-

n
P
cax, a POKYCHl — B BEpITHHAX 3JUTHNCA 35 +===1,

9
4.75. CocTaBHTh YpPaBHEHUA KacaTelbHBIX K runepbone X — 47 = 16,
NpoBeICHHBIX W3 TOUKH A(0; -2).

4,76, CoctaBuTh ypaBHEHHE PaBHOCTOpOHHEH TMNepOOosbl, BEPLIHHEI
KOTOpO# yAaIeHBl OT HaYasia KOOPAHHAT Ha paccTosaHne d =4,

4.77. CocTaBUTh YpaBHEHHA AaCHMIMTOT PaBHOCTOPOHHeH runepbo-

2x+3 -
nBLy = 3 ¥ HAHTH KOOPAMHATHI €€ BEPLIHH.

x-—
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4.78. CoctaBuTe ypapHeHHA OCeHl CHMMETPHH PaBHOCTOpPOHHEH [H-

nepbonsl y = 4-3x .
x-1

4.79. Coctaeuth ypasHeHHe napaGoiiel, CHMMETPHYHON OTHOCHTENBHO
ocH Ox, ¢ peplIdHOH B Hadane KOOPIHWHAT H mpoxodallelt uepez TOUKY
A(-2; =3). Haittu dhoxyc ¥ aupextprcy napaboisl,

4.80. CocTaBHTL ypaBHeHHMe napaboibi: @) HPOXOAALICH Yepe3s TOUKH
(0; 0) w (1; —3) ¥ cHMMeTpRUYHOH OTHOCHTETLHO OcH Ox; &) NPOXOAAEH
yepes Toukd (0; 0) B (25 —4) 1 CHMMETPHYHOR OTHOCHTENBHO Och Oy,

4.81. Cocrasurs ypashenne mapalonsl ¢ OCBIO CHMMETPHH, napa.n

nenbHei ocn Oy, ecii OHA NpoXoauT JYepes ToukH (—2; 8), (0; 2) w (3; —)

4.82. BryHCIHTE UTHHY xo)lzézm obpaszyemoii nepecevyeHHEM npmoﬁ
y=4x ¢ napabonoit y =3 + 2x

4.83. CocTaBuTh YpaBReHHe NPAMOH, KOTOpas [IPOXOZHT 4Yepe3 BepiliH-

Hy napaboisl y=—3x* + 12x — 9 napaIessHO MpaMoit % + % =1.

4.84. CocTaBKTh YpaBHEHHE OKPY)KHOCTH, UMeIolleH UeHTp B (oKyce
napaGonst y2 = 2px N Kacaiouekca ee aupexTpucel. Halitk Touxu nepece-
Y¢HHA NApabonkl H OKPYKHOCTH.

4.85. CocTasuTh yparHeHHe mapaboibl H ee OHUPEKTPUCEH], €ClH H3-
BeCTHO, 49T0 mapabona NpPOXOJMT 4epe3 TOYKU MepeceyeHut npaMoi
x + y =0 ¥ OKpPYXHOCTH X~ + y° + 4y = 0 H CHMMETPHYHA OTHOCHTEJIBHO
ocu Oy,

4,86, N3 pepmuHM mrapabons y2 = 2px NPOBSACHBI BCEBOIMONHLIC
Xopisi, COCTaBUTH YpABHEHHA MHOXECTBA CEPEflMH ITHX XOPA.
4.3. IlpamMana M IJIOCKOCTh B MPOCTPaHCTEE
CrnipaBovnbIil MaTepnan

1. ¥pasnenue nrocrocmu:
*  nepneHouKyIsprot OaHHoMy eexmopy ii=(4, B,C) u npoxodaweii ve-
pes dannyio mouxy My(xq, yo, 2o)

AG—x0)+ By —yo)+C(z—20)=0; (4.36)
& gompeInax
Zi2420 4.37)
a b ¢

(a, b, c — oTpe3kH, oTceKaeMble COOTBETCTBEHHO Ha ocax Ox, Oy, Oz);
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» obtyee
Ax+ By+Cz+D=0. {4.38)

2. Paccmosnue d om mouxu A (xy, yo, 2o} 00 nrockocmu Ax + By + Cz +
+ D = () naxopnten no dopmyne:

|Ax0 +Byy+Czy+ D |
JA2+B +C?
3. Jlanet e anockocTd Apx + By + Ciz + D= 0() v Ayx + By +

+Cz+ D =0(2).
Yeon @, obpazosannuiii 06yma NIOCKOCMAMY, HAXOAMTCA W3 COOTHOMICHHA:

JA,z +B,2 +C,2 JAf +Bz2 + sz

Ycnosue napanirenbhocmu 06yx RROCKOCHEH:

(4.39)

cosp=%

L (4.41)

Yenoeue neprenduxyasaprnocmu 08yx naockocmeti
A1d; + BB+ CC, =0, (4.42)

4. ¥Ypasnenue npamoii € npocmpancmage.
®  KaK THHUN Nepecevenn 06yX nioCKocmei:

Ax+By+Cz+D =0,
Ax+By+Cyz+ D, =0,

o Hpoxodaueli yepes danuyio mouky M (x;, v;, Z;) € HanpaeaRionuM eex-
mopom' §=(m,n,p):

(4.43)

x-x =y_}’| =Z_zl (4.44)
m n p
(xaHOHHYECKHE YpaBHEHHA MPAMOH);
x=x +mt,
y=y +nt, (4.45)
z=z,+pl

(napaMeTpHuecKHe YpaBHEHHA NPAMOi);

' B cnyuae, ecau 3HaMeHaTeNs Kaxol-nnGo H3 apoGelt pasen HyImo, 3T0 03HaUaET, YTO
paBeH HYJI0 COOTBETCTBYIOWMH THCAHTEND.
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& npoxodauux yepes 08e Oanmbie mouxu M(x1, v, 2)) 4 Ma(x, ¥», 2):
TH _Yoh o _EFTa (4.46)
X=X YY) 237%
5. lansl Ape NpAMEle ¢ HANPABIAIOUMMH BEKTOPaMH 3, = (m,,n, p) H
EZ =(m29n2!p2)-
Veon ¢ medicoy deyma npameimu HAXOANTCA M3 COOTHOLUCHHA:

i, + mn, +
cosq =1 1 T PP,

- 2 2 2 2 2 2
Jm, +1 +p sz +n, + Py
Venosue napainensuocmu dgyx npameix é npocmpancmee:
m n
A A (4.48)
Mmoo om P
Yenoeue nepnendurxynapHocniu 08yx NpAMbIX 8 NpOCHMpancmee:

(4.47)

mymy + mny + pipy =0. 4.49)
6. Jlana npsMas X7h YTH _ 272 4 nnockoets Ax + By+Cz +
n P
+D=0.
Yeor ¢ mesicoy npamod 4 nrockocmerg ONPEReNseTca N3 COOTHOLLCHHS:
Am+ Bn+ G,
sing = jam + d . (4.50)
VA + B4 Jm? 41 4 p?
Yenosue naparaeasnocmu npsMol u nrocKocmuy!
Am+Bn+Cp=0. (4.51)
Yeaosue nepnenduxyasprocmu npvot 4 miockocmu:
4_B_C s
m n p

4.87. CocTaBUTE YpaBHEHME IIOCKOCTH, OpOXOAANIell uyepes TOUKY
ML -2, 3y

a) NepneHaAHKyIApHOH BekTopy # =(3; —4; 5);

) mapannensHO#H MIOCKoCTH 3x — 4y + 52+ 6=0;

8) Touky M\ (0; 2; 5), u mapannensnoi ocu Oy,

2) npoxonAileit uepes ocs Oz

Pemenune:

@) YpaBheHMe NIOCKOCTH, NepneHauKyapHoit Bextopy 7=(3;—4; 5) n
npoxogawed yepes touky M(1; —2; 3) no dopmyne (4.36) nmeeT BRI
3x-D-4+2)+5(z-3)=0, nau3x -4y + 52-26=0.
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&) I cnocof. TInOCKOCTs, NAPAINSIEHAA TWIOCKOCTH 3x — 4y + 5z + 6 = (),
OYEBHIHO, TNEPNCHAMKYNAPHZ HOPMANLHOMY Bektopy h=(3;-4;5).
VpaBHeHHE Takoli NAOCKOCTH, MpOXOMALUEH uepes fAHHYIO TOMKY
M(1; —2; 3), nony4eHo B n. a).

Il enocob. Tlnockoete Ax + By + Cz + D=0 napannenbHa MIOCKOCTH
3x—4y+5z+6=0, ecnn ee KoHpONUHEHTEL NIPH [IEPEMEHHBIX TIPOMOY-
UHOHANIBHBI, T.€. -’-;;=i4=%. Base 4 =3, B =4, C =5 (npH ko>dPu-
HHEHTE TIPOTIOPIMOHATBHOCTH, paBRoM 1), nony4nM ypaBHeHHe 3x — 4y +
+5z + D = 0. Koadpdunuenr D HaiizeM ¢ yueTOM TOro, 41O KOOPIHHATEI
toukn M{l; -2; 3), nexameH Ha INOCKOCTH, JO/DKHBI YIOBJIETBOPATL €e
ypaBHeHMIO, T.€. 3- 1 —4-(-2)+ 5.3+ D=0, otkyza D = —26 u ypaBHeHHe
HCKOMO#i TI0CKOCTH

3x-4y+5z-26=0.

8) Tax xak NMnockocTs mapamiensHa ocd Oy, T0 B ypaeHeHuHd (4.36) ee
ko3dhduument B = 0, T.e. ypaBHEHHE NJIOCKOCTH MMeeT BuA Ax + Cz +
+ D= 0. Tak kak Touxy M(1; -2; 3) u M{(0; 2; 5) nexat Ha NNOCKOCTH, TO
MX KOOpDOMHATHl SOMKHBI YAOBIETBOPAT: €€ YPaBHEHHIO, T.C.
{A +3C+D=0,

2 1
5C+D=0, OTKY A A-—;D, C-—;D, CAEOBATEIBHO, YPaB-

2 1
HEHHE TIOCKOCTH (——gx——s-z+1 )D=0, HIH (IOCNE COKpalleHMA Ha

D0y 2x+z-5=0.

2) Tak Kax NNOCKOCTE MPOXOAMT depes ock Oz, TO B ypapHeHHH (4.36)
ee koobhdunyentsr C = 0, D = 0, T.e. ypaBHeHHe ILIOCKOCTY HMEET BHA
Ax + By = 0. [Toncrapiad B ypaBHEHHE KOOPAMHATH TOukh M(1; -2; 3),
nexcamiefl Ha nAockocTH, notyduM | - 4 — 2B =0, otkyna A = 2B U ypaBHe-
HUe MIOCKOCTH (TIocle cokpartesus Ha B=0) 2x + y=0. P

4.88. CocTaBHThL ypaBHEHHE TUIGCKOCTH, PoXo/Ailei gepes:

a) Touky M(1; 2; 3) napannensHo ABYM HaHHBEIM BeKTOpaM
a=(6;-810) u b=(4; -3; 5);

6) Toukn M(l; 2, 3) u M4, -1; -2) napamnenbHO BeKTOpY
d=(6; —8;10);

8) Toukn M({1; 2; 3), Max(4; —1; -2) u M;s(4; 0; 3).

Pemenue:

a) B cootserctBuM ¢ {4.36) ypaBHEHHE IUIOCKOCTH, Mpoxoasinedi yepes

TouKy M(1; 2; 3):
: Ax-D+By-2)+C(z-3)=0. *)
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Tak Kak NNOCKOCTh MapalnentHa ABYM sekropaMm & ={6;—8;10) u

b= (4; ~3; 5), To HOpManBHHI BeKTOp MockocTd 7 = (A4; B; C} nepnen-
IUKyIAPEH KAKAOMY M3 JAHHEIX BEKTOPOB, 8 3HAYHT, HX CKaNApHbLE Mpo-
H3BeACHAA PaBHE! HYIIO, T.€.

an=64-8B+10C =0,

{5& =44-3B+5C=0.

N3 nony4enHoii cicTeMbl HatimeM A= —%C; B= %C H MOACTABHM B

ypasHeHHe (*), nony4nmM (nocne cokpaienns Ha C = 0):

—%(x—l)+-_5;(y—2)+z—3=0,HHHquSy—7z+26=0.

6) B n. @) nomy4eHo, YTO YPABHCHHS NIOCKOCTH, npoxogmmeﬁ yeped
Touky M\(1; 2; 3), ectb A(x — 1} + B(y — 2) + C(z — 3) = 0 (*), a B cHNy TO-
ro, YyTe MIOCKOCTh [apaniiensHa BexTopy d = (6; —8; 10), nonyvaem pa-
BEHCTBO:

64-8B+10C=0. (**)

Tak kaK MIOCKOCTH MPOXOAUT Yepes Touky M;(4; —1; -2), To ee koop-
JIHHATE] YAORCTROPAIOT YpaBHEHHIO (*):

A@G-1D)+B(-1-2HC{-2-3)=0,mm 34 -3B-5C=0. (**¥)

Petiag cHcTeMy yparHeHHH (**), (***):
64-8B+10C =0,
34~-3B-5C=0,

nosyquM A4 = ?C, B = 10C. IloacTapnss NOMYYCHHEIC 3HaUEHHA B YpaB-

HexHe (*), momyunM (nocne coxpamesna Ha C = 0)
-3-§(x~l)+10(y—2)+z—3=0 nm 35x + 30y + 32— 104 =0,

&) YpaBHEeHHe IUIOCKOCTH, IPOXoaAmeii yepes Touky Mi(1; 2; 3), ume-
€T BHJ:
Ax-D+By-2)+C{z-3)=0.
Tak kak Toukn Mx(4; —1; —-2) u Ms(4; 0; 3) nexkar Ha MNOCKOCTH, TO WX
KOOPAVHATEI YAOBNCTBOPAIOT YPABHEHHIO IUIOCKOCTH, T.€.
AQ-D+B(-1-2)+C(-2-3)=0, HJ:H 34-3B-3C=0,
A4-1+B(0-2) +C(3-3) =0, 34-28 =0,
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oTkyza A =—¥C; B=-5C. loacrasnaa NoNy4eHHLlE YpaBHEHUS B

ypasHeHue (*), monyyum (nocne coxpaniesus Ha C # 0)

-?(x-l)-S(y—2)+z—3=0, win  10x+ 15y -3z-31=0.p

4.89. CocraBuTb YpaBHEHHE NpaAMOH, Npoxonsuiel uepe’ TOUKY
Mo(-1; C; Sy n:

a) ofpasylolmeil ¢ 0CAMH KOOPRUHAT YIIIHL @ = 1f3, B =n/4, y = 2n/3;
x-2 y+3_ z

6) napajenbHOH NpamMoii

6) napajuieasHo#H ocu Oy,
2) napannensHoit NpaMo:
x+y- z+2=0,
x—-y+2z-1=0
a) Touky M\(2; -3, 4).
Pemenue:
a) B KauecTee HanpapJIAKOIIEr0 BeKTOpa NpAMOH BO3EMEM eIHHUTHBI
BEKTOpP AaHHOH npaMoi, KOOPAHHATAMH KOTOPOTO ABIAKTCA HANPABIAIO-

He KOCHHYCHL: § =(cosa; cosf; cosy)= (%;%;—%) . IIo dopmyne
(4.46) xanoHUYecKUe YpaBHEHUA IPAMOi:
x+l y z-3
Y2 22 -12°
0) B xavecTBe HANPABIAOIICTO BEKTOPE HCKOMOM npamol Oepem Ha-
NpaBAAIOIMIT BEKTOpP QaHHO#, T.e. § =(5; 4; —2). [ToaTomy no dopmyne
(4.44) kanoHnYeckue ypaBHEHHA MPAMOH:
x+1 z-5
5 -2
8) B xavecTBe HanmpaBNAOMIErD BEKTOpa NpAMoH GepeM eIHHWMHBIA
BEKTOp, HanpasaeHHbl no ocH Oy, T.e. § =(0; 1; (). Toraa xanoHU4IECKMES
YPABHEHUA HCKOMOIE TIpAMO ' :
x+1 y z-5

=Z=
4

0 1 0

! PanencTBoO sHaMeHaTENed HYMO O3HAALT, YTO COOTBETCTBYIOMINE YRCAUTEMH X + | =0

Hz-5=0.
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2) TNpuBenem yparHeHus mpaMol, 3aJaHHOM CHCTEMOH, K KaHOHHYE-
CKOMY BHIY. '

BripasuM OHY M3 NEPEMEHHEIX, HATIPAMED, X TIOOYEPE/HO Yepe3 JBe
HpYIHE — Z R ¥, 2 3aTeM NPHPaBHAeM NOAyueHHLie Bhpakenns. Cknansi-

: z+1
Bad o0a ypaBHeHUA CHCTEMBI, TOTYYHM 2x +z + | =}, oTkyna x = 7
YMAO®AA NepBoe YpaBHEHHE CHCTEMBI Ha 2 U CKIAAbIBas CO BTOPEIM,

y+3

noay4am 3x + y + 3 =0, otkyna x= 3 [pupaBHUBAs NOMYYCHHBIE

BBIPRKCHHA, NONYYHM KAHOHMMECKME YPABHCHHMA 3AJaHHON npamoii:
x y+3 z+l
1 -3 -2
HHYECKHE YpaBHCHHA HCKOMOH l'IpHMDﬁ:

. ,[lanee, peluags aHanorHYHO 3aJade 6), MOMYYHUM KaHO-

x_y _z-3
1 -3 -2
9) 1o dopMyne (4.46) ypapHeHHe ¥cKOMOH MpAMOiL:
x+1=y—0=z—5’ - Jc+l=l=z—5.>
2+1 -3-0 4-5 3 -3 -1
4.90. CoctaBHTE yYpaBHEHHE TWIOCKOCTH, NpOXOzael uepes:
x—=1_y+1 z+1

1 2 -1

a)} IpAMYIO d rouxy M{2; 0; 1); ) nee napannensHele

npAMBIE

x-l_y_z+2 x4l _y+3 2z
2 3 1 2 3 1

Pemwmenue:

a) YpasHeHMe MIOCKOCTH, mpoxodmueii yepesz Touky M(2; 0; 1), no
dopmyre (4.36) umeeT BHA:

: Ax-2)+By+ C(z- 1) =0,

Hanpasnsiownii eekrop npamod § =(1; 2; —1) 1 HOpManbHLIH BEKTOP
NAoCKoCTH # = (A; B; C) nepneHOMKY/IAPHEI, CACAOBATENBHO, HX CKANADP-
Hoe nponssencsne sn =0, T.e.

A+2B-C=0, ™

C apyroii croponsl, Touka A(1; —1; —1) nexnT Ha NpsMoi, a IHAYHT, U
Ha IOCKOCTH, T.8, €€ KOOPAHHATL! YAOBICTBOPAIOT YPaBHEHUIO TUTOCKOCTH:

A2+ B+ C-1-1)=0, nu-A—-B-2C=0. "
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PewnB cucteMy ypaBHeHHH (*), (**), momyunm A4 = —5C;, B = 3C. Cne-
BOBAaTENbHO, HCKOMOE YpaBHEeHHe TLIOCKOCTH (—5(x ~2)+ 3y +z- 1) C=0
unu (nocne cokpaiedus Ha C = 0) u npeoOpasopammii 5x — 3y — z —
-9=0,

&) Bajp Ha ognoll B3 NpAMEIX TOYKY, HampHMep, HA MepBOi npamoii
Touky M(l; 0; -2), nonyyaem 3anauy, aHanoru4Hyid B n. ). Hcekoman
WIOCKOCTh HMEET ypaBHeHHe 3x — 2y — 3 = 0 (npenocTaBnseM YHTATENO B
3TOM YBeANTECS CaMOCTOATENBHO). P

4.91. Hailita opoexnuio B touku A (5; 2; —1) Ha: 4) 1NOCKOCTh
x—1_y+11_ z-2
4 5

2x —y + 3z + 23 = 0; 6) npamyio

Pemenue:

«) HaiizeM ypaBHeHre npamoti, mpoxogsmei 4epes Touky A(5; 2; —1) u
NEPNEHAKNKY/HPHOA MNOCKOCTH. B KauecTBe HANPABLIIOIMErG BEKTOPA
npaMoil § OepeM HOpManBHEIH BEKTOP IWIOCKOCTH, T.e. § =#A=(2; -1; 3).
Toraa no popmyne (4.44) ypaBHeHue nepneHInKyIapa A8 nmeer sua;

x=-5_ y-2 z+1
2 -1 3

HalineM Touky nepeceuycHHd NpAMOH AB w mnockoceru. na storo
NpeACTaBHM YPABHEHHA NPAMOH B MapaMeTPUYECKOM BHAE, NPUPABHHBAs
K ¢! KaXJIOe H3 Tpex NAHHHX oTHowennid. IMomyuuMm napamerpuveckue
ypaBHeHHA mpamoff x = 5 + 26, y = 2 — £, z = -1 + 3t Tlog-
CTABNAA TIONYYEHHBIE BHIPDAMEHMA B YpaBHEHHE MNOCKOCTH, MONYHHM:
2(5+20 - (2 - ) + 3(-1 + 3 + 23 = 0, oTkyna { = —2 ecThb 3HaUEHHE Iapa-
MeTpd, NpY KOTOPOM HAXOJMTCH TOYKA HepeceucHMa npamol 4B ¢ naHHoH
MAOCKOCTRIO, T.. xg =53+ 2{(-2) = l; yp =2 — (-2 =4; zg=-1 + 3(-2} =-1.
Hrak, B(1; 4;-7).

%) Touka B ecTh TOUKa NepeceycHia NaHHOH npamoli ¢ mepneHnuKy-
NAPHOI €e MIOCKOCTbIo, Npoxoasawei Yepes Touky A. Bextop 5 =(2; 4; 5)
HeprneHAHKYNAPeH 3Tol MIOCKOCTH, CAeN0BaTeNEHO, o dopmyne (4.36):

2x-5+4y-2)+5(z+1)=0, nqu 2x+4y+5z-13=0.

Touxa B(3; —7; 7) nepeceueHns 3TOH [IIOCKOCTH ¢ AAHHOH NpAMoii Ha-
XORUTCA GHANOTHYHO 3anaue a). P

4,92, Haifrn yron Mexzy: a) OpAMEIMH xT—1=y_+12=i2 (Y n
x+1=y+11=z+6

i 2 1

{(2) M BLIACHHTE, ABIAIOTCA M ITH NPAMLIE MEpece-
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KaOUIMMHCH HIH CKpeiHBaomnMucs; 6 npamMoi (/) | mwiockocTeio 2x +
+3y-6z+2=0(3).

Pewenne:
a) Ilo bopmyne (4.47)

c0s = 2.1-1.2-2-1 6
V2 + (1 (2P 12422 412 3~/_ 9

ClemoBaTeNbHO, Yron ¢ = arccos(—GJ_ 9)~ 106" . Haiinem Touky mepeceye-

HHA TpAMBIX B NpPEAROJIOXKEHUH, YTO OHH nepecekatotcd. IIpencraBum
ypaeHeHne (f) B kKaHOHHYeckoM Buae: x =2+ + 1, y = - 2; z = -2¢. Tlox-
CTaB/IAS TONIy4YeHHLle BHIp&XKEHHR B YypaBHeHHA mpsamoit (2), momyunm:

2U+2= _r2+9 =-2¢+6, oTkyaa r = 1. Tak KaKk 06a ypaBHeHHA a0 00HO

# mo e 3HaYeHne ! = |, 3HAUUT, CYWIECTBYST TOUKA MEPECCUSHHA Npa-
MEIX M(3; -3;-2).
&) ITo dopmyne (4.50):

sing = 2-2+3-(-1)+(-6)-(-2) ERNER

V2243 (622 (1P (-2 T3 2

Q= arcsi_n;—:: ~38°

4.93. CocTaBHTh ypaBHEeHHE TIIOCKOCTH, TIPOXOALEH: g) yepes ock Ox
H yepes Touky A(1; —1; 3); 6) uepes ocs Oy 1 vepes Touxy B{2; 1;-1).

4,94, CocraBuTs YpaBHeHHe NNOCKOCTH, MPOXOAAlliel Hepes TOUYKY
M(4; —4; 2) v napannensHoil mIockocTy x02.

4.95. CocTaBHTE YpaBHeHHe TUIOCKOCTH, NMpPOXoAAed 4epe3 TOUKY
A(2; 3; 4) n orcexatomedi Ra ocax Ox n Oy otpesku a=1, b=-1.

4.96. U3 Touxn M(-1; —1; 4) onylneH Ha NNOCKOCTh NEPNEHAUKYNAD;
ero ocuonanMe N(2; 1; 3). CocTaBUTE YpaBHEHHE IIITOCKOCTH.

4.97, [InockocTs NPOXOIAT Yeped ock (2 U COCTABNSAET ¢ INIOCKOCTBIO
2x+y-— V5z=0 yron /3. CocTaBHTh €€ yPABHEHHE.

4.98. CocTaBuTh YpaBHEHHE ILIOCKOCTH, MpoXoidiel vepes TOUKY
My(-2; 7; 3) napannensHo mWockocTH X — 4y + 5z + 1 =0,

499, CoCTaBUTh YPaBHEHHE MIOCKOCTH, TPOXOAsLIEH Yepe3 TOYKY
My(2; —3; 1) napannensho BektopaM @ =(-3; 2; -1} u b= (1, 2; 3).

4100, CocrapuTh ypaBHeHHE ILUIOCKOCTH, MPOXoJAlllel depes TOUKY
M(2;-15; DY Ma(3; 15 2) NEPIEHIKYIAPHO IIOCKOCTH Ix-y-4z=0.
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4,101, CocTaBHTh YpaBHCHHE IUIOCKOCTH, MPOXOOALLEH 4epe3 TCOYKH
M(2; 1; 2) u Ma(-1; 1; —1), napannensHo npaAMoii, onpenenseMoil Touka-
Mh A(5; —2; 3)u B(6; 1; 0).

4,102. CocTaBKTh YpaBHEHHE NJOCKOCTH, MPOXOAAilleH depe3 TOUYKH
M(3; -1; 2), Mx4; -1; -1) n M5(2; 0; 2).

4,103. CocTaBHTb YpaBHEeHHA NpPAMOHA, nNpoXozsied uepe3 TOUYKY
My(-1; I; —3) napaanensHo BekTopy 5§ =(1; -3; 4).

4.104. CocTaBMTh YypaBHeHHA NpAMOH, mpoxoasAlieii 4epes TodKH
M(2;-1; -1) 1 My(3; 3; -1).

4.105. CocraButh ypaBHeHMsA npsamoii, npoxoaduief Hepez TOUKY
My(1; =5; 3) u ofpasywollel ¢ OCAMH KOODIOHMHAT YTAH o =n/4, f=n/3,
¥ =2n/3.

4.106. CocTaBHTL YpaBHEeHHA MOpAMOH, Tpoxojduled uHepez TOUKY
M(1; =3; 5) napaniensHO NpAMOH '

3x— y+2z-7=0,
x+3y-2z+3=0.

4.107. CocraBuTh ypaBHeHHe NpAMOH, MpOXOAAUICH 4epes TOUKY
My(3; —2; 4) nepneHUKYAAPHO TETOCKOCTR Sx + 3y —Tz+ 1 =0.
4.108. Haitrn npoekumto Toukn A(4; —3; 1) Ha wiockocTh x + 2y —2z—3 =

={.
4,109, Haiirn npoexunio Toukn A(1; 2; 1) Ha npamyo
x+2 _ y _z-1
3 -1 2

3agavun [Iis 10BTOPEeHNA

4110, Jlans sepumuer TpeyronsHuka 4 (7; 2), B (1; 9}, € (-8; -11).
Haiitu paccrosnue oT Toukd O nepeceyeHWs MeAHMaH TpeyrolbHHKA A0
BePIUHHEI B.

4,111, CocTaBHTh ypaBHEHIE MHOXKECTBA TOYEK, CYMMa PaccTORHHIT OT

KaxgoH TO4KH koToporo Ao Todek Fi(—2; 0) u Fa(2; 0) paBHa 2 \E .

4.112. CocraBHTL YpaBHeHHe MpAMoii, npoxoasmeli yepes Touky B(2; —3)
HapAISILHO NPAMOH, npoxoRaleil yepes roukr M, (—4; 0)u M, (2; 2).

4,113, HalitTH TOYKy, CHMMeTpHYHYIO Touke A(—2; 2) OTHOCHTENBHO
npaMoii x + y—4=0.

4.114. HaliTv nnomans 4eThpeXyToNbHHKa ¢ BepmiHamu A(-3; 2),
B(3; 4), C(6; 1), D(5; -2).
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4,115, JJauu aAB¢ pepUIHHH TpeyroabHuKa A {2; —2), B (—6;2) H Touxa
0 (1; 2) nepeceyenus ero BricoT. Haiiti Tpeteio seputuny C,

4.116. CocTaBuTs ypaBHeHKe NpAMOid, Npoxoafueii yepes TOUKY ne-
pecedeHua npaMBIX X + v — 6 =0 u 2x + ¥ ~ 12 = 0 u oTcexalowei Ra ocAx
PaBHEIE OTPE3KH.

4.117. HU3BecTHH BepLUHHBL TpeyroasHHKa 4(—4; —2), B(0; 1), C(2; -1).
Hafita paccToanAe OT HAYANA KOOPAHHAT AO TOYKH NEPECecueHHs MeIWaHEl,
IPOBEICHHOM W3 BEPLIKHbI A, ¢ BHICOTOH, TPoBEIEHHON U3 BepLlUHL! B.

4.118. Jlan TpeyronbHHK ¢ BepiiHaMu A(4; 6), B(-3; 0), C(2; -3). Co-
CTaBHTh YpaBHEeHHA GHccekTpHeH AD 1 BeicoTht CE M HadTH OCTPBIA yroun
MEXIY HHMH.

4,119. Jlaub! ABe cMeXHbIS BEPIMMALT KBanpaTa (1; 4) 1 (4; 5) Haiitu
JApyTHe BEPUIMHEL.

4.120. HaliTH ueHTp M paguyc OKpYXKHOCTH, ONHCaHHOH OKONC Tpe-
yronsHuka ¢ BepwiiHamMu A(0; 2), B(1; 1), C(2; -2).

2 2

4.121. Haiith TOuKN 3/11HRca E-ﬁ-% =1, B KOTOpBIX (POKANLHEIE pa-

IHYCBHI NEPHEHANKY TAPHbL.
2 2

x
4.122. B snnunc T+-‘% =1 BIKWcaH MPaBUIBHLLHA TPEYTONBHHEK, OHA
H3 BEpIIMH KOTOPOTO COBNAfacT ¢ NpaBoil BeplinHoH »mannca. Hadw

Apyrue BepLIMHEL TPEYToMLHHKA.

2 y2

4,123, Ha runepbone x? -T =1 HaiitTh Touky M, Gnixaiinyio K npa-
Mo# 2x + y— 2 =0 1 BEMHCINTL paccTOAHHE OT TOUKH M Ao 310l NpAMOi.

4,124, CocTaBKTh ypaBHEHHe TUNepOONbl, IKCHEHTPHCHTET KOTOPOi
2 2

X
g =2, a oKycH COBNManaoT ¢ GoKycaMH 3IAANca — + 21

10 1
4.125. CocTaBUTh ypaBHEHHE NapaGobi, CHMMETPHUHON OTHOCHTENE-
HO ocH Oy M NPOXOAALIEH Yepes TOUKY nepecedeHus mpamoit y—x=0 u
OKpYXHOCTH X +)° —4y=0.
4.126. Hepes pokyc napabonsl y° = —X IpoBEACHa NpAMad MO/ YTIOM

135° k ocu Ox. HaiiTh niuny o6pasoeaeiueiicsa Xopabl.
4.127. CocTaBHTE ypaBHEHHe TLNOCKOCTH, MPOXOoOALIeH yepes ToukH M(2;
3; -1y u Mx(1; 5; 3) nepnenamxyaapuo mockocti 3x— vy +3z4+15=0.
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4.128. CocTaBHTEL ypaBHEHME TNOCKOCTH, MPOXOAAMICH Jepes JUHHID
nepeceveHna ABYx miockoctedl x—2y+3z-4=0 u x+y-5z4+9=0n
napannensHoit ocu Ox.

4.129. Cocrasnts ypaBHEHHE ILUTOCKOCTH, IPOXOAALIEH Yepes ock Oy 1
cocTarmMOmeli ¢ MIOCKOCTBIO X + /6 y—x—3=0 yron 60°.

4.130. CoctaBuTk YpaBHeRHMe NpAMOil, mpoxoaaweill uvepes ToYKY

M, (3; —2; 0) nepneHAMKYIAPHO K NPAMO#A xTH = ll =z ; 2

H pacnoyio-

WEeHHOH B IeckocTH Oxy.
x+y-z+4=0,

4,131.Y0eaHBIIKCL B TOM, 4YTO IIpAMBIE
2x=-3y—-z-5=0

x+3 y+3 z-1
4 1 2
4.132. CocTaBHTh YpaBHEHHE MIOCKOCTH, MPOXOMALIEH Yepes NpaMyio
x~1 y+2 =z . x+l y-2 z-2
—— = &—— = = [apanneILHO NPAMOH = = .
2 1 3 2 3 =
4.133. Haiitu Touky M’, cummerpHuHyio Touke M (3; 4; 5) oTHocH-
TEMBHO TWIOCKOCTH X — 2y +2z—6=0,

NEPECEKANOTCA, HAHTH HX TOUKY [IepecedeHus.

Kontposmnbie s3ananun
no riaaee 4 «YpaBHeHHe JHHHH.
IIpaMasa ¥ MIOCKOCTL>

Mo Bapuanm 4.1 | Bapuanm 4.2 | Bapuanm 4.3
1 COCTABHTE YPABHEHHE MHOKECTBA TOYEK:
paBHOYNANEHHBIX OT | PABHOYAANEHHBIX OT | Ka)KAad M3 KOTOPEIX OT-
Touku A(2; ) u ot TO4YEK CTONT OT TO4UKH A(0); 2)
npaMoit x =4 A(3: 2Yu B(-4, 0) BABOE Aajblue, YeM oT
Toukd B(—4; 0)

2 ,uaHH BCPLUIHHEI A(xl’ yl)9 B(xz, Jf’2), C(x39 )’3) TPEYTOILHHKA.
CoCTaBHTE: g} YPABHEHHE MEIKAHEL M1 BRICOTHI, IPOBEACHHOH H3 BepIIH-
#ol A; 6} ypasHeHHe GHCCEKTPNCE BHYTPEHHEro yraa B:

AQG3; 1), A(26; -5), A(=2; 3),
B(-13;-11), B(2;2); B(-18;-9),
C(=6; 13) C(=2; =) C(=11; 15)
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Oxonyanie KORMPoToHuX 3a0arut

- Mo Bapuanm 4.1 Bapuanm 4.2 Bapuanm 4.3
3 | Cocrapurs ypasnenye | HakHti paccToanne CoOCTaBHTE YpaBHCHHE
OKPYKHOCTH, IHAMET- | POKYCa Napabons! UIHIICA, HMEIDILETO
POM KOTOPOH CYXKHT | ¥ = 4x OT TOYEK Tie- (dOoKYCH B BEpIIHHAX, @
OTPe30K MpAMON peceucHus ee ¢ OK- | BepIHHBL — B oKycax
y=x+17, orceuenHo PYXHOCTBIO runepOoIsl
runepGonoit xy = —6 +y =12 y-x'=4

4 Haiitv ypaBHeHHE MNOCKOCTH, NPOXoIALIEH Yepes NpaMyIo
ad :ﬂxl =2 ;y' 74 M TOYKY Mg(xo, Yo, Zo):
x-3 y+2 z | x+3 y-1_ z+42 | x-3 y+2 z+2
2 4 1] 4 2 3’| 2 -1 -3
M(2;-1; 2) M(2; 1;-3) My(-1; 0; 2)
5 | CocTaBMTh KaHOHHYECKHE YPABHEHHA NIPAMOH, IPOXOAAIEH Yepes TOUKY

My(xo, Yo, 20) TEPICHAHKYIAPHO ILIOCKOCTH, MPOXOAAIIEH Yepes TOUKH
M](x]s Jis Z[), %(x:b Y, 22)’ M3(x39 Y5 23):

My(5;2;2); My(-6; 1; 3); My6; 1;2);
M((3; 4; 6); M(2;3;0) M(3;4;2);
Mo(3;-2; -3); My(1;2;2); My4; 5;2);
My(6;3,2) My(-1;0;-3) Mi(7;3;-2)
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Tecr 4

1. TpaekTopua ORIKEHHs ToukH M(x, ¥), KOTOpas OPH CBOEM JBH-
JKEHHH ocTaetTca BaBoe Ommke K Touke A(—1; 1), 4eM K Touke B(—4;
4), ecTh:

1} npAMas nuHuA; 2) oKpyxHocTh; 3) runepGona; 4) napabona; 5) an-
JHIIC.

2. Haitth xoopamHatei TOUKH (X, yg) MepecedeHUs MeAuaH Tpe-
yroneHHKa ABC, rae A(2; 4), B(-3; 0), C(7; -1).

3. Haiiru (B rpamycax} ocTpblit yron Mexay npaMeMi 4x —2y —7=0wu

1
=—x-11.
' 3
4. Kakue 13 NaHHEIX IPAMBIX NEPNEHTUKYISPHEL mpaMor 2x —y + 3 =0:
Dax+8y+17=0;2)4x—-8y—-11=0;3) y=—%x+5;4)y=—2x—

7,5 =+2Z=1.

10 5
5. B peyramshrke ABC H3pecTHB! BepLUMHEL TpeyToibimka A(—4; 3), B(2; 5),
C(6; —2). CocTaBuTh YpaBHEHHE BLICOTHL, POBEACHHON W3 BepuUIH-
HB! 4,
Omeem: dx+ By+ C=0,rae B~=... ,C=....
6. Haiiti paccrofHte MexXay napajuieNBHBIMHA HPAMBIMHA
y=-0T5x—-6u 3x+4y-12=0. .
7. HaiiTi xoopauHATHI NERTPA (Xo, Yo) H pATHYC R OKPYKHOCTH X -
10x + y* -8y +32=0.

8. Haiith paccrosHHA 4, Mex IOy (oKycaMH SNJHICA :—; + % =l u
12
d> Mexy QoxycaMu runepbons “ 36 =1.
9, HaiiTi paccToslHe MeXIY LEHTPOM PEBHOCTOpOHHEH runepbonsi
= lj;:ss H BepILIMHOH mapadonsl y = —2x% +20x - 43.

10. Haiity COOTBETCTBHC MEXIY YTBSPRACHUAMH OTHOCHTEILHO
ABYX IIockocTeR Ax + By + Ciz+ D1=0(1), Ax+ By + Coiz + Dy
~X _Y—Vo _Z2—2%

n P
1} nnockocTH mapannenwHH;

=0 (2), npamoit X H HX MpU3HaKaMH:

ay A A +BBACC,=0;




2)  NNOCKOCTH NEPICHIMKYISPHEL,

3} anockocts (/) U IpAMas MapaniebHEL,
&) AymtBin+Cip = 0;
4} nnockocTs (/) U npAMad epIeH UKy IAPHLL.
4 _B _G
2) —=—=—,
m n p
11, CocTauTb YPABHCHHE NNOCKOCTH, NPOXOAAINEH Hepes TOuKY
Mo(2; 3; —1) napanaensro nrockocTy 4x — 2y + 52 -3 =0, '
Omgem: 4x+ By+ Cz+ D=0, rpe B=...,C=...,D= ...
12. Y6enMBIIHCH B TOM, YTO IPAMBIE
x+ y—z+4=0, " x+3 y+3 z-1
2x-3y-z-5=0 4 1 2
TNepecekaloTes, HATH HX TOYKY nepecedeHHs (Xg, Vo, Zo)-

132



€€l

Yae6HO-TPEeHHPOBOTHbIE TECTHI Mo THcHHILINHE «JInHeliHan adreGpa
(¢ smeMenTaMH AHAMTHYECKOH reoMerpuu )»> (pasgen 1)

Ne Tect JIA — 1 | Tect JIA - 2 | Tect JIA — 3
1 Haiitu pazmep, KOTOPEIH SOMKHA KMETh MaTpHUa B, 94To0b:
_ CYIMECTBOBANO IPOUIBEACHAE Matpuua A - B Gbina xpanpartHoi, CYLIECTBOBATH 06a NpoU3Beae-
A- B, ecd MaTpHua A HMeeT pa3- €CJIM MaTpHLa A NMeeT pasMep uua A-B n B- A, eciin matpuna
Mep 2 x 4 3x4 A umeer pasmep 3x 2
Omeemwr: 1) 2x3; 2) 4x2; 3) 3x4 4) 3x2; 5) 4x3; 6) 2x4
2 Martpua C = A'B+2E, rne A= (l 2) u B=(3 -1). Hairu:
onpenenuTeNb |2C l onpenennTeih |C | paur rang C
3 | Haitru marpuny C = ABER™' 4™ Haiitn pemenane MatpuyHoro ypae- | Hafitu matpauy, oBpatiyio k mat-
-l 42 yp- -1 _
weuns A" AXB™ =E puue C = (4" B) (4EY"

Omeemot: 1) E; 2) 4, 3)B; 4) AB; 5)AB™"; 6)4”'B




Haiitn anreGpanveckoe gononHe-

Halit anemesT ¢,, MaTpHIlbI

Haittn onpenenurens MaTpuist
C=A-2B, ecu

HHE JJIEMCHTA d,; MATPHIIBI C=B-A, echn
% 2 1 2 3 i 2 -5 A=[23J,B=[°l)
4= 0 1 -1 4=|3 1|, B=| 3 3 1 -4 22
4 -1 5 12 -1 2 1
Peinyth cHCTEMY THHCHHBIX YDABHEHUIH;
X, +3x,= 3, n+x, =3 in -3x,=2,
2x, +x,— x; ==2, X, -x,=1, —-x, +'x =1

l
|
_—

X +Xx,

=% —2x,+ x, =0

Omesempi.

3nayenua:

2 3




YCTaHOBHUTE CBOMCTBA CHCTEMBI TMHEHHLIX ypaBHeHHﬁ, €CJIH MPH pECIUCHNHN METOIOM Faycca Nogy4eHa pacilin-

peHHaA MATPHIla BHIA:

1 2 013 1 2 03 1 2 0|3
0 -1 12 0 -1 12 0 -1 112
0 0 0|0 0 0 01 0 0 1{0
Omeeme: 1) coBMecTHas;  2) HECOBMECTHAd®;  3) ONpeACHCHHAs;  4) HEOnpeAcneHHAs

HaiiTi 3Ha4eHHe napaMeTpa
4, IpH KOTOPOM CHCTEMY JTHHEI-

HBIX YPaBHeHHH
X, +x =1
ax, +x,+2x,=2,
x,+ x; =0
HeNb34 pewuTh o Gopmyaam Kpa-
Mepa

Haiitu 3Hauenue napaMerpa 4,

IIPH KOTOPOM IPH PEIIEHAH CHC-
TEMBI JIKHCHHBX YpaBHEeHHH

x+ x, +3x,= 1,
X, +2x,=l+a,

X +2x,+ x;, = 2

no tbopuyhau Kpamepa BRIMOnHASTCA
pasercTBo A = A,

Haiity x,, €Cou NpH pewesnn
CHCTEMB] THHEHHBIX ypaBHEHUH

x, +3x, =2,
2x, +x,=1,
~ X, +x,=-3

rio popmynam Kpamepa nomyseHbl
ompegemuremn A, =10,

A,=0, A, =15




Haitru 3HaueHAA NapaMeTpoB @ A D, NpPH KOTOPHIX OTHOPOAHAA CHCTEMA THHEHHLIX YPABHCHHIN:

4 + 2x, - x, =0,
2x, + x, =0
(3-aj, =0,
(b-2x,=0
HMEET ABa THHeHHO He3aBUCHMBIX ¥MeET eIMHCTBEHHOE PELlIeHHE MMeET eAMHCTBEHHYIO HEOCHOBHYIO
pelIeHus : nepeMeHHyIo
Omeemai: Ha=3, b—moboe; 2) b=2, a- awboe; Ha#3, b=2,
Hb#2, a=3; SYa=3, b=2; 6)a+3, b#2
HaiiTi 9sCI0 TMHEHHO HE3ABHCH- HafiTi panr MaTpHLbI Hajith uyncno nuHEHHO Be3aBHCH-
MBIX CTOJIGLIOB MaTPHLE! MBIX CTPOK MAaTpPHLE!
1 2 -1 3 1 2 1 2 3 1 2 -1
21 3 -1 2 4 0 2 ¢ 1 4 2
33 2 23 1 -1 -2 -2 2 2 -5
1 1 0 4 -1 2 7
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Haiitu npoekunio sekropa & —2b
Ha HaTIpaBNeHHe BEKTOPa C, eclin

d=-21+-8k,
b=—4i-2j-3k n
E=37—4j+12k

HaiiTh cranapHoe NpOH3BSACHHS
BEKTOPOB (5 + 25)-(5 —E), ecimu

a|=2,[6|=3 n|a+5|=3

Haitru gnuHy BEKTOpa
¢ =2d-3b, ecnu Iﬁl =3,

|I; | =2, a yron Mexmy BeKTopa-

— r o
MH d n b cocrarmer 60

11

Haiiti cobcTBeHHOE 3HAUYCHHE MAT-

(2
L )

HaiiTh cobcTBenHoe 3HAYEHHE MAT-

2 2
puust A ={4 0), KOTOpOE COOT-
BETCTBYET COGCTBEHHOMY BEKTODY
(z4)

Hafiru 3Ha9eHHe NapameTpa a,
TIPH KOTOPOM BEKTOP (l;a) fB-

aseTca coOCTBEHHBIM A MATPH-

2 1
A=
)

12

VKa3aTh PHCYHOK, Ha KOTOPOM M300paxeHo npeodpa3oBaHKe BEKTOpa d ¢ IOMOINIBIO IHHEHHOTO oneparopa A,

3agapacMoro MaT‘le.[eﬁ:

(3 )

2]

26

Omeembr:

2

-
<V




HeenenoBate Ha 3HAKOONPEALICHHOCTh KBAAPATHYHYIO DopMy:
L =5x|2 -|-.1&:22 +7x§ -

13

L=x,2+2x22+2x32+

+2x,.%, +2%,%,

_ .2 2
L==x; -3x; +2xx,

2) oTpHUATENBHO ONpeIeNeHHas;

=2x,x, +8x,.x;

Omeembr:

1) nonoXMUTEILHO ONMpeAeNeHHAN;
3) He ABNACTCA 3HAKOONPEACICHHOM

14

Jlanb! BepUIHHL YETHPEXYTONLHHKA A(O;l), B(S; 2), C(6;5) " D(—2;4). HaiiTu:
YTnoRoit keaPdHIHEHT BHICOTH,

TaHTeHC yrna A

PAcCTOAHHE OT TOYKH NEPECEICHHUA

AuaroHaneil mo ocn abcumce

Haiity 3HavueHHe mapaMerpa d,

onyleHHoH U3 pepiRH C
HaiiTu Tanrenc yrna Mexany Ips-

15

Hatitu 3HaueHue napamerpa 4,
TpH KOTOPOM TIpAMEIE
2x-3y+5=0mn

4x+ay+1=0 napannencHn

x—

TIPH KOTOPOM IIpAMBIE
2y+3=0u y=ax+5 nep-

NeHIMKYIAPHE]

MoMH y=2x—-1lu2y=x+6

HaifTi paccTOAHHE MEXKAY BEPIIN-

16

HaiiTi paccToAHHE MeX Iy LeH-
TPOM OKPYKHOCTH

(x —_2)_2 + (y+ 1)2 =4 nues- LEHTPOM OKPYXHOCTH
TPOM paBHOC'FOngHCI;I renepGomnsl (x + 3)2 + (y + 1)2 =1 Gonwl y = 3x+5
_x- x—4
x+1
JIMHHIO BTOPOTO NOPAAKA 3aa€T Ha MIOCKOCTH YPABHEHHE:
4x’ +y* —16x+2y+12=0

HaiiTH paccTosiHHe MeXIy BepIUn-
Hoii napa6oxsr y = x> —2x-3 n

Hoit napaGoms y* =2(x-2) n

NEHTPOM PaBHOCTOPOHHEH IHIep-

OnpenennTh, KAKYIO

17

4x* —y* +16x-2y+11=0

4) runepboaa

Y +2y—6x-10=0

Omeemui. 1) annung;

2) OKPYIKHOCTE;

3) napabona;




18 YKa3aTh PHCYHOK, HA KOTOpOM H300paken rpaduk QYHKLHH:
_=2x-7 _S5—x _ 25
r= 2+x ~x—1 Y=
OTBEeTH:
1 ¥ 2) v} L 3) ; y
........... J/
19 OnpeReIMTH B3AHMHOE PACIOIMKEHHE B IPOCTPAHCTRE MPAMEIX:
£=y_—I=£ x+l=y+3=z—5 u 3x+12=y—3=_3_{ i
1 -2 3 -2 1 3 1 1 5
3Ix+ y -5z+1=0, x+3=2y+4=2z—l6 x —2y+z=4,
{2x+3y—82+3=0 1 -1 -3 {2x+ y-z=0
Omeembi: 1) coBnaparot; 2} napalinenbHe; | 3) cxpemuMBaoTes; '
4) uepecexkaroTed, HO He NePIeHAHKY IAPHEL, 5) mepeceKaryres Mo NPAMEIM YIIOM
20 | HaiiTa KOCHHYC YTila MexIy IJ0c- Hajitn pacceTosHne Mexay AByMA HalTy 3sHayeHue napameTpa D B

koctamu 4x—5y+3z-1=0n
x—4y—-z+9=0

napajacibFHBIMH INIOCKOCTAMHA
4x-4y+2z-9=04u
4x—-4y+2z+15=0

YPABHEHHH IUIOCKOCTH
x—5y—z+ D=0, ecan ona npo-

XOIHUT 9€pe3 TOUKY (—4;1;3) nep-
NEHINKYIAPHO BEKTOPY (l;—S;—l)
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HToroBnie KOHTPOJbHBbIC 3AJAHNA N0 JucnMLAHe «JInHeiinan anredpa
(e aneMenTaMH AHAJUTHIECKOH reoMerpnn )» (pasgen 1)

Ne Bapuaum JIA. 1 Bopuanm JIA.2 | BapuaumJIA.3 | Bapuawm JIA. 4 Bapuanm JIA. 5
I Hatitu matpmiy C = B(AB)™' + (B'B)'B™" , npenpapurenso npuseas ee k 5o1ee npocTomy BHAY, A€
1 2 3 (1 -1 2 1§51 4 3 5 5 2 5
A={2 2 3|, A=|0 2 -1}, A=3 2 1], A=|3 1 1], A=} 3 5 -3,
3 3 4 1 0 1 6 -2 1 4 4 7 -2 -4 3
-2 3 4 6 -3 2 -1 0 5 1 4 -3 5 -6 7
B=| 7 5 8 B=|5 -4 & B=(-4 7 9 B= 08 9 B=|-9 0 -8
9 0 -6 6 1 -9 3 6 2 -7 6 5 3 -4 1
2 Meronom aycca pelIiTL CHCTEMY YPABHEHHH, 3a1aHHYIO B MaTphuutoil dopme: AX = B. Haiith panr matpuus A, Jano:
X= (g, X5 X3, Xg)' 110
1 2 -3 -4 2 3 1 2 3 -1 1 2 =3 1 1 -3 2 2
e 2 3 -4 -5 , A 31 2 4’ .A=3 -1 2 1’ A= 2 -1 1 2 A= 3 -8 87 ‘
11 -2 -2 1 1 3 -2 1 2 3 4 4 3 -5 2 2 -4 8 8
4 3 -4 -6 -1 2 3 3§ 6.4 46 7 4 -7 5 2 -3 10 8
B=(4 4 2 3) B=(-3 8 6 3) B=(s 1 6 1) B=(1 2 4 7) B=(1 3 0 1)

Havibl Bepunnbt A (xy, y1), 8 (x2, 32), C (23, ¥3)

Coenate Mepren.

Tpeyronbunka. HaiiTh ypapHeHUA 0 A BeicoTsl O 1 Meauansr CE.

A3 0), B(-5: 6),
a4 1)

AQ10; 2), B(2, 8),
(S EHE)]

A(6,2), B(-2 8),

a3

A(8;3), B(0; 9),
c{4)

A(S; 1), B(-3; 5),
C(=2; 0)




Oxonuanue HMo208bIx KOHMPORLHBIX 3A0anuti

Bapuanm JIA. |

Bapuaum JIA. 2

| Bapuaum 4. 3

[ Bapuanm JIA. 4

| Bapuawm JIA. 5

TIpuBeCTH YpaBHeHHe KPUBOH BTOporo nopaaka f(x, ¥) = 0 K KAHOHHYECKOMY BHAY W HAHTH TOUKM IIEpeceteHua
ee ¢ npAMOoii Ax + By + C = [, TlocTpoNTE rpadiHkn KpHBOI H NpAMOii:

X +y —4p+3=0, P+ —12x+10=0, | 2 +8+p+7=0, |y +x+dy+3=0, W —8x—y =0,
Ix+y-3=0 x+y-2=0 2x+y+3=0 x+2y+2=0 2J§x+y=0
5 Haiitu Touxy M’, cuMMeTpHuRY10 Touke M Haiitn Touky M', cHMMeTpHuHYO TOUKE A OTHOCHTENLHO TIpAMOiE:
OTHOCHTETEHO NAQGCKOCTH:
M(1;0; 1), M(-1; 0; -1), M0; -3; -2), M(2; -1; 1), M(1; 1; 1),
x—l_y+3/2_£ x=92 y+3 z-2 x-2 y+32 z-1
4x+6p+dz-25=10 2x+6y—2z+11=0 T 1 1 i —_1/2— T T T
6 JaHu 4eThIpe BEXTOPA @y, &2, @3 H @4 B HEKOTOPOM Gashce.
[Toka3aTe, YTO BEKTOPS] 44, @, 42 00pa3yioT GA3NC, K HAITH KOOPAHHATH BEKTOpA 44 B 3TOM Ha3Hce:
a=(1;3;5), m=(2; 4 -6), a=(4;3;-1), a=(3; 4, -3), a=(2; 57,
a=(0;2;0), a;=(1;3;5), o=(50:4) @m=(2; 1;-4), a;=(3; -3, 8)
&=1(5179), ay=(0;-3;7), a:=(2; 1; 2), &=(-5;5;0), a3=(5;4; 1},
a(0; 4; 16) ag=(3; 2; 52) a;=(0; 12; -6) a=(8;-16;17) a;=(18;25: 1)
7 HaiiTe coGcTBEHHBIE 3HAUEHHA H COOCTBEHHBIE PEKTOPB MATPHILE A.
TIpHBECTH K JHATOHATLHOMY BHAY MATPULY A (ECNH 3TO BOZMOKHO):
2 8 5 1 4 3 -6 8 -2 2 -8 -5 1 4 -3
A=1-4 1 =i-8 2 -5 A=| 5§ 2 8 A= 4 1 3 A=|-8 2 5
8 -2 - -2 -8 -6 3 -4 1 -8 -2 -6 2 8 -6
8

TIpHBECTH K KaHOH

WYECKOMY RHOY KBaIpaTHyHyio dopmy L

L=x} +4xx, +4x,x; +
+4x,x + 4x§

L= 4x|2 +4x %3 +

L =4x;2 +8x1x2 +

+8xyx3 - 3x% + 4x§

+4xx35 + x%

L= 4Jnc,2 +8xpx5 +

+4x %3 + 3x§ - 2x§

L= xlz +4xx, +

+4x4x3 +x32




(44!

Hrorosniii Tect JIA

1. ITpu xakux 3HAUEHHAX 4, b, ¢ ANA MATPHLBI

1 2 5
A= a 4 b
-1 ¢ -5
BBHIIONIHAETCA PaBeHCTBO A = 07
2. lana Matpuna

1 2 3

A=|1 4 0

0 2 1

Haitry onpenenurens [B| matpuisl B = 44°,

3. BHIACHKTD, KAKHE U3 [PHBEACHHBIX HHXE MATPHI(
ABAIOTCA HYTIEBbIMH (A4 H B -— KBaJIpATHHIC MATPWIIBL):

1) BA - AB; 2) (BAY — 4'B; 3) 4'B' —- B4,
) (A'BY - A8 5) A4 — A'A.

4, TaHbl MATPHIILL

1 2 01
A = B B = .
3 4 2 3
Haiitu cnen tr C matpauel C=AB - B4+ 4+ B.
S. BEIACHHTE, IPH KaKOM 3H3YeHHH 4 paHT MaTpHLE]

A sBNAeTCA HAHMEHBLINM CPEAM PaHIoB HpHBEIEHHBIX
MaTpHLI;

1 2 3 2 31 1 11
A={ 2 4 a B=|0 0 0 C=|0 2 1},
-1 -2 -3 4 6 9 0 05

6. Mo dopmynaM Kpamepa pemInTE CHCTEMY ypap-

HeHHH:
2x—3x, + x; =0,
X+ 2x, +4x, =7,
-x+ X =1.

B oTeeTte maTh 3HAYEHHA NEPEMEHHBIX X, X2 H OIpe-
JdennTena A;.

7. BHIACHWTE, KaKO# H3 METOM0B MOWHO NPHMEHHTh
JUIA pelHeHNd CHCTeMB! YpaBHEHHI:

x+2x, +5x,=0,
X+ X, — x3=1,
=2x+ 5x, +2x,=3;

1) Meron ofpaTHoH MaTpHnu; 2) no dopmynam
Kpamepa; 3) meton I'aycca.

8. Jano matpuusoc ypasHerHe AXB = C. Ero
peLlense ¢ MOMOIBI0 obpaTHsIX MaTpull A, B~ umeer
BHA;

1) 4A7'B'c;, 3)47'CR,

2) Blca'; ca'B.




9. s cucteMsl ypapHeHu#
x —2x, + 5%; =0,
{—x, + x- x =1
HAHTH Oa3ACHOE PEILCHNE (X1, X2, X3), TIONYUAEMOE IPH BHIGOpE
B KaYECTBE OCHOBHBIX (0a3HCHBIX) NIEpEMEHHBIX X1, X2.
16. JIng cucteMs! ypasHenmii
X+ Xy +2x,+ x, =0,
2%, +3x, + x3+4+3x, =0,
2x + 5%, —5x; 4+ 5x, =0
HaliTH $yHAaMeHTaNbHYI0 cHCTeMy peuienuil. B oteere
JAaTh YHCIIO TAKKUX PelleHH.

11. Jana matpHia npaMelX 3atpaTr A B moaenH Jle-
OHTREBa:

(02 02
10,7 02

OTBETE JIaTh €2 JICMEHTEE 511 U 53/,

12. Ipe cTOpOHH KRAaAPAaTa JIEKAT Ha NapaieIbHBIX
npaMeix 3x + 4y +25 = 0 u 3x + 4y + 50 = (. Haiit nno-
A Ab KBAJIPATa.

13. B tpeyroneuuke ABC 3anannl BepiinHbl A(Q; 2),

B(4; 0) » Touxa nepeceveHnd BoICOT M| [%, %) . Hafitn

}. Haifits MaTpHLy monHeIX 3aTtpar S. B

ypaBHEeHHe CTOpoHH BC.
Omeem:4x+By+ C=0,rae B=...,C

14. CoctapuTh YpaBHeHHE GUCCEKTPHCH! TYNOro yr-
Ja MEXJy NpAMBIMU 3x +y - 12=0u y=0.

Omeen. 3x+By+C=0,rae B=...,C=....

15, JInuns, paccTogHHe KaxJo# TOUKH KOTOpO# OT
Touku A(2; —2) BABOE MeHblUE, YeM OT ipamoit x + 1 =0,
€CTh:

1) npamaa muHuA; 2) OKPYKHOCTD; 3) 3nunc; 4) ru-
nepGona; 5) napabGona.

16. CocTaBHTL YpaBHEHHE NOpaAMoil, mpoxomsAmeH

H BEPIIHHY

4x+
gepe: LUeHTp rHnepbonel y= x—;
napa6onsl y = —2x + 16x — 30.
Omgem; x + By+ C=0,rpeB=...,C=....
17. CocTaBuTh YpaBHeHHE [UIOCKOCTH, NpoxXoasmeii
gepes Touky (—1; 2; —3) nepneHAMKYMApHO OpPAMOH

x=2,
y—z=1.

Omeenm: By+ Cz+1=0,tne B=...,C=..,.
18. Haiith {B rpanycax) yron Mexay IUIOCKOCTBIO

y =2z ¥ npaMoi
x=-z+1,
y=2




19. Haiitu (B rpagycax) yroa MexIy BeKTOpamH
G=2m+4F u b=m—A, rae M W A — eQUHWIHBIE
BEKTOpHI, 0Gpasyiomne yroa 120°

20. Haiita {c Tounoctsio Ao 0,1) mpoekumio BeKTOpa
d=(2; -3 4) Ha 0Ch, COCTARNMIOUIYK) C KOOpAHHAT-
HBIMH OCAMH PaBHBIE OCTPLIE YTHEL

21. BRIACHHTH, NPH KAKOM 3HAYEHHH A BEKTOPEI
a,=(=2;0; 1); a2 = (1; =1; 0); @3 = (0; 1; X) He obpa3yiot
fasuc B MpocTpascree R,

22. BsISCHHTB, NIp¥ KakoM 3HaueHHW A BEKTOp
b = (1; )) nuuefino BRpaxkaeTcAd Yepez BEKTOpHI
a={2; Dum=(4; 2).

23, Bextopel x; = (-1; @) u x; = (b; 1) amnpmorcs

1
¢ cob-
2 3
CTBEHHEIMM 3HAYCHHAMH &), Az (A < A7) COOTBETCTREHHO.
Haiita Ay, Az ¥ 3HAYSHHA g U b.
24, Haiitt HauMeHBILIEE TIEN0C 3HAYESHHE A, IPH KOTO-
pPoM OyIeT TMONGKMTENBHO ONpeAeieHHOH KBampaTHYHaA

dopma L =Ax] +x3 +4xx,.

cOOCTBEHHLIMH BEKTODAMH MaTpHHB A =(




Paznen II

BBenenne B ananns

I'naBa 5
OyHKuun

CnpaBouHblii MaTepua

1. Ecnv xaxxaoMy dAeMeHTY (3HaYeHHIO) ¥ MHOMECTBA X HOCTABUTE B
COOTBETCTBHE ONpEAEICHHRIA dleMenT (3IHAYEHHE) ¥ MEOKECTBE ¥, TO TO-
BOPAT, YTO Ha MHOKecTBe X' 3ajaHa yHKUMA y = f(x); TIpH 3TOM MHONe-
CTBO X HalblBaeTcA ofinacmbio onpederenus PYHKLMM Y, 8 MHOXKECTBO ¥ —
obnacmoio avennil PYHKLIRY v,

2. DyHruMA y = f(x) HAIBIBACTCA Yemuoti, ecIn AN MobEIX 3HaveHu x
u3 obnactu onpeaenchus GyHKUMH f(—x) = f(x), # nevemuoi, ecin f(—x) =
= —f(x). B npoTiBHOM c1yuae f(x) — dyHKUKA oblero suaa.

3, dyukuma v = f(x) naseigaetcd sozpacmaionieds (yovieaioweli) na He-
KOTOPOM MpOMeXyTke X, eclH §onblieMy 3HAYEHHIO apryMeHTa COOTBeT-
crByeT Gonbllee (MeHblee) 3HaYeHHe QyHKUMK f{x). Bospactaiomme uimn
yOrIBatoLMe hyHKUMY HALIBAKOTCH .MOHOMORHBLMIL.

4. OyHKUMA f(x) Ha3BIBACTCA O2pAHUYEHHON HA MPOMEXYTKE X, ecau
CYLUECTBYET Takoe yHchao M > 0, uro |[f(x)| < M, ona Becex x € X. B nmpo-
THBHOM cyuae GyHKUNA HAILIBACTCA HEOZDAHUYEHHO.

5. Ecnn dynkung y = f(u) ects PyHKUMA nepeMeHHOH ¥ (OTIpeaeieH-
Hoit Ha MHOXecTBe U ¢ obnacTeko 3Hadenuit Y), a nepeMerHas u, B cBOW
ouepens, Takke asngercs (yHkuwed # = @(x) (onpefenenHoll Ha MHOMe-
crBe X ¢ obnacTbio 3Hauennit U), To 3apanHan Ha MHOXecTBe X QyHKUHA
¥ =f[wv (x)] nazupaerca caoxcroi dyHkuHei.

6. OCHOBHBIE YeMeHTApHBIE PYHKLHHA;

a) cmenennan PyHKnUa y = x ",

6) noxazamensnas Gyukuns y=a’,a>0,a = 1

(X= (003 +0); ¥ =(0; +00) );

&) aozapudmuveckan dynkuna y=log.x,a>0,a=1
(X =(0; +o0); ¥ =(—0; +0)};

2) mpuzonomempuieckue dyukyuu y =sinx, y =cos x, y=tgx, y =ctg x;
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0) obpamuvie mpuzoroMempuyeckye (pyrkyHu ¥ = arcsin x, y = arccos x,
y=arctg x, y=arcctgx.

7. DYHKUHN, TOCTPOEHHEIE U3 OCHOBHBLIX AMeMEHTAPHBIX HYHKIHI npd
MOMOIIH KOHEYHOIO YHCIE AITeOpaMuecKHX ASHCTBHHA M KOHEYHOTo YHCNA
onepauui o0pa3oBaHUA CIOKHON GYHKLHY, HA3LIBAIOTCH JTEeMENMADHbLMU.

8. ®ynkuna y = f(x) Ha3biRaeTCH nepuoduvecxoli ¢ nepuogoM T # 0,
ecin f(x + )= f(x) ans nobux x € X.

9. Ipecbpasosanun zpaguxoe:

a) y = f(x + a) — capuraer rpaduk y = f(x) napannensno ocn Ox Ha
|a} emasun, {@ > 0 — BAEBO, 4 < 0 — BOPABO);

6) y = f(x) + b — casuraer rpaduk y = f(x) napannensuo ocn Oy Ha
|5 enwran (b > 0 — BBEpX, b < 0 — BHU3);

8)y=cf (x) (¢ # 0) — pacTaruBaet B ¢ pa3 (¢ > 1) wnn caumaer (0 < c < 1)
rpadmk y = f(x) oTHOCHTENBEHO ocH Oy, pH ¢ < () CHMMETPHYHO 0TOOpa-
skaeT rpadHK OTHOCHTENLHO ocu Ox;

2)y=f{kx) (k= 0) — cxxnmaer B & pa3 (k> 1) unu pacarueaer (0 <& < 1)
rpaduk y = f(x) otHocHTeNnbHO ocH Ox; npH £ < { ciMMeTpH4HO oToOpa-
#aeT rpadHK OTHOCHTeNEHO ocH Oy.

10. Abcomomuas eenuvuna (MOAYNE) BeHCTEBHTENLHOTO YHCHA X:

|x|- x, e x=0;
-x, ecmn x<0.

5.1. Haiita obnacth onpefenctHus QyHKUHH

2
Y2t in(x-+10).
2*(x-6)
Peme nue Tak kak BBIPAKCHHE T10A KOPHEM YETHOH CTENEHH JOMK-
HO OBbITh HEOTPHLUATENBRHO, 3HAMCHATEND ,upoﬁn OTAHYCH OT HYJA, a BbIpa-
HKCHHAEC, CTOALLCE MNOM 3HAKOM norapnqma, ROJGKHO ObIT MONOKHUTENEHO, TO
obmactb onpenencHiA tl)yHKI.IHH HaieM W3 CHCTEMBI HEPABEHCTE:

y:

x -420, (x=2)(x+2)=0,
2"(x+6)¢0, HIH X #6,
x+10>0, x>-10,

xe{-ow; -2}u [2; +o),
OTKy a2 x#6, _
xe (— 10; + oo).
3HaUEHHA MEepeMEeHHOH X, KOTOphIE YIOBIETBOPAIOT BCEM HEPABCHCT-
BaM CHCTEMEI OJJHOBPEMEHHO, eCTh X € (— 10; — 2] v [2; 6) v (6; + oo) »
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1
3sin2x+4cos2x

5.2, Haiitu 06nacTb 3HavueHwi QYHKLHH y =

PemeHue BoHeceM B 3HaMeHatene 3a ckobky v3°+4> =5:
|

y= . Ilonaras, yro 3 cos B, 4 =sin B (3TO BO3-
3. 4 5 5
5 Esm 2x+~5~c052x

2 2
3 4
MOXHO, TaK Kak (EJ +(§J =1), nomy4nm:

1 ' 1
= LJHIA y=—————
4 5(cosp sin2x+sinf cos2x) Y 5sin{2x + ) _
Yuureieas, 9to sin (2x + ) NpUHEMAET BCe BO3MOMKHBIEC 3HAUEHHA Ha
otpeske [-1; 1), man S5sin(2x + PB) Ha orpe3xe [-5; 5], Hailgem, utO

ye[l-oo; —%]U[%; +ooJ.>

5.3, Haittu ofnacte sHaueHwi dyHkunn y =107,

P ¢ m ¢ H n e. Bocmons3yeMcs onpeaeneHneM odpatHoH $yHKIVH, B
COOTBETCTBYH € KOTOPHIM o0nacTe ee ompenenchua OyaeT ApnaTees obna-
CThl0 3uauenuii ucxopmoit ¢yuxwmu, Hadinem dyuxunio, obparHyio K

bynKuMR y = 1072 , BuIpaXasi x uepes y: —2x° = Ig y win x° = —%lgy. Tax

Kak x* 2 0, To —%lgyZO, otkyma lgy <0m pe (0; 1], T.e. HaliieHHBIH

MONYUHTEPBAN U ABNKETCA 00NacThio 3HaYeHH HCKOMOIt DYHKUHH. )
5.4. BLIACHHTD 4€THOCTb (HEUE€THOCTD) GYHKIHM:

4
a) y= X _Ji-x? 6)y =3"sinx.

CosX
Pemeunue:
Cxf X e
H —-x)= —y1-{- =———41-x".
a) Haiinem y(-x) w0 () (-x) oox x

Tak kak y (=x) = y (x), T0 1o onpegeacHuio (. 2} HcKoMan GyHKUHA
ABMSCTCH YECTHORM;

6)y (=x)=3"sin (-x) = 3™ —sinx. Tax kak y () # y (x) ny (¢} = v (x), T
No ONpeie/IcHHIO (. 2) HekoMan QYHKLMA ARIAeTcA GyHKUHeH ofLero BuIa,

5.5. HaiiTi ocHoBHO# (HaHMeHBLINI) epHon GyHKIMK ¥ = 2sin 4x.

Pewe Hue [o onpesenchnio nepuoguyeckoii byHrmud (m. 8)
y(x+ Ty =y (x), wia mobeix x u T # 0. [lna £(x) = 2 sin 4x nMeeM:
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2sin{4 (x+T))=2sindx, wm sin (4x +47) —sin4x =0,

. 4x+4T -4 4x + .
OTKyHa 2sin % . cosx—?ii{ =0, 1e.sin 27 - cos (4x +

+27) = 0. TlonyyeHHoe paBeHCTBO Oy/IeT BRHIONHATLCA IPH MOGBIX X, T.€.
TOXACCTECHHO, €ClH COMHOXHTENb, He cOogepXalmii x, OYHeT paBeH Hy-
mo, T.e. sin 27 = 0 1 HanMeHbUIee (He pasHoe Hymo) T= n/2. P

2x-3
x=3

5.6. [loctpourts rpabnxn byHKUMi: @) y =1 - 241 6) y=

Pewenne:
a) BriaennM nonHel Keaapat:
y=-20"—4x+1=2("+2x+1)+3=2(x+ 1 +3.

Bocronsayemcs npeoOpasopannamu rpaduxoe (. 9): @) ctpoum rpadnk

= x? (rpadux 7, puc. 5.1, a); 6) cTpouM rpadk y = (x + 1)° napannensHbiM
nepeﬂocom y= xP Hg 1 enuanny Breso (rpaduk 2, puc. 5.1, a); 8) crponm
rpadmk y =2 (x + 1)%, pactarueas rpadmk y = (x + 1)°8 2 pasa BIOMb OCH Oy
{rpaduk 3, puc. 5.1, 6); 2) ctponuM rpaduk y = -2 (x + l) orolpakas rpa-
dux y =2 (x + 1)’ cuMmeTpiTaHO OTHOCHTE/THO OCH Ox (rpaduk 4, puc. 5. 156)
0) cTponM rpaduk y = -2 (x + l) + 3, nepememan rpaduk y = -2 (x + 1) Ha
3 eqnHMNE BBEPX BROIL ocH Oy (rpaduik 5, puc. 5.1, 6).

Puc. 5.1
6) BuimenuM uenyto 4acTe ApoOH:
2x-3 2x-6 +3 2x-3 3
y==22, y= (2:-6) k-3), y=—7z+2.
x—3 x-3 x-3 x- 3 x-3

Bocnonbayemcx npeoﬁpaaoBaHHaMH rpadHkoB (0. 9): g) cTpoHM TPpa-

iil)s y— (rpatuk 7, puc. 5.2, @); 6) CTpoHM TpaduK y— , COBHTAA

y=l BOONL OcH Ox Ha 3 eIHHUUBI BIIPABO (r‘padlmc 2, puc. 5.2, a);
x

3 pacTAriBas y = —-l—-g B 3 pa3a BAOIb ocH Oy

8) CTPOHM rpaduk y = 3
xX— X =
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(rpagux 3, puc. 5.2,.. &), 2} crpoum rpadmuk y=—i2-+2. nepeMenias
x—.

y= . Ha 2 eqMHMLBI BBEPX BROML OcH Oy (rpadmk 4, puc. 5.2, 6). P
4, vk .
vl W
L] ]
L) 1
\\ \\
\.1-__ - ""-u.\ \-..__‘__‘3‘_ -
"';;-:"G 3 x : "‘“-0‘)\ 3 x
" X
‘| -2 ‘\\
': -
L]
a4 .8
Pue, 5.2
5.7. Pemnts HepaBeHCTBa:
alx+3 <5 o)|lx=7>9.
Pemenne:

a) Y3 onpezenenns-abcomoTHOH Benwaursl (Momyna) (n. 10) cnenyer,
yto a0coMmOTHAs BeNMYMHA Pa3HOCTH ABYX Hucen |x — a| o3HadaeT pac-
CTOAHHE MEXIY TOUKAMH X H @ Ha YHCcnoBoil npamon. [ToaTomy peleHns-
MH HepaBeHCTRA [x — a| < ¢ 6yOyT ToukH nHTepBana (a — ¢; @ + ¢), yAoBne-
TBOPAIOILIHE HEPABEHCTRY a — ¢ < X < ¢ + ¢. B HamieMm caydae (puc. 5.3)

c=J3 c=J3
-3 -3 2 x
Puc. 5.3

a=-=3; ¢=35, cnegoBatenpHo, -3 - 3 <x<-3+ 5, Te. xe(— 8; 2].

6) PewunM HepaBeHcTBO |x° — 7| € 9: BCE IHAYESHUA X, ABNSTIOUMECH Pe-
IlEHHEM TOTO HEPABEHCTERA, HE ABNAIOTCH PellleHHAMH HCXOZHOTO, W, Ha-
NpPOTHE, BCE 3HAUCHUA X, KOTOpHIE He ABIAIOTCA pelleHHeM MOoCNeIHero
HEPABEHCTRA ARMAIOTCA PEIMEHHEM UCKOMOTO.

Pelnas aHanorH4HO NpHMeEPY a), HMeeM: 7 — 9 < x* < 7 + 9, Te.
~2 < x* < 16. Tak Kak x° 2 —2 NpH BCEX X, TO PELIaEM HEPABSHCTBO P <16,
HOTYYHM [x] < 4, oTkyna -4 < x £ 4, T€. x€ [—4; 4]. CrnepoBartenibHo, pe-

'
LIEHHEM MCKOMOTO HepaBeHcTsa Gyaer x e {—oo; — 4)u (4; + oo) .
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5.8, Jlana pynxumna y(x)= x+§ . Haitrn y[lJ :
x - X

P e 11 e # 1 e. YroOs1 HaiiTH ){lJ,nymommoxammxe}memq)y}m-
X
! +2
LM (X} OLCTABUTE —l—.I'Io.llyqaeM y(-l-)z-‘ll‘-——,wm y(l)= 1+2x >
. x x) 1.5 x; 1-2x
- X

5.9, Hasectno, uto y (x)=2x+ 5,ay (3 - 2 - z (x)) = 10 — 6x. Haiii1 z (x).

P e e Hu e Conuoi croponst, /(3 — 2 2{(x)) MOKHO noayunTs W3 f(x},
HOACTABMB BMeCTO X 3 — 2 z(x); ¢ apyroii croponst, /(3 — 2 z{x)) = 10 — 6x
no ycnoeHk. TakuM obpaioM, MMeeM ypasHeHde 2 - (3— 2z (x))+ 5 =10 - 6x,
n3 xoroporo z(x) = 1,5x + 0,25, p

5.10. Iocrosansie M3depxku F (He 3ABHCANIME OT “HCIA X CAMHUL
NPOX3BEACHHOH NMPOAYKIMH) cOCTapnAoT 125 Thic, py0. B Mecau, a nepe-
MeHHBle H3aepKkH F(x} (mponopunoHanbHue x) — 700 py0. sa xaxkmayio
eguHALY npoaykuud. Lena epunnupl npoayxunn 1200 py6. Haktn obbem
NpPOAYKUHH X, PH KOTOPOM NpUOBIE paBHa: g} Hymo (Touka GesyGriTou-
HocTH); 6} 105 Thic. pyb. B MecHll.

Pemenue:

a) 3aepxku NpoM3BOACTBA X eJUHHL NpoAyKOKH cocTasar: C (x) =
=F+ Wx) = 125 + 0,7x (Teic. pyH.). CopoKynmHBIi A0X0A (BRIpYUKA)} OT
peanuzaun 3Toft nporykuuH R(x) = 1,2x, a npubeume P(x) = R(x} - C(x) =
= (,5x — 125 {THIc. pYy6.). Touka 6e3ybrITOUHOCTH, B KoTopo# P(x) = 0,5x -
— 125 =0, papna x = 250 (en.).

6) Ilpubeine P (x) pasna 105 (1ec. py6.), T.e. P(x) = 0,5x — 125 =
= 105 npn x =460 (en.). P

5.11. [IpononkuTeILHOCTh BRIMONHEHNA ¥ {MUH.) PH NOBTOPHEIX ONe-

palHiAX CBA3AHA ¢ YHCIOM X 3THX onepauﬂﬁ 3aBHCHMOCTEHY Y —

x+c
BEIMHCIATE, CKONBKO MHHYT BRIONHACTCA paboTa nph 50 onepauusax, ec-
JA H3BECTHO, YyTOo MpH x =20 y =125 ampux=200 y»=50.

P e m e H 1 e. Haitnem napaMeTps! a K ¢, yuuTeiBad, uro y (20} = 125,
y (200} = 50. HmeeM cucteMy:

125=—2,
20+¢
50 = —r
200+¢

pellas koTopylo HailgeM a = 15 000, ¢ = 100.
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Urak, y= 15000 Hnpu x =50 ¥50)= 15000

= 100 (mun.). P
x+100 50+100

Hafitn obnactr onpeaeneHua QyHKLHA:

2!@ li 216-x7
502, y= VB ofitr g4y, VIOTX g =A< tgx.
x—1 lg(x -1y ,
in{x — ,/ inx-0,5
5.45. y= aresin(x-1) o o p=YMXTD2 (e —1)-In(4—x).
lgx %’x -2 .
Haittu obmacty rHaueHnit GpyHxunit:

5.17. y=35sinx+2cosx. 5.18. y e 2. 519, y= " 3x2 .
+x

3

. 521 y=1 _
(sinx+cosx)’ +2 y =log, (arccos x}

520. y=

BEHIACHATE Y€THOCT (HEUETHOCTh) (yHKII%:
3

522, y=x+sinx. 823, y=x-sin’x
2 ] 3
524. y= gl—xl-e"' . 528 y= X cc:s % +sin?x.
3\(cosx 2%

_ 3
5.26. y=lg{§+; }

Halite nauMenbiumii nepuost DYHKIMA WIM 10Ka3aTh HX HenepHoanY-
HOCTR!

527 y= 4cos(—;-+3x} - 528, y=3tgdx+1. 529. y= sin? x.

5.30. y=sin l 531. y=x-sinx,
X .

5.32. Jlana dynxuna y (x) = 1xx » HATH y( 4-x )
I-x 2+x

5.33. Jana ¢yuxums y = 27, naittn y (logo s x).
1+ z(x)
2

- 1
5.34. Wasectho, uto y{x)= 3-x ,a y( } =— . Haiitu z (x).-
2+x x

5.35. Hspectho,yto y (x}=3",ay (4z (x)) = -12—— . Haiiru z (x).
X

IMoctpouts rpaduky GyHKUMiL:
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5.36.y=7+6x—x; y=3’“2; y=3.271
x+1
537.y=2log, (4 +x); y=2cos(2x+%).

5.38. IpennprAaTtde Kymuno aeToMoOWNE cTonMocThio 150 ThiC. pyd.
Exeroanas HopMa aMOPTH3alMH cocTaBisteT 9%. Ionaras 3aBucHMOCTh
CTOHMOCTH aBTOMOOWIIA OT BPEMEHW NHHEHHOMH, HalTH CTOHMOCTH aBTO-
Mobung yepes 4,5 roaa. _

5.39. 3aBHCHMOCTE YPOBHA NOTPeOIEHHA Y HEKOTOPOIo BHAA TOBAPOE OT

b . Hailith
+¢

YpoBeHb notpefIeHHA TOBapoB NpH YpoBHe aoxona ceMbn 158 aeH. en. Ha-
BecTHO, HTO Npu x =50 y=0;mpux=74 y=08; 0pux=326 y=23.

5.40. baHK BHIIIAYHBAET exXeroaHo 5% rogoBwX (CJIOMKHBIA TPOLEHT).
OnpefendTs: a) pasMep BKNajga veped 3 rofa, ecnH NepBOHAYATLHEIHK
BKnan coctaBun 10 Teic, py0.; 6) pasMep NepPBOHAYAIBHOTO BKAANA, NPH
KOTOpOM uepes 4 rojia BkNag (BMecTe ¢ MPOLESHTHBIMH NEHLTAMH) COCTa-
BHT 10 000 py6.

YV Kk a3auue Pasmep Bknana {J, uepes ¢ ner onpenensercd mo gop-

YPOBHA JOX0Ja CeMBH X BhIpaKaeTcA topMynoil: y=a-—
x

myle O, =Qp (1 + l—‘ga ¥, rie p — NpoLeHTHAR CTaBKa 3a rof, Jy ~— nep-

BOHaYabHEIA BKNAJ.
Jagaum A OBTOPEHMA

Haiitn obnacti onpenenesns (yHiuit:
log,1 4, ,(25- %)

J 45in x

Hafitn 061acTH 3Ha4eHHH QYHKUNI:

540, y= . 541. y=+/x+5 -arccos(x +5).

5.42. y=3sind4x+4cosdx. 5.43. y=

1+2x%
BBIACHATE YeTHOCTS (HEUETHOCTR) Gy HKIUMI:

5.4, y=x2—arctgx—3/3?. 545, y=x" -arsinx +cosx.

5.46. Haiiti HauMenblunii nepron dyHKUHH y = 4tg 3x.

5.47. Jlaua dyuxuus y{x)= 2% , HaitTy y(i{_J
3+x 2-x

5.48. H3pectHo, uto y(x)=10",a p(2+z(x))= 100+/x . Haittn 2(x).
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5.49. KimneHt p3an  6anke kpeaut nog 10% roaosbix (CHOxABI npo-
ueHr). OnpenenuTs: a) pasMep KPEANATA, SCITH [0 HCTEUEHHH TPEX JIeT KiIH-
€HTY OPHULIOCH BHIMNATHTE 159 720 pybneid; §) 1o McTedeHHH CKONBKHX
MOMHBIX JeT KIHEHTY TPHIOCE OBl BBILIATUTL CyMMY BABoe Gonsulyio,
yeM pasMep NOJYYEHHROro KpeanuTa?

RoHTpoabmbie 3anaHuA 0o riaase 5 «DyHKIMA>

M Bapuawm 5.1

Bapuanm 5.2

Bapuanum 5.3

Haiith o0nacTh onpeasneHua hyHKIHIA:

|| ye—— ye 3% p=yx+2-
42522 1g(3-x) ~n(4 - x)
1-x? -in(x+1) Ja—x? _ arcsinx
A N + sin 5x
x° +1N57 arctg x
Y +log,(x-2)
T x
BRISCHHTE YETHOCTD (HEUETHOCTE) Y HKIHIA:
_sinx .2 s )
3= o2 y=(sin”x+cosx)-x° | y=x"Inx
tgx x
4 -ty 2 = _ _
y=3".x +cosx‘ i ix prm
-x’In(1+x%)

HaiiTH 0b6nacTh 3HaUeHHH QyHRIMii: |

s =2J3x-4

y=06sinx-8cosx y=;1.5'2’rz
x+1
Haiftit ocnosHol (HauMeHBIINGY nepros hyHKUHIA:
6 | y=sin?4x y=25in% y=tgix
ToctponTth rpadHKH $yHKLHHA: |
7 | y=-3x* +10x-3, | y=-5x*+26x-5, y=-4x" +17x-4,

_1-6x _1-5x _2-9%
Y12 2-5x 2-3x
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Teer 5

1. BBIACHUTE, KaKue U3 QYHKUHH ABIAIOTCR CNOKHBIMH:
1) y= _Zf_ ;) y= [——2——T ; 3yy=arcsinx; 4)y= arcsin (3x)
JE 1] ,J§ 1] 1 -

2. BoiAcHUTE, Kakue W3 QyHkunii 3a5aHLl HeSBHO!
yy=sin’lnx; Dy=tgx+y)-3% Nx-y=xp
3. BuIRCHHTE, KakHe U3 QYHKLMA ABNAKOTCA OTPAHHUCHHBIMH;

l)y=e"‘2; 2)y=e‘3; 3)y= coszx; 4}y =sinx + cosx.
x

4. BHIACHHTb, KaKue W3 QYHKUMH ABIAKTCE MOHOTOHHHBIMH TIpH
xe(— ao; +oo):

x, npu x <0,
hy=x;  2)y=x; 3) y={2x, ngn x20 ) y=%/;.

5. Bmscmm. Kakne H3 PyHKIHH ABIATCA HEYeTHLIMH:

+ sin x; Z)y'—ic%“--;—l2 Ny=x+igx; 4y=x-tgx

Dy=
COsx

6. YraxHTe BepHEIE YTBePAAEHIS AIA GYHKLHH Y = arcsin x.
1) monoToHHAs; 2) orpaHHYeHHaA; 3) HeorpaHHYEHHA, 4) HETHAM,
5) neuetHan; 6) o0mero Buaa; 7) aBHasd; 8) HespHasA; 9) cnokHAad.

7. CxonbKO HaTypanbHBIX 3HAYeHHH x coaepxuT obnacts onpexesne-
ln(Jn:2 -9)+ V9-x

x—4 2¥ —64

?

HUA QYHKLHH y =

8. Haiitu ofGnacte sHavenmit Y Qynxuun y = sin x + 480 cos x. B
OTBETE YKa2aTh AJAHHY OTpe3ka, IPeACTARIAIOLIETO Y.

9. Haiitu (B rpagycax) OCHOBHOH (HaNMEHbIINHA) NepHO GyHKIMK
y=17sin 5x.

10. Jau |pa(bmc GyHKWIM y = f(x). BRSCHUTS, CKOMEKO pARIYHBIX JCHCTBH-
4 =A%) TENBHBIX l(Op]-leH HME-

/—-—\ / eT ypf.BHeHHe
-2 0 \/ f{ax"+3)=0.
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11, BuifCHUTE, KAKHM YCITOBHEM YIOBIETBOPAIOT 4, b, ¢, €CHK rpa-
UK YHKUMHA y = a (x + b)° + ¢ uMeer BuA:
: Da=>0, b<0, c>0

¥ 2a<0, b>0, c>0;
3a<0, b>0, c=<0;
4ya<0, b<0, c>0;
- 5)a<0, b<0, c¢<0,
/o \ x

12. 3aTtpartel Ha NPOU3BOACTRO NPOAYKLINM y (THIC. py0.) BEIpaxaOT-
ca ypaBHeHueM y = 100 + 10x, rae x — xonHuecTBO Mecales. Jloxon
OT peayu3allud HpOAYKLUHH BHIpakaeTcd ypaBHeHHeM y = 50 + 15x.
HaunHas ¢ Kakoro Mecaiia npon3eoacTso Oy1eT peHTabeTBHRIM?




InaBa 6
ﬂpeneﬂbl H HEMPCPLIBHOCTD
CapasouHbIH MATEPHAN

1. Ecnin 1o HeKOoTOpOMY 3aKOHY KaXKIOMY HATYPaNnbHOMY YHCHY A 1O-
CTABACHO B COOTBETCTRHE OTPEAEIEHHOE YHCIO ay,, TO FTOBOPAT, YTO 3aAaHa

wucnoeas nocredosameaswocms {a, }.
2. Uneno A HasbIBAETCA Npeoetom 4icioeoti NOCRe008amensRochi {a,},

eclH ansg ndoro £ > 0 Hakigercd Takoil HoMep A, 3aBHCALIMI OT €, YyTo InA
BCEX YJIGHOB MOCTEAOBATENBHOCTH C HOMEPAMH ;1 > N BEPHO HEPABEHCTRO

la, — A< (lima,, :AJ.
H=Fx
3. Uucno A HaspiBaeTcd apecerom gynxyuu y = f(x) IpH x — o, €ClIH

ana moboro g > 0 Haiigetrca Takke uMcio S > 0, 3aBACALIEE OT £, YTO A0
BCeX X TakHX, urto |x| > S, OyaeT BepHo HepaBeHcTBO [f(x) — A| < ¢

[ lim 7(x)= A).

4. Uncno A naseiBaerca npedenom ynxyuu [ (x) NpH x —> X,, €CIH

ana mwboro € > 0 »ajigercs yncno & > 0, 3apHcALIeS OT €, 4YTO A BCeX
X # Xo M YIOBAETBOPAIOLIHX YCIOBHIO X — Xg| < & BHIIOJIHAETCA HEPABEHCTRO

Fx)—A)<e [ lim f(x)= A).
X=»Xp
5 beaxuus «(¥) Ha3hlBaeTCR OeCKOHEYHO MAnol BeaMYHHOW TpH
x—=x; (M x> » ), ecan lim a(x)=0 (lim alx)= 0]_
X—=+xp X=pan

6. OyHrUHA Ax) Ha3bIBaeTCA Deckoneyno O0rbwiol BEHIHHOW TPH
X = Xy, eciH AR oboro M > Q Haiiferca Takoe uncno & > 0, 3apucaniee

OT M, uTO IJ11 BCEX X # Xo H YAOBNETBOPAOLIHX YCIOBHEO Jx — Xg| < & Oyner
BEpHO HepaneHCTBO |f (x)] > M [ lim flx)= oo) .
X=X,

7. Ceolicmea fecxoneuno marex. Ecin alx) v P(x) — GeckonedHo
e
Mankble BeIHYAHB]I IPH X —» X, (MMM x —> o), To OyayT OGecKoHEeYHO Ma-
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NBIMH BeNWYMHEL: afx} = B(x); calx), ¢ — nocroanaasn; fix)ya(x) (Ax) —

orpaHnucHHas Pyuxuna); a(x)-Blx); a(x) [ lim  f(x)= 0].
F(x) | xx0()

8. Ceoiicmea becxoneuno Boavmux. Ecim f(x) — Heckoneuno Gonpinan
BeJIHYHHA NPH X — X, (W1 x — 0 ), To Oyayt GeckoHeuHo GONBIIHMH

BENHYHHAMA: f(x)-®(x) [; li:r{lu}tp(x) #* OJ; Jx)to(x) (¢{x) — orpannuenHas
f(x)

(%)

PyHKIHR); (p(x) nMeeT npeaen).

9. Ecnu dyHkung o(x) ecTb GeckoHedHO Manas BEMHYMHA MPR X — X,

1 .,

(1M x — © ), TO GYHKIHA f(x) = ABnAeTcA HecKoHeuHo GONbILOH, 1
olx

obipatHo, ecnH f{x)} GeckoHeuno GonblIad GYHKLHA MPH X > X, (X > o),

apnsercd HecKoHeUHO MaTOH BETHYHHOM.

TO C(x) =

10. Cpasnenue noproxoe beckoneuno marsee. Ecmn afx) n B(x) —
lim &) .

xx, () B(x)

To npH k = { BeckoHeuHo manan o(x) HaseiBaeTCH GeckoHedHO Manol Ho-

Jiee GuICOK020 nopadxa MalNocTH, 9eM P(x); opn 0 < k < o — odnozo no-

PAOKG MATIOCTH; TIpH k= o0 — Honee Hu3K020 NOPROKA MAJIOCTH, YeM B(x).
Ecau k = 1, To Geckoneuno Maybie o(x) u [{(x) HasuBawoTCA 3K8U60-

aenmuoimu: ox) © f(x). :

GeckoHeYHO Mankble BETHYHHBI IPH X 2 X, (X 2w ) H

11, TIpUMeEpR! IKBHERACHMNUUX DECKOHEUHo MAUISIX BENHYHH TpH
x=20:sinxoxe’~loxym(l+x)oxg(1+x)" 1+ mx
arcsin x © x; arctg x v x; | —cos x ™ X2,

12, Tipepen oTHOWEHHA ABYX {ecKOHEHHO MANBIX BEMHYHH HE HiMe-
HUTCA, €CNIH 3TH 6ECKOHEYHO Mallble 3aMeHHTH HM 3KBHBAJICHTHHMH.

I3. Teopemsl 0 npegenax:

D x_l>ixo cM}C =C (C - nocTosHHas).

2)Ecmu lim Ff(x)=A4, ll“z o{x}= 8, 10!
x—3xq(0) x=rxg{e0)
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l. = A i B l . =A- i M = é R
Jim e +e)=425, lim (f0)-o0)=A:B; Jim: 5= (B0
14. Ecnt lim £(w) = 4, lim ¢(x) =1, 10 tim f{p(x))=A.
H—rg X=Xy X=rXy
15. IlepBElii 3amMeqaTeNbHBIA Mpegen:
lim 222 =1, 6.1)
-0y

16. Bropotii 3aMedatensHulit npenen (Yncao e):

lim(l + l] =g, 6.2)
-0 x

lim{l+ ). =e. (6.3)
y=0

6.1. Onpenenenne npenena. [Ipocreifiune npegenn

6.1. Toka3aTh, 4T li_)ng (3x-2)=4.

Pewmeane, [ycts € = 0,3, Torna nepaseHctso | (x) — A| < £ s onpe-
ZJeneHnH (m. 4) 6yaer umetes Bua |(3x — 2) — 4] < 0,3, wmH {3x — 6| < 0,3, ot-
kyga —03 <3 (x-2)<03, 1e. 0,1 <x-2<0,]l u|x-2|<0,]. Anano-
rauHo mpu € = 0,09 HepaseHcTBO [f(x) — A| < £ OymeT BRINONHECHO MpPHU
|x — 2| < 0,03, Taknm obpazom, L m06Oro & > 0 oHO ByAET BHNONHATECH

£ £
mpH |x — 2| < 3’ T.e. WA goboro £ > 0 cymiecTByeT Takoe YHCNo & = 3

YTO ANA BCeX X # 2 M YAORNETBOPAIOLIAX YCIOBHIO |x — 2| < § BepHO Hepa-
peHCTBO |f(x) — 4| < &, roe f(x) = 3x — 2; a 3T0 M O3HA4aeT, 4TO
lim (3x ~2)=4. )

E2S

6.2. JokazaTb, YTO MOCAEROBATENLHOCTH 1; -5—; l; ;2n+l;...
711 4n -1

.1
HMEET NpEeAcs, paBHbBIH E .

P e w e H u e. HepaBeHucteo |a, — 4| < € B onpenenennn (n. 2) 6yaer

2n+l 1 4n+2-4n+1 3
—— <& HMH [——— <E.
4n-1 2 2(4n-1) 2(4n-1)

HMCTh BHA: < €, O0TKYIJa
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YuuTtsisad, yto ne N, T.e. _im > 0, uMeeM ; < g, OTKY.Ja
(4n—1) 2(dn—1)
an-1 >i | n>i+l. [ycte € = 0,03, Torma n > 12,75 (N = 13), unu
2t Be 4

£ = 0,006, Torga »n > 250,25 (N = 251). To ectb ans modoro ¢ > 0 naliaerca
N(e), HauHHas ¢ KOTOPOro HYAET BRIMONHEHO HEPABEHCTRO |a, — A| < & 70

r

L |
O3HAY4EET, YTO HCKOMAA MOCNEI0BaTEAbHOCTE HMEET NpeAen, paBHHN —2— .

6.3. Jlokazars, uto lim 3 3 .
X—pe0 2x 2

Pewen ue M moboro &> 0 Hepasenctso [f(x) - 4| < & B onpeacneHnn

3x+5 3 3x+5-3x 5
— L <
2% 2‘ s’ml 2% 8’:"3’”’5‘ °
1 2

<—, Te x> i.HTaK,mmmoﬁoros:'OcymecmyerTaxoe qHCHO

T 2¢

S=Zi>0,qmmacexx,mmm|x|>S,GyneTDepHLmnepaBencmo
£

f(x)—%‘{s,meﬂx)=

(m. 3) 6ynet nmeTs BUA,

3x+5

} 3TO M O3HAYAET, 4TO li_l’gf(x)=-23~.b

Jna Toro yToOBl HaliTu mpeaen neMeHTapHoO# GYHKUHH, KOraa apry-
MEHT CTPeMHTCA K 3HAYCHHIO, MPHHAANCHAIEMY 00MacTH OnpeleNeHHs
370l PYHKLMH, HY>KHO B BoIpakeHHe GyHKLMH BMECTO apryMeHTa NoJACTa-
BHTB €T npefie]bHOe 3HAYeHHe |

2
6.4, Haiiru lim* *7
x=3 2

Pew e H u ¢. IloacrasngeM BMECTO X B BRIPAKEHHE MO 3HAKOM MIpe-

2 2
Aena 3, nonyqum lim x +7 =lim 347 =1im8=8. P
=3} 2 =33 2 x-3
6.5, Haliru lim
b 1-] X

Pemenue. 3namenatens apody x° npH x — oo spnAeTca GecKoHed-

. " 1
HO GOsBLIOH BEAMYUHOR, MO Teopeme (M. 9) — mWPH X —> 0 ABAAETCA
x

' Hcnonsaya TeM cambiM onpenenerne HeNpepsIBHOCTH BGyHKLMH B TOYKE (cM. § 6.5).
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OeckoreuROo Manoi BenMYMHOMR, CNeA0BATeNLHO, O onpeneneHno (n. 5)

MCKOMBII Npefien paBeH HyIio, P
2

6.6. Haiirn lim 2%,
=4 x—4

P e w e H u e. IHameHaTens apobu (x — 4) ipH X — 4 ABMAETCA GecKoHeY-

1o TeopeMe {n. 9) — Geckoneuno GONBIAT

HO Manoii BeJIMYHHOLE, TOrma

x —
BEJIHYHHA; YHCITUTEND ApOoGH 2x° spagerca dynkumeit, npagen koTopolt OTHHYEH
2
OT HyNA [ll_r;t}1 2x° = 32). TTo ceoficTey (. 9) dyHKUHA 2x 1 ABnserca Gecko-
X x—

HEUHO GOIIBIIOH BETMUIHON, T.6. HCKOMBIH Npesen paseH o, |

Joxasars, uro:

6.7 limx? =4, 6.8, limsinx=1. 6.9. lim(log, x)=3.
=2 x_’i x—B
2
.1 .
6.10. lim~=2. 611, lim>F1_3
x—+l X Lt 4
2

6.2. PackpriTHe HeonpeeaeHRocTel
PA3IHYIHbIX THIIOB

Janeko He BcAKasg NOACTAHOBKA NPeIeNbHOTO 3HAYCHHA B (QYHKLHIO
BMECTO He3aBHCHMOH nepemeHHoi (cM. npaMep 6.4) Moxer cpasy npueec-
TH K HAXOXJEHHIO Tipeaena. CayuaM, B KOTOPbIX NOACTAHOBKA MpeaesibHO-
ro 3HaueHHa B QYHKUHIO HEe JaeT 3HAYeHHA Npeaena, HasbBaloT Heonpeoe-
AEHHOCHmAMU;, K HUM OTHOCATCA HEONIPEASIEHHOCTH BH/OB

[g], 3] oo fo-el [l (=], [o°]

YeTpaHHTs HeonpeneneHHOCTh YAAeTcs YacTo ¢ NOMOLLB0 anreGpan-
4eCKHX mpeodpazoBaHui.

6.12. Haitu Tim (x* - 242 —10x).
=4

P e ui e H i e. veeM HeONpeeNEHHOCTh BUAA [oo - oo]. Brinecem 3a

3

N . 2 10
ckofbky x B Wanbonbwed cremenu: lim (x"(h—z—— . x* asngerca
X—pa x x

Geckoreuno 6onemMoi BeMYHHOHR NIpR X — to, [lo TeopemaM 0 npeaenax
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(n. 13) llm(l—i—BJ_lrml—llmi—hm£=l—0 0=1, rax xak

x2 x3 as® Xy X0 x3

2
2

mpefen NOCTORHHONR paeeH camMoid noctoaHHeH (epuHuue). Ilo cpolicTBy

2

10
Geckoreuno Gompumx {n. 8) x* (1 — — — —3) ABaseTca GECKOHEUHO
x x

10
H -3 npy X —» 0 ABIAOTCA OecKOHEeYHO MAaNbIMH BENIHYHHAaMH, a
X

SonbIIoK BENHYMHOMN, T.¢. HCKOMBIH npesien paBeH <o P

OtBeT JaHHOI 3aJadyH M NpPHBEAEHHBIE B pelleHNH BHIKNAAKU OyaeM
HCTIOMNE30BATH MPH PEIMCHHH CICHYIOLINX NPHMEPOB KaK 3apaHee H3BecT-
HHIE $aKThl. PACCMOTPHM HECKONBKO THNOB NIPUMEPOR, KNacCHPHIMPYA HX
N0 BHAY HEONpeeIeHHOCTH U NpeleNIbHOMY 3HAYEHHIO X.

Slx)

1-it mun. PaccmoTpum mpuMepsl Buza lim ¢ HeonpeneneHHo-

e 4]
CTBI0 BHAA [—] , The f(x) 1 ¢{x) B obImeM Cityuae — CJI0XKHBIC CTENICHHbIE
o0

WJIH NoKaszaTeNnbHble QYHKUHH. B cnyuae creneHHBIX OYHKLUMA HeoOX0aH-
MO BBIHOCHTDL 32 CKOOKY B YHCAUTENE H 3HaMeHarese Apodu x ¢ HauboMb-
UMM TIOKAa3aTesieM CTENEeHH CPpeld BCeX cllaTaeMbiX ApobH; B cilydyae NoKa-
3aTenbHBIX GYHKUWH 33 cKOOKY BRIHOCHTCA HauGonee GHICTpo Bo3pacTaio-
1iee craraeMoe CpeaM Beex craraeMeix apodu. ITocne cokpamenns apobu
HeoTpeJeNleHHOCTh YCTPaHACTCA.

4.4
6.13. Haiiru lim —2X—2%
oo 4xd 4+ 3x% +1
Tx -2x*
Pemenne A=Ilim

- = [w] BriHoca 3a ckoOKy U B
o gyt 4 3x2 41 |

YHCJIHTENE # B 3HaMeHaTelle X B HanGonbiner CTEIICHH, TONY4YHM

4(7 7
¥ T‘Z) 372 _
A= lim L slm— X -2 _2_1
3 x¢[4+%+_4J eVTERN 4+0+0 4 2
X X X X
7 3
TaK Kak —, —, —, — BEJHYHHEI HecKOHEYHO Malkie Py x — o P
X X X
_ 2
6.14, Haiitu llmi
e 53349
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Pemwernne A= lim 3
o Sy’ 49
3

BCEX CJIaraéMblXx - TPCThA; BBIHOCA 34 CKOOKH X s MOJNYYHM

Ix— 2
X3 |:-°£i|. HarnGonewas creneds cpeau
o0

xs(i_g) 2 3
2 =7 o- -
A:limx—x=nmx_9x=u=o, woo =, 2 2 Gec.
X0 x3(5+—93—) x-m5+_3 5+0 x° x x
X X

KOHEYHO Mallbi¢ BETMYHHEBI [IPH X —» <0 ’

4 _ _ 2
6.15, Hatfru lim —YX—3¥ 3%
02 07x5 +2 +2x -5

4 2
Pemenne A= lim—= 3x —3x
e 327x5 +2 +2x-5
KOBa HAaHOONBIAA CTENeHE CpE€AN CllaracMeIX jlpOﬁH, CIIEOYET CHa4Yanla BbIHE-
CTH X ¢ HAHOOJIBLINM TIOKA3ATENEM CTENIEHH B BBIPOKCHHSX NOA 3HAKOM PaiH-
Kana:

x‘[l-%]-sz x21’l—%—3x2
A=lim d - lim X

X—00 X=x )
s‘lx"[zni) +2x-5 szz?—% +2x-5
x6 X

HanGonelnan creneHb BTOpas; BRHOCA 33 CKOOKyY x, NONyYHM

2 ’ 3 ’ 3
X[ 1—;3-—3] 1_|_3_3
A=1lim = lim *
j . 2 2 5 &b 2 2 5
2 i’ A 2T+ + 25—
x[ 27 x6+x xz} J ¥ x £

Jic0-3 2

27+04+0-0 3’

= [ﬁ] . UToOR! BRIACHHTE, Ka-
[+ a]

3 2 2 5
TAKKaK <5, —, —, —5 — 0CKOHEHO Manbie BENMUMHE P X —> oo >
X X X Xx
2
6.16. Hatitu lim Y5_+1+%
o 4x+1
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'2
Pemenmne. A=lile+Jc

. Pemrad aHanormuno opuMepy 6.15,
0 4x+1 MIPHMERY

x2(1+x1—2J+x |« 1+—l-2—+x |
o T x [ 2 _
Oty unM A_il-ﬂ el —}1_1;2 el , 160 Vx* =|4.

HeobxomumMo paccMoTpeTs ABA CITyHas:
x20,Tormalx=x u

X=h0 4dx +1 X—pay 1 X—po0

2)x<0,Tormax]=—x u

1+— +x
_limx X _

e 4yl

iﬁ-] D

Hrak, uckoMelil npegen: A = 0 npux20uA=0mpux<0.p

=qQ.

X X
6.17. Haiitn lim 2

o ] — 3*
Pewenue [pn x > +oo nokasarensHas GyHKIHA Y = @, npna>1
CTPEMHTCS K +ov, BRCTpee Gyaer BO3pacTath Ta DyHKUHA, ¥ xoropon ac-
HOBaHHe GONblIE, MOITOMY B HALIEM CIIy4ae BEIHOCHM 38 CKOGKM 37

3x(l+~2—:—J 1+[.2_]x )
fim Yl tim 3 _1+0_
PR Bx(—l——l X~y 40 (_l_]x_l 0-1 i
3* 3
1

Talclcalcnpﬂa=i;’-<l lim (2_] =0 nnpna=%'<1 lim (-J =0.p

x| 3 xa+ol 3

Haiitu npeaens:
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4 3
6.18. lim Tx® +2x° -
—o3x? _2x? 4 x

2 3
6.20. lim X —* —15

]

X-pur 2_3 k} +5

x2+2x

. 3x’ -
619, lim—————

= X -x

Yax® +2x —Jx+3

6.21. lim
e \/64x +1+2
6.23. lim 4% +2x -10 - 32

Xt

55 —1-327x8 + %5 —15x

(2x+1F +(2x+2) +(2x+3) +.. +(2x+100)’

6.24. lim
= 10x° +100
x x x+1
625. lim > +2 626, lim & *+37
3 s 4o 4 3
111
0 I+ +—+.+—
6.27. lnn(”;;’—‘)2 6.28. lim 3 9
x> 3520 100 ey Ll L
4716 T
. 1+3+5+.+{2n-1 =
6.29. lim 2(” ). 630, tim[222]
o 5n s\ 2x +4

2 x
631, lim| 2X_¥3|°
x—m 10x2 -1

5 7
633, lim 2% *2x_
w0 2% _ gx7

(n+1)-n!

6.35. lim .
o (1)

J2x3+4-§/x2 +2x

. 6.38. Ilm

6.37. lim

XH0

(x+1Y

6.39. lim (xs‘ .

x—mx_l

6.32. lim YX+4-Véx-
e dx— 1+Vl6x -x
3{x"'+2x2+2x '
x2+2x-x '

6.36. lim -3
Xy .J_ J_

6.34. lim

X2

-2x+1

x5 - 4x2 -6x°

6.40. lim (n-l)-n!
n—yw in+1i! )
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3r® + 5} n—-1)

6.41. lim (2n - 1)t 6.42. lim .
o (m 1)t e (1))

4 2 1
6.43, lim ¥ =37+2 6.44, lim 10X ~30 +¥x i .
34 2% + 5x° = 3y 475 - 2x*
. li f(x)
2-it mun, PaccMOTpHM npaMeps! BHaa Iim T ¢ HEOMPEACNEHHOCTRIO
.\.‘—)Xo q) x)

0
BHNA [6] . B sroMm ciyvae HeoOXOAHMO PANIOHUTE HA MHOMKHTENY H YHCIH-

TeNb, U 3HAMEHATENh APOGH WIH JOMHOKHTL H UMCIHTSIb, B 3HAMEHATENL
ApoGy Ha OfIHO | TO JKe BHIpAXKEHHE, TPUBOAALICE K (POPMY/IaM COKPALLIEHHO-
ro ymuoxennd, HeonpeaeneHHoCTs yeTpansercd nocie COKpaieHus apodu,

2 —
6.45, Hajitu lim x—g
>3x2 4 Tx+12

0
P e m ¢ H 1 e. HMeeM HeonpeneneHHOCTL BHAA [5 . Paznoxum ynesm-

TeNh U 3HAMEHATENh npoﬁﬂ Ha MHOXHTENH: YHCIUTENE — 110 ‘bopmyne co-
KPAILEEHOTO YMHOMEHHA a - b= (a - b) (¢ + b), a 3namenaTens — l'lO
dopMyne pazoKeHUs KBAAPATHOTO TPEXWIEHA Ha MHOXHTENM MpH = B -

—dac 20
. _ P
al +bx+e=a(x-x)(x-x), rae X, 2 =M.
a

[Monyunm
- lim x’ -9 (x-3)x+3) _
-3x% 4+ Tx+12 M-3(J|:+3Xx+4] H-3x+4
[ocne cokpaulenns ApoSy cleqyeT NOACTABHTH NpeJenbHOe 3HaueHHe

X B COKpallIeHHY10 ApoOb. l'lonyqnu A= lim 373 = = =—6. P

>3-3+4 |
6.46. Hajira lim Vx -8

x—>64%/;___4 )

P e w e n u e I-i cnocoB. ViMeeM HeonpeneNeHHOCTh BHAA [ ] Jo-

MNONHHM YHCINTENL A0 PasHOCTH KBaJpaToB (a - g (a + by=d -4, a
3HAMEHATENb 1O PA3HOCTA Ky6os (a — b) (a° + ab + b°) = a’ — . Monyunm
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g (Vx-8 )(J_+s)(%/_+4%/_+16)
Hur Hm(%/— 4)(J;+8)({/_+4J;+16)

(x—64)(%(x_2+4?\/§+16] Vx_2+4%/§+16
= lim = lim =
96 (x_64)(Vx +8) e s
_ i V642 + 464 416 _16+16+16
x84 V64 +8 8+8 .
2-i7 cnocob. CpenaeM 3aMeHy MepeMeHHON: %—c =¢, TOraa %_r =1? ,a
a/;=.t‘1',npn x—64 t—)ﬂa T.e. t > 2. Tenepe
Jx-8 .. F- (t-2){ +20+4)
=lim _ll =
x—)ﬁ4%_4 =2 ,‘2_.4 =2 (} 2)({4.2)
Pa2+d 2042244 12

=3.

=lim =l =
> f42 2 242 4
Haiiti npeaenn
2
6.47. lim X=X *+2 648, lim X =X=6
> x"+x-2 25 4 6x+8
2 — —
649, lim—X ~2X 6.50, lim_x_z_S.f.ﬂ
2x% —4x+4 =4 x°-16
2 _ 3
651, lim>—L 652, lim > 27
Sy —1 x=>-3 x4 _0
6.53. lim = 6.54. limY*— (‘/_ ‘/_)

x—»?,\{_ J_ T k2 x -4
x}-2x*-5x+6 J 1

6.55, lim 3 6.56, lim "o ——
L x"-Tx+6 *-2
2
6.57. lim =_—1 6.58. limY>x~2-2
x—>-l¥;+l x—=>2 J_ J_
1 1
2 _ ;:l- 3 _ 2-x
6.59. lim [x l} . 6.60. lim {x 8)
—=1+0] 3y -3 =240 4x -8
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M=x —fx+1 x-6x+9

6.61. lim ¥ YI 7 6.62. lim
:lrl—r)r(l) 3x x3 g _3y
x=2 4
6.63, lim @027 6.64. lim Y=t ¥x+x
32 x2 _3x 42 0 Jrtl-1
2 10 _
665 lim* X Lot Y g g6, jip (xs )
x—0 x+4-2 o x" =1

. 2x"+x-1
lim

6.67. -
*0.52x% +3x-2

3-i mun. PaccMOTpUM NpYMepH ¢ HEONpeAeNeHHOCTRIO BHAA [co - oo].
Ecnmu dyHKURA, cTOAlIa% MOJ 3HAKOM TpeXena, NMpelCTaBiigeT cobod ai-
reSpavueckyio cyMMy npobeil, To HeoNpeAeNeHHOCTE YCTpPAHAETCH HIH
TIPHBOIOHTCA KO 2-My THITY NOC/e NIpUBeAcHMA npodeii k o0meMy 3HaMeHa-
temo. Ecin ymoManyTtas QyHKUMA npeacrapiger coboit anrebpanyeckyio
CYMMY HPpalHOHAIBHEIX BHIpaKeHWH, TO HeompeNeNneHHOCTs HIH yCTpa-
HAETCA, WIH NPHBOIWTCA K |-My THOY nyTeM IOOMHOXEHHA H IENeHHA
GYHKLHH Ha OIHO ¥ TO Xke¢ (HaNpHMEp, COMPAKEHHOE) BRIPAXKECHNE, IPHBO-
asmee Kk GopMynaM COKpPAIIeHHOTO YMHOXEHHA.

6.68. Haitu lim( L _ 2‘”8}.

=2 x=2 x3 -8

P e m e 1 u e FMMeeM HeonpeleNcKHOCTE BHIA [co—oo]. ITpuseaem
Apodu K 061eMy 3HAMEHATENIO:

A=lim( 1 2x+8J

e X +2x+4-2x-8
=2 (x=2)(x* +2x +4)

=2\ x-2 x*-8

i x?-4 [0]

= 11m =|—,

=2 (x—2¥x2+2x+4) |0
Hmeem npenen 2-ro THNa, HEOOXOAHMO Pa3noKuUTE HA MHOKHTERH

ypcIHTeNs apobu. Ionyduum

=2 (x=2)(x* +2x+4) 2x+2x+4 2227 42.2+4

6.69. Hgi'rm xliIPm [\I x2-2x-5 -va.

Pe w1 ¢ 1 W ¢, IMeeM HEONPEACNESHHOCTS BHAA [0 — o). ZIOMHOXHM H
pasaenuM d)yHl(l.lHiO, CTOANYIO NOA 3HAKOM TTPEACIIA HA CONPAKEHHOE BH-
pakcHNe, NTPpHBOAAILEE K pa3HOCTH KBAJAPaTOB:
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(sz -2x-5 —xI\lxz ~2x-5 +x)
A= lim (sz_Zx_s _x)= lim =
X=3+20

Foe Vx?—2x—5+x
- lim x*-2x-5-x7 _ lim -2x~5 _[2]
Hm\fx “2x—5+x Y _2x-5+x L@

NmeeM npenen 1-ro Tuna. Pemad ganee aHamornuso npumepy 6.16,
HaizeM

4= lim —2x-5 —2x-5

Hm\’ 2(1—3-*)” HMMJH—W—H

[Ipa x — +00 |x] =x M0 ONpeAENSHHIO MOAYIA; TO3TOMY

5
o ~2-0
= lim = = -
X400 2 5 J1-0-0+1
l-———+1
X X

2 5
s T3 DECKOHEUHO MANLIe BETHYNHEL
X

=

Haiitu nmpeaenn:

6.70. hm[L_ ! J 6.71. lim( P __1 J
=l x+l x2-1 =0 2x2 - x x?-x
672, lim[ 1 __12 ). 6.73. lim[ L~ S J
6.74. lim( L3 ) 6.75. lim 22" ~x|.
=il ox x -1 ool 2x” —x
4 { 3
6.76. lim| 2 3,2 6.77. lim| X _7|.
x| ¢ +3 x—)wst_l -
4 { k]
6.78. lim| — ¥ 452 |, 6.79. lim| y——% |,
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x4 x4
6.80. lim - 681. lim (Vx—3 -Jx+2).

X=pm xz_z x +2 X+

6.82. lim: [Jﬁ —JE). 6.83. xm[«lf +5x % ~5x).

6.84. lim (V2x+10-x+20). 6.85. lim (szz—l —\/x2+5).
A=yl X=¥r+ar

6.86. lim (J9x2 +2x—{9¢ —x). 6.87. lim (3 -¥x).
X—a =3+

6.88. xl_i&(%/xz —2x—{/x2+3x).

6.89. lim (3\/}“ —3 +1-x% 4 2s —x).

6.90. llm %/8.1' +3x° i/8x4+2x2J.

o

6.91. ([{Ixz +6x — #xz - xJJ;) .
2
(

692. lim V16x—+x —y/16x - 3J_)

\,sz -x —\(33:2 +2x).

6.93. lim

X=+a

6.95. }il‘}o (Jx2 +5x —x). 6.96. li_?l (3 8x +3x2+2 - ZxJ X

6.94. lim (szz +5x —2x — 2x] .

6.3. 3aMeuaTennLHbIE NIpeeH

K npeznenam 4-20 muna 0THECEM NPAMEDPBI ¢ HEONPEACICHHOCTRIO BH-
na {17 |. B 3ToM ciyuae BEIpaXeHHe, CTOMLIEE MO 3HAKOM Npefena, npel-

craBngeT coboif cTeneHHO-NOKa3aTeNnbHyIO GYHKLMIO, B OCHOBAHHH KOTO-
poil HeOBXOAHUMO BBIASHTHTL LENYK YacTk ApoOH (KoTopas DOIKHA OLITH
paeHa 1). HeompeneneHHOCTE YCTpaHAETCA NPH NOMOIMH BEIAENEHHA «BTO-
poro 3aMeuaTensHOre npenena» (6.2) wix (6.3).

2 _ =3x
6.97. Haiirn lim| 22 23|
ool 2x° +1
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Pemenu e HMeeM HeonpeseneHHocTe Buaa [1”], Tak kKak
P

3 xz(z_%} 2-2 2-0
lim == —> = lim X /= lim——i_ = lim= " =
xm Iyl L] xoe , 1 X 1 20 24 ()
2+ 2+—
x x
BrizennM LieTylo 4acTe Apobn
252 -3 2x*+1-4 _2x"+1 -4 -4
7.1 2 =52 2. TSz
2x° +1 2x“ +1 2x“+1  2x*+1 2x° +1
4 .
ax)= - 711 ABnAercd OeckoHedHO Manoif BEMHUMHON mpH X — oo,
x° +

1
JIOMHOXKHM MOKazaTeN:k CTENEHH HA [a(x)-— s, 9T0 AeHiCTBHE HE Ha-

a(x)

PYIZAET 3HAKA paBEHCTEA:

2 —3x? Lm,l‘(_h,! )
A=llm 2x2—3 =l]m(l+ —24 ] -4 2x 4] -
ol 2x° +1 x—w 2x° +1
12x°
—4 _2,12;, 24l lim. ‘23‘2
= lim (l + 3 ) =e:-‘¢- 2X”+l’
x—p0 2x° +1

L 2
nGo lim (1+a(x)**® =¢. Haiizem g = lim
x>0 =025 +1

. AMeem Heompene-

oo
JNI@HHOCTL BHAA [—], npeaen 1-ro Tuna. Beinecem 3a ckobkn X%, TAK KaK
Q0

BTOpaf cTeneHk HanOonbInas:
12x° 12x* . 12 12

.1
TaK Kak lim—-=0. Taxum 0bpazom, HCKOMBIH Tipesen paBeH e’=&»

x=0 x

6.98. Haiiu lim[ x-1 J
=0\ 2x—1
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P e w e H 1 e. imeem HeonpepeneHHocTh BHAa [1°], BLIIEnMM wemyio
x—1 2x-1-x_ 2x-1 x .
2x-1  2x—1 2x-1 2x-1 2x-1

4acTh ApodH

a(x) = . ABnAeTcA GeckoHeyHo Manoi npu x — o . CaenaeM npeot-

X
Pa30BaHUsA, AHANOTHYHEIC OIpHMEpY 6.97:

-3x
2x-1 -x 3 2x-) x(2x-1)

k|
lim( x-1 J =lim[1+ - ] 2 lim [1+ X | -
204 2y —1 x—30 2x-1 x> 2x-1

Tim ——— T — i
_el-"’x(’-\' 1} —eX-Tﬂ"x | _eﬂw 1 ._e ,
2x-1

n6o llm[l+ —x )_x =ep
—0 2x-1

6.99. Hair lim M(x+3)-1n3
x—»0 Sx

P e w1 ¢ H u e. HMeeM HeonmpefeNeHHOCTE BHAA [%] , MpeobpasyeM ee

B HeonpeaeneHHocTs uaa {17 ], none3ysach cBoicTBaMM orapudMos:

log, x — log, y =log, Zun log, x = log, x". [Tonyyum
¥y

4= lim ln(x+3)-ln3=]im(i.lnx+3) _

x=0 ax x—=0} §x 3
1 ]
~timin 223 timetn 142
=0 3 x>0

YuuTBIBaA HERPEPRBHOCTH JIOTapuMHUecKoi HyHKIHN, CHMBOH! lim
H In MoxxHO MepecTaBuTs (CM. (6.6)), nomyynm

Iz 1 )
, sYre , mm(EL] tmy L
= In lim I+§— =lhe™™ " =lne~*"” =lne”® =—, TaK

x=0
3
kak no popmye (6.3) lim (] + i)x =e P
x=D 3
HajiTr npenensi:
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/ x
6.100. lim “SJ .
ol x+1

a 5x
6.102. lim| 32X *2
ol 4" -1

2

2
6.104. lim

/
6.106. lim

=2x
. ¥ +x-1
-‘f""'ﬁ‘\x2 -2x+5

2x* —3xt 4 x+1

oo 25 ~3x* —2x+3

5
6.108. lim| 1135 1%,
=0 1+x )

0 3x% -]

In3-x)-1In3

5x

3
2 _1V2
6.110. lim(“" 1]

6.112. lim
x—30

6.114, limnx—n4

x4 2x -8

In{l - x2

X

ox?+1)
6.118. lim | 22
s>l 9x? 43

dx

6.116 lim
: x=0

3

6.120. lim £

x=0 2x

5-ii mun. K sTOoMy THIY OTHecEM (QYHKIHH, CBORRINHECA K HEPBOMY

;

2

7 Tx
6.101. lim 2x+1} .
x=ol 2x+5

2 3x
6.103. lim | 2X_+3
| 257 _ 4

f e 3 —6x*
6105, tim| X =2|
el 5x7 +1

 n 10 -2
6107, lim| X _=3)
o) Pt 42

4

4 2Y %

6,109, lim| 2221
0 3+3x

4 2 ;
6.111. lim| 2X_t4x=31%
0| 5x% 4 x-3
6.113. lim N2 -2 -x1)
x=0 le
2
6.5, lim ME=x)-In5
242
6.117. lim (3“5]
xoomel 3% —1
2t e\
6.119. lim
x| 257 42

3aMevaTensHoMy npeneny (6.1): im 30X
x>0 x

6.121. Haiiru lim 8%

x—0 X



=0 x 0 >*0engy.-x 0 x =0 ecosx
IMeperiit COMHOXKHTEND OpeACTABIAET cOO0OH NepBHI 3aMedyaTeNnbHbIH
npenen H paeeH |, ETOpoit COMHOMHTENb MPeACTABNACT NpedeN, paBHBIA
1

cos0

6.122. Hajrru lim
x=50

Pemwenwue. limtg—x=[2:|=lim sin x =lim5inx-lim 1

=1. Taknm 0Gpa3om, UCKOMUF npenen pased 1-1=1. p

arcsinx

X
0
P ¢ m e # u e. FiMeeM HeoNpeAeNIeHHOCTh BHIA ol CaenaeM 3aMeHy
HepeMeHHO: arcsin x = y; Torda x = sin y; npu x — 0 y — 0; mony4umM

. sinx ..
lim 2¢ =lim .y
0y =0 gin y

Hmeem neperiff saMeuaTenpHulA npenen, CHEAOBATCIBHO HCKOMBIIR
npenen pased |, 4To U TpeGORaTOCE JOKA3ATE.
]

i
6.123. Haitrn lim (cos x)
x-»{

L]
Pememnmne A=J1ri_1)1(1)(cosx)x= =[1°°]. CnenaeM npeoGpasoBaHus,
NPHBOJALIHE KO BTOPOMY 3AMEHATENLHOMY Mpeaeny:
p —feosa-1);
A=Jlri_r,1;1](l+(cosx—l)) = lim|[1 +(cosx 1) ***~ .
BripaxkeHne B KBaApaTHHIX cxoﬁxax IpencTaBndeT BTopoit 3aMedaTent-
cosx-1

. , 1 . lim——
HuIif mpeaen: ll_l"l‘(l' [1 + (cosx - l] cosx-l =&, CNGNOBATENRHO, A = ¥
x

HaiigeM npenen nokasaTens CTEMEHH:
~2sin? 2 sinX sin>

. cosx—1 .. 2 1. 2 1 1
lim lim—< - lim| —=% =—
x50 2 PR 2 x>0

fad
2

b | -
(]

Taxam obpazom, 4= e?= L >

T

Haiitu npenens::
.2
6.124, lim 322% 6.125. im32 2% 6126 lim B2 igidx
—~0 x x—0 3x x—=0 10x
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.2
6127, im3%% g im IO 629 fim(3x-ctg2y).
x>0 4x =0 2x x=0
3
6130, lim S gyyp, mZUEEE g5 gy
0gin” 2x Tx x>0 arcsin 9x
g’
. 8 2 . cosx-—1 . sin3x
6.133. lim . 6.134. lim —. 6.135. lim ' B
0 2x =0 3x *05in10x
2 1 . 3
6.136. lim 'g 2x 6.137. lim sin el 6.138. lim T50_2X 2x
0?3y 0 sin x *-0 aresin” 3x
6.139. 1imﬂ'ﬂt§_‘£‘§ . 6,140, jjy SM3E =S Tx
0 4x x=»0  sinSx
. _ .
6.141. jjmy B2 847 6.142. lim 8% _
-0 arcsinx x—0 arctg x
6.143. hm cos¥ 6.144. liml+°°s'§,
x=p— I—E x—=7 (TI—I)

2

6.4. IipaMenenne PKBUBAICHTHLIX (ecKOHEUHO
MAJIMX K BbIMUCJICHHIO TIPETeSion

D¢deKTHBHBIM CPEACTBOM BBIMHCICHHA NPEIENOB ABIAETCA IPHMEHEHHE
SKBHBANEHTHBIX GeCKOHeYHEX MankiX. JaHHBIA criocod oCHOBaH Ha TOM, YTO
Tpesiell OTHONICHHA JBYX GECKOHEUHO MANBIX BEMHMYHH HE UIMCHHTCH, €CNTH
3TH GecKOHEUHO MANEIC 3AMEMHTS UM 3KBUBANeHTHEIMH. [IpHMepsl HKBUEA-

JIEHTHHIX §ecKOHEYHO MAVTBIX MpHBeAeHE! B CIPABOMHOM MaTtephane (. 11).
3z
-1

6.145, Hatitn lim &
x=0 2 X

0
P e w ¢ H 1 ¢. UMeeM HeonpeneneHHOCTL BHIA [a} . Tak kak 3x >0

mpn x—0, 10 (e W 1)> 0, r.e. apngercd HecKOHEUHO Manok BeIHMH-
HO#. 3aMensd e ™ — | Ha IKBHBANCHTHY!O ¢l GECKOHEHHO MATTYIO BENTHYMHY
3x (cM. m. 11), moryunm

3x

lim £ _llm-—=llmi=15 >
x—=0 2x x—0 2x x—>02
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. 2Y
6.146. Haiitw lim

= §y

> = »
21 _ l 0 . elnl l In2 _»1
PemeHHe A=Ilim =[—=!=1lim —hrner
. x=0 6x2 0 x=0 6x =0 6x
l'loxasa'renb crenenn  (x°In2)— 0 npu x—>0, cnenoparencHo,
(e 2 _ 1}—> 0, T.e. aBnserca GeckoHedyHO Manoil BeIMYHHOH, KOTOPYIO
MOXHO 3aMEHHTh Ha 3KBHBaNEHTHYIO 2 (e m. 11), Tenepe

2
A=lim* 102y, in2 _In2
b gy k0 6 6

sin? 3x

6.147, Hajira lim——
x—0 Sx

0 .

P e e # u e. IMeeM HEONpEeRENeHHOCTE BAIA sl 3amenan sin 3x
IKBHBAJICHTHOH el DeckoHeyHo Manoii 3x nmpu x — 0 (n. 11), momyuum
hmsm 23x —llm(3x22 —hrn =18.p
=30 Jy x5y x=0 §

He paccmMoTpeHHBle B 9TOH TINaBe HeonpedeNneHHOCTH BHAOB
[0-o0}, [0°] 1 [°] MoryT 6bITH YcTpaeHsl npn moMoy npapuia Jlomn-
TaNg, KOTOpoe OyIeT pacCMOTPEHO B Iase 8,

Hairtu npeaensd ¢ NOMOLIBI SKBHBAJICHTHRIX OecKOHEUHO MaJBIX:

. l— 6x . esxz —_ . l_esz
6.148. lim X 6.149. lim 6.150, lim
=0 4x =0 4y =0 3y
. e -1 \
6.151. lim = 6.152. lim [sx(in(x + 6) - Inx)].
. 3
6.153. 1im125 L 6.154. lim (2:[er —1]].
a0 3x X
2
6.155. Jim 0% 6.156. lim 3%
a0 7x x>0 2y2
10 6
6157, lim 135" =1 6.158. lim 23 =64
x=0 6x x—0 3x
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6.159, limM, 6.160. lim arctg2x )
=30 10x =t 8y
Haifti 3Hau¢HAA NapaMeTpa g, YAOBNETBOPAIOLIMX PABEHCTRY:
3 2 ax
6.161. hmw_-l 6.162. lim (1+ 3} =e?,
e 4 Sy 4 2x° X300
4x
6.163, lim [l - EJ =e8, 6.164. lim N9 _g
] x x—0 2x2
6.165. lim S0 _ 1 6.166, lim I +ax) _»
=0 4x 2 =0 4x
6.167. lim 7<% _ 4.
x—= ax

6.5. Heﬁpepmnnoc'ﬂ, (pyHKTME 1 TOYKM paspbiBa
CnpaBo4HbIH MaTepua

I @yakuma f(x) HAIBIBACTCA HENPEPLIGHON 8 MOYRE Xp, SCIIH OHA YIOBMIC-
TBOPACT CIERYKOLIMM YCIOBHAM: [) ONPEASNCHA B TOUKE Xo; Z) HMECT KOHESHBIR
OpEAEN IPH X — Xg; 3) 3TOT IpeIeH paBeH 3HAYCHHI) GyHKIUHA B ITOH TOUKE:

Jm f(x)= £x) (64)

(nepBoe onpeneneHue).

2, dyHKUMA f{x) HAILIBAETCH HEMPEPLIGHON 6 MOYKE Xy, €CTH OHa On-
PEneIeHa B 3TOH TOUKE W OCCKOHEUHO MANOMy MPHPALICHHEO apryMesTa
COOTBETCTBYET OECKOHEUHO MAN0E MPHPAIMECHHE (hyHKHHH!

limAy _ o (6.5)

Ax-ai)
(BTOpOC ONpeAeneHne).

3. Eciut dyakuAn fx) v ¢(x) HenpephIBHE B TOMKE, TO UX CYMM4, IIPO-
H3BEZEHHE U YacTHOe (NpH YCIOBHH, YUTO 3HaMeHarTellb OTHYEH OT HyNd)
ABNAIOTCA (PYHKLUMAMH, HEMPEPLIBHBIMH B 3TOH TOUKE.

4. Ecnu dysxuua y = f{u) Hehpepmma B TOUKE %y = (p(Xp), 2 hyHKUHUS
u = @(x) HeTipepbIBHA B TOYKE Xy, TO CNOXHAA GYHKUHA ¥ = fl9(x)] Henpe-
phIBHA B TOUKE Xg,

Y'raepnm.enne MOKET OBITh 3aNKCaHO B BUAE

lim flo(x)] = f{lim ¢(x)]. (6.6)

X=X
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5. Q’YHKIJ.HH Ha3plBaACTCA Henpepueuoﬂ HAa HEKOTOPOM MNPOMEXYTKE,
€CJIH OHA HEenpepbIBHA B Kakaoi Touke 3Toro MPOMENKYTKA. Bcee anemen-
TApHbLIE Ct)yHK].lHH HENPEPLIBHEL BO BCEX TOMKAX, FAE OHH OTIPENCICHEL,

6. Ecni He BRINOMHEHO ofpeleNeHne HenpephisHocTH (6.4) nid (6.5),
TO QYHKIIHA B TOUKE Xo TEPIIHT PAIPHIR, MPUUEM:
a) eClA XO0TA Obl OAHH H3 OAHOCTOPOHHHX MpPEAeioB lim0 f (x) MK
X—»Xp—
lim A ¥ (x) OeckoHeYeH, TO Xy — TOUKA Pazpuiéd 6MOpozo pood,
xrag+

6) ecn 06a oasocroponnux npeaena lim f{(x) u lim f(x) xo-
x—=x—0 x5y +0

HeYHkl, HO He paBHbI Mexay coOoil, TO xo — ToUKa HeycmpanuMozo pas-
Dei8a nepeozo pooa;

6) ecnn 0ba oasocroponsnx mpezena  lim f(x) u lim f(x) xo-
x—=rxp =1 x—=x,+0

HEMHBI, PABHBI MEKAY cO00H, HO He paBHBI f(Xp), TO Xg — TOMKA YCHMPaHU-
MOZO Pa3peléa Repeozo pooda.

6.168, Hcenenosars Ha HeMpePHIBHOCTE GyHKUHK v = f(x} B Touke x = 1,
B ciyvae pa3pbiBa yCTAHOBHTB €TI0 Xapakrep:

a)y(r)=@;6) We)=—=;6) ylx)=x-1;2) y(x)={x“’x2"

x— x—-1" x+1, x<l.

Peweune:
a) [Ipr x = 1 PyHKURAA He onpeneneHa, CIGIOBATEIBHO, (DYHKIHA B TOYKE

_ ARt (I—l)s_. 2 1 _
x = | Tepnut paspuis (puc. 6.1): LIPJ 1 —Llfﬂ(x—l] —Ll_rﬂ(l—l)z—o,

T.e. KOHEUHRIH Npezel cyllecTeYeT; cleJoBaTensHo, x = 1 — Touka yeT-
paHHMOTO pa3peiBa nepsoro poaa. ({oonpeaenus GyHKHIo B Touke x = 1,
T.e, nonoxus f(1) = 0, noay4um, uro Hoean GyHKIHUA

G-t

x—
0, npH x=1

F(x)= , mpu x#1

Oy et yxe HenpepslBHA B ToUke X = 1.)
&) [pn x = 1 Qpyukung He onpeAeieHa, cnesoBaTeNbHO, HYHKLUHA B TOY-
. x . X
= . 6.2): lllTl—=+00,a lim — — 0.
ke x = | TepnHT pazpsie (puc. 6.2) 1 a i
Tax kak OZHOCTOPOHHNE Mpeaens! (nocTaToqHo OblIo 6l 0aHOrO) Hec-
KOHeYHBI, TO X = | — TOouKa pa3phisa QYHKNUH BTOPOTO poJa.
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)

Puc, 6.1 Puc. 6.2
8) Tlpu x = 1 Gyuxupa onpenencHa, xl—?]!:o(x_l)=0’ xl—l.l;l—lo(x_l)=0’
y(1)=1-1=0,1e. lim y{x)= im_p{x)=y(1)= 0, crenosaremro, dyux-
x—=1-0 x—l+0
UM B TOUKE X = | HenpeprisHa (puc, 6.3).

y b y i
o/
761‘

Puc. 6.3 Puc. 6.4

E

2) IIpn x = 1 pynxunn onpenenena, y (1} =90,
xl—l:]'EOy(x) = xl—l)l;f—lﬂ(x + l) =2 ’ .\'l—lblli-zﬂy(x) = .\'1—1>1;l:0(x B 1)= 0 ’
HMeeM xl-lE]n-o y(x) # x]—l)l;llﬂ y{x) , TaKHM ofpazoM, B Touke x = 1 (yHKUNS
TePIUT HEYCTPAHMMEBIH paspeiB  MEPBOTO
pona (puc. 6.4), #» Y4

6.169. HccnenosaTh Ha HENPEPHLIBHOCTS el
M HAWTH TOYKM pasphiBa  (YHKIHH

=y

y= L — U yKa3aTh XapaKTep pa3phisa.
1+ex Puc. 6.5
P e w e Hue. [Ipn x = 0 byHxoma Be onpenencHa. JInA yCTAHOBNIECHHA Xa-
PaKTepa pazpbiBa B TOUKe X = 0 HalaeM OMHOCTOPOHHHE MPERSTR pn X — 0 —0
. 1 1
(cnepa) m mpn x— 0+ 0 (cnpasa): ,'J,E'lo_i =130" 1 (rak kak npu
l+e*
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1
1 = .
x— 0 — 0 nokasareqs creneHH — — —o B e* —0); lim
x £—0+0 1
1+e*
]

Kak mpa x— 0+ 0 (cnopasa) noxazaTeNs CTeneHH 1 - 40, e* —+0, a
x
Apobs ! = —> 0)_._
. 1+e*
TaxumM obpazoM, B Touke x = 0 PYHKIHA HMEET HEYCTPAHUMEI pa3prIs
1-ro poaa (puc. 6.5). p
Hccnenorath Ha HeMpepRIBHOCTR, HARTH TOYKH Pa3pLiBa M YKA3ATH Xa-
paKTep pasphisa: '
x =2, npu x<0,
6.170, y(x)= 2, npu x=0,
x2 -2, nopu x>0.

=0 (Tar

x -2, nmpn x<0,
6.171. p{(x)=4 -2, npu x=0, 6.172. y(x)=
-x =2, npu x>0. .

? +2 -2, 2,
6.173. y(x)= ’;_ S 6174 Hx)= {i Y !;g: ,; ; >

x-2
2 +2

dagaun 1A NOBTOpEHUA

5_ 3_ _1.4_ .6
6175, lim 2= 72 -1 6.176. lim X225 %
o 4yt 3y e 10 +7
2— —
6.177. lim 3—“"””4’“. 6.178. lim ——— I-x
x>0 3oy | _ox x>0 g3 4 502 oY%
&
S5x =
6.179. 1im(4x“1) . 6.180. 1im[7”2]".
x—o\ 3x+2 r—o\ Bx—1
. 445 . n+2n+3n.. +n0
6.181. ll_l’l;lom 6.182, ,!.l,l.;ll 4n3+3n2 el .
' 1+§+ég+ +5i" | 3ns2)!
6.183. lim T 1 e 6.184. lim X
new TR UL nsx(2n—5)-(4n+1)-n!
2 8 2
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£ —6x+8 Jx+1-2

6.185. lim —————. 6.186. lim ———.
x4 3% —5x +4 x>3x-2%+3
3
rer1l_ 3 pr
6.187. lim Y2211 3 6.188, lim [ 2= *Z |
x-8  x°-64 ==\ x+2-x
'J X —4x+4
x—2-2 | ¥4
6.189. lim .
Hz[ 2x+1-5 }

6.190, lim[ 3 -— 1 )
=2 x* +3x+2 3x“+1ix+10

) ) 6x
6.191. 1 (J CEPY N ) 6.192. 1 —3Jx ).
Jim (V! + 2% —Vx* - x lim | =3V
4 -]
4, 2\ 3 aNT
6.193. lim| 2222 ] 6.194, lim| X3 |° .
-0l 2x% —1 -0\ x* 43
6.195. lim 2D =09 o 196, lim E—".
x—2 3x—6 : x>0 4x
4x? 2
6.197. lim ——. 6.198. lim (cosx)s™ x,
-0 5in“ 4x x>0
. )
6.199. lim 28X Y 2X 200, Jim S04
x—0  arcsinSx PRUTE
Haiiti 3HauCHHE MapaMeTpa a, YAOBIIECTBOPAIOLINX PABEHCTRAM:
2 a
6201, tm 22X —**L o> 620 lim(l + 2x)* =e.
3w+ 2y —gx” x>0
2 ax
620, lim €% _ 1 6204, lim <=2,
x=0 gy 2 x=0 3x

6.205, Viccneaorats yHKIHIO

x+3, mpn x<-l;
y(x)= 2, npn —-l<x=<];

3
- , TpH x>1.
x—4
HA HENPEPBIBHOCTE, HARTH TOUKH Pa3pblBa H YKa3aTh XapaKTep pa3phiea.
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Kontposibabie 3ananns
no raase 6 «Ipenensi H HeNPePLIBHOCTD>

Ne Bapuanum 6.1 | Bapuanm 6.2 1 Bapuanm 6.3
Haiit npeaenei:
2 _ A3 4.3 3_
| lim3x3 2x ]im2x :—x ;I-l lim4x Jx
oo 5y +Tx x=pm Yt oy o0 {48x°
x*—8x+7 . -8 . Xx°—6x+9
2 T hmz— hmz—
=T x" -%x+14 2y —Sx+6 =3 x*-9
3 hm(_..l_.* 22 } lim (1j2x_1—J2x+1) l_iglw\/3x+1—\}x+5}
= x—1 P | Xm0 x
) 1
4 | tim[ 223 2| 3\ lim(szJx
praves) B lim| X +4 =0\ x+1]
x| g2 4§
.3 .
5 | i S0 * 1—cos™ lim (Sx -ctg x)
x—0 3x3 ]lm x>0
. clgx x50 3y? lim (sin x)*®
X T—2x 1imm 2
2 x—+] x—1
Hecnenopats Ha HeNpepBIBHOCTE W HaitTH TOYKH pa3peiBa GyHKIME
{yKazaTh HX XapaKTep):
| x-1 npuxz0, a)y= 2x-1, nppux20, |[4)
7 |9y= —x-1, npux<0. Y= 1-2x~1, npn x<0. [ 3x+1, npnx20,
i 1 r= ~3x+1, npux<0.
6)y=—— O)y=—"7 PO
|+2}ﬁ 44ex1 )y= 3
34552
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Tect 6
1. BESICHATD, YeMy paBeH llinw (- 1}" :

1} o 2}-1; 3)ue cymecrtByer; 4) 1.

2. BHIACHHTD, KAKHE W3 NEepPeYHCNEHHBIX (QYHKUHH OeckoHeyHO Ma-
aeie npu x — 0

1)y=l;2)y=x"’;3)y=sini;4)y=c082x;5)y= :
x 3 cos3x

3. BeIACHHTE, KaKie H3 TIepeYHCIeHHBX QyHKUHRA GeckoHeuHo Gonb-
IUHE TPY X —3 o0 ; '

D y=3%; Dy=tgx; Hy=logesx; 4) y=—yp; S)y=arcigx.
x

4, [poussenenne AByx GecKOHEYHO MATHIX H OecKOHEYHO GonBnoi
BEMNYHNH ABIACTCA:

1) Geckoneuno Manoil BenHunHONR; 2) DeckoHeuHo BONBIIOH BeAHMH-
Hoit; 3) HeonpeaeNneHHOCTRIO.

5. BRIACHHTD, KaKHe H3 NEPSUHCICHHBIX QYHKUMHA HETPEPLIBHEL B
Touie x = 0:

1) y=i~; ) y=vx+l; 3 y={};’ ;‘gﬁﬁ% 4)
—x, opu x <0,

y=4 0,npu x=0,
x, mpa x 2 0;

S5)y=tgx

6. Toeapoobopot pUpMEL exeMec4HO YRennausaeTcs Ha 1 %. Yepes
CKOJIBKO MECHALEE €€ TOBRpo00OPOT, COXPAHAA TEMITEL DOCTA, YBENH-
yutcqd B 2,7 paza no cpaBHEHHIO ¢ MEPEOHAYANBHEIM (CUHTATE € =
2,7). OTRET OKPYTIHTE A0 LIENBIX.

2— —
7.Haim  lim X —2-10.
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z

2 x
8. Haiitn a:lim[“c +5J , B OTBETE yKa3ars In a.

x>0 x? 43

9, Haftti lim (\13 x +6x2 - x).
X—»+aD

6x
10. Hatttu lim ( x+3 J .

x4y Dy —5

4 2 _
11. HaiitH a, ecin limW:l_
e gt —18x°+3 2

12. Haiitu a, ecnu lin‘lt‘c”‘—'{Ijlc =2,
x=0 8x
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Paznen I I I

NuddepeHHATLHOE HCUHCIEHHE

I'nasa 7 _
IIpoussoanas

7.1, Onpenenenne Npou3BoONHON

Crpapounslii MaTepuan

1. ITpouseodnoii yrxyuu y = f(x) HazpIBaeTCA KOHEYHEIA Mpemen NpH-
paiieHuA QYHKUMH K DPUPAICHHE) HE3aBHCHMOMN NMepeMeHHOH NpH CTpeM-
JIEHHH [IOCASAHETO K HYJHO (an YCIIOBHH, YTO 3TOT Mpelel CYIIECTBYET):

- lim ¥ < fjp LA -
y=r(x)= llm0 A Al: . A 7.1)

Ecnn (yHKUHA B TOUKE Xp (HAM HA NPOMEKYTKE X) HMEET KOHEUHYIO
NpOU3BOJHYIO, TO MYHKIUS RasbiBaeTca dufghepenupyemoti B 310l Touke
(i Ha npoMexyTke X).

2. Ecnmn ¢yskuma y= f(x) nuddepeHuupyeMa B Touke X; (HNH Ha
NpoOMeXxyTKke X), TO OHa B 3TOH TOUKe HeTpepbiBHA (HAH Ha NpoMexyTke X).
Ecnu (yHKUMA HENpPEpPBIBHA B ZGHHOR TOUKE, TO OHA HE 00A3ATENLHO
IuddeperunpyeMa B 3Toil TOUKe.

7.1. Henoneaya  ompegeneHye NPOH3BOAHOHA, HaliTH MpOM3BOOHYIO
dyHKuHW £ (x) = cos x.
P e w e Hue. [lpugapas apryMeHty X TNpHpalieHde Ax = 0, HaiineM
COOTBETCTRYIOILESE NPUPALeHHE PYHKLHHU:
X+Ax—x . x+Ax+x
sin =

Ay =cos{x + Ax) —cosx =-2sin 5

=—2sin£sin(x+£).
2 2

., Ax o, Ax
— 2sin— sin(x + —)
COCTaBUM OTHOIIICHHE: —— = 2 2

Ax
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HaiizeM npenen atoro orHoUeHna OpH Ax — 0

A —2sin£sin(x+g)
y'=lim 2 = lim 2 _

Ax=0 Ax  Ax—=0 Ax
sin ax
=- lim lim sin{x + —) = —sin x
Ar—0 Ax—0 2

2
(u50 B cuny (6.1) mepestif npeaen pases 1).
Taxum obpasom: ¥ = —sin x.

7.2. Nokazathk, 94T0 QYHKLUHA Y = ¥x HenpepsiBHa, KO He AH(peper-

mpyema B Touke x = (0.

P e ni ¢ H 4 ¢ PyHKUHA y=%/;:
1) onpeneneHa Ha Beeil uncioBok OCH, B TOM YMCIIe H B Touke X = {);

2} cyIECTBYET KOHGHHELH TTpeaen lim0 Yre=0;
X
3)sror npenen pabeH 3HAUeHHW JyHkumu B TOuke x=0, T.e.
tim ¥x =30 =0.
Xy

Takam o6pazomM, cornacHo onpeaeneHH0 (6.4) HenpepuBHOCTH PyHK-
LHY B Touke, (YHKUMA HETIpepbIBHA npH x = 0.

Tpoussoanan yHKukm
3 Ax -3
Y@ = lim 2 = tim Ya-¥Yo _ oo 1
Ar—0 Ay Ax—0 Ax ax03f 4,2

T.. GyHKUHA He ABgeTcA AuddepeHnMpyemoii ipn x = 0. P

Henonbsys onpeneneHde Ipon3BoHOH, HaliTH npoH3soiHEle GYHKIHIA:

7.3, f{x)=3x" 74. f{x)=3sin3x.
1 1
nte = m—— 7- . =— .
7.5. f(x) . 6. f(x) N
77, f(x)= 3;_1 . 78. f(x)=2-3x.

Hoxkazats, 4T0 (YHKUMM HempepblBHB! H AHMbepeHUMPYEMH MNpH
X =Xo:

79. f(x)=cos2x, x,= g 710, f(x)=2x+5, x,=2.
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HokasaTh, YTO GYHKIUHH ABNSIOTCA HENMPEPHIBHBIMH, HO He Anddepen-
NHPYEMBIMHA TIPH X = X!

THL f()=[x+2], x=-2. 712 f(x)=Y(x-3)°, x, =3.

7.2. Ilpasuna nudppepeHIHpPOBAHNA.
IlpouasoaHbIe
3JIEMEHTAPHBIX (pyRKmuii

CnpaBouHbIil MaTepHan

1. Anddepenunpopanne ABHLIX GYHKUMIT

Ilpasuna ougpepentuposanun:
¢ — MOCTOAHHASA, % = u(X), v = V(x) ~— AndbepeHLUpyeMble GYRKIMH:

c'=0; ~(12)  (wvw) =u'vw rawv'w + uvw’; .0

x'=1; (1.3) (3] B w0 (718)
v 1%

wxvy=u v, (74

(uvy=uv+w'; (1.5) (-C—J = __c_\;_ , v(x)=0. (7.9
v v

(cu) = e’ (7.6)

Ilpouszeodnan cnomwcnoii ynxyuu. Ecmu y=f(u), u =u(x), Te.
y=f[u(x)], roe f(#) u #(x) HUMEIOT NIPOHIROIHLIE, TO

y=flw)-o. (7.10)

Hpousodnan oépﬁmuoﬁ gyuryuu. Econ y = f{x) — nuddeperun-
pyYeMai H CTpOro MOHOTOHHAA (PYHKIHA Ha MPOMEXYTKe X, To GyHKIHA,

ofparnas k nanHo# x = @(y), Tarke auddepeHumpyeMa H e NPOHIROAHAA
ONpeaenseTca COOTHOLICHHEM:

¥, ==, ¥,20. (7.11)

¥
. x
Jozapumuneckas npoineodnas. Jlorapugmirieckoil  MPOM3BOAHOIH
GYHKUNA y = f(x) HA3RIBACTCA MPOH3BORHAN OT JIoTaphpMa 3TOH PYHKINH, T.C.

(Inyy = % = % : (1.12)
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Dopmynst OupPEPERRUPOCAHUR OCHOCHBIX INEMEHMAPHBIX PYHKUNIL:
x"Y=n x" L (7.13) (cosx) =-sinx ; (1.20)

(Wx) = (x>0)% (1.14) (tgx)= 1, : (1.21)
J* COs°X

(&) =e; (715) (ctgx) =-—5; (1.22)

. s x
(@) =a*Ina; (7.16) (arcsin x)' = —mo - (x| <) (7.23)
1-x

(nx)Y =1, @>0; (717 (arccosx) = ——m (x| <1%(7.29)

x 1-x

(log,x)' = 1 , (x>0,a>0,a=1), (7.18) (arctgx) = —l-i-, (T.iS)
xlng 1+x

(sinx) =cos x ; (7.19) (arccigx)' = —--—1-—5- . (7.26)
1+x
1L Inddpepennnposanne HenBHBIX GYHKINH

Ecin 3apucUMoCTE MEXIY X K y 33JaHa B HeABHOH (hopMe ypaBHEeHHEM
F (x, )=0, To 114 RaxoxJeHHs npoH3poAHoil dyHKUMM y HeobXomgnMo
npoanddepeHimporaTs o X 0fe YacTH NaHHOTO YPaBHEHHA, PACCMATPH-
Bad y Kak GyHKNHIO OT X, H3 NOMyYeHHOro ypaBHEHHA NEPBOH CTeneHH
{OTHOCUTENILHO V') HAXOMUTCH 1.

IIL. Juddepenunpopanne pyHnuii, 3a53HHLIX NAPAMETPHYLCKH
Ecnu QyHKIMA apryMeHTa X 3aflaHa MapaMeTpHYECKH YPaBHEHWAMH
x=@0u y=4(),10
5 dy
L I d
E X E (7.27)
dr

IV. Ilpon3BOaHBIE BRICIUKX NOPABKOB

Hpouzeoonoii n-20 noprOKa HasbIBaeTCA NPOH3BOIHAA OT MPOHIBOA-
Holi (# — 1)-ro nopsaaxa. [Ipou3BOAHBIE BEICHIMX NOPAAKOB BEINACIAKTCA
nociyenosaTeNsHEM HhdepeHIHpoBaHNEM JaHAOR QYHKUMH:

Y =0y =05 sy =" Y. (7.28)
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Ecnu ¢ynxuns 3anaHa napameTpHueckH, To:

IRy ® nr (n=1}y¢
y;x = (yx')f ; _:n- = (yx;f )f s y‘(‘n) = (yx - )f . (7.29)
x; X, x;
7.13. Haliti npoussoaHLIe (yHKUMHIL:
a) y=2x"-5.2"+4x-7 log,x—-In2; 6) y=(1+x*)-arctgx;
s)yzw; 2) y=log;(2x* +1).
sinx—cosx

Pemenue:
a) Hcnonbsya npaskna aubgeperunpopanna (7.2), (7.4) u (7.6) n
dopmyn (7.13), (7.16) u (7.18), noxyuum:

Y =2xY - (5-27) +(4x) - (7 log,x) —(In2)'=
=2.(x°) =5-Q2%)Y +4(x) -7~ (logyx) -0=

=10x*-5-2"In2+4- 7 )
xn2

6) Ucnonbsys npaeuna nuddepeHunporanus (7.5) n dopmyny (7.25),
MONMYYHM:

¥=(1+x) arctg x+(1+x%) - (arctg x)'=
=2x-arctgx+(1+x2)-%=2x-arctgx+l.
1+x

&) Ucnonbays npaeuna nuddepenuuposanus (7.8) u popMyner (7.19)
H (7.20), nomyqum:

y= (sin x +cos x)'(sin x - cos x) ~ (sin x + cos x)(sin x ~cos x)" _
. (sin x +cos x)°
_ (cos x —sin x)(sin x - cos x) —(sin x + cos x}(cos x +sinx) _

(sin x + cos x)*

_ -2
- (sin x+ cos x)*

2) Ucnoneaya mnpasuna nudpepeHUAPOBARHA CIOXHONH bYHKUMA
(7.10) u popmynet (7.13) u (7.18), nonyunm:

6x?
‘=(log,(2x> +1)Y = 2%% +1) = ————
¥ = (log, 25> + 1) @+ = s

(2x% +1)-In3
7.14. Halfru  npoussojyro  x,  ofpatHolt  dynkumy, ecmm
y=x*+&Inx.
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P e w e B u e. Haxonum npouspoanyio ¢ryHKLIUM ¥ N0 nepeMeHHoH x:

Y =2tet lnx+i— 2xt +ef(xInx+1)
x x

Cnremoparensho, COIIAcHO

x
232 +ef(xinx+1)
7.15, Haiira tiponspontblie pyHKUMIA:

2 3x+2)* 5x-1
a)y=x"; 6)y= ( ) :
(1-2xPV1-x?

cooTHowenA0 (7.11), nonyunum: x, =

Pemenwue:
a) Hmeem nokasatensHo-cTeneHHyo Gyuknuo. Henonssya mMeron no-
raprbmudeckoro auddeperHunponanun (7.12), momyuum:
: y' 3 3 2 x 2
(ny)=—=(nx")=("-InxyY=3x"-Inx+—=x"Blnx+1).
¥y x

Orcrona nMeeMm:
y'=y-(ln.y)'=y-x2(3 lr1x+l)=xJrs -Jr2(3ln.vc+l)=x’r3+2 ‘Blnx+1).
6) 3nech 3a8aHHYI0 PYHKUMIO TAIOKe LENecoofpasHo NpeABapUTENbHO
nposorapupMHpOBaTh:
Iny=4In(3x+ 2)+%ln(5x—l)—31n(l—2x)—% ln(l—xz) .
12 5 6 X
+ + + .
3x+2 3-(5x—1) 1-2x 1-x°

Torza, cornacsio gopmyne (7.12), nonydaum:

_Gx+2)° 3\/5x—l.[ 12 5 6 x )>

+ + + .
1-20°1-x> \3x+2 3:(5x-1) 1-2x 1-&°

Haiinem npouseoguyo: (In y) =

y=y-(Inyy

7.16. Haiin NPOM3BOAHYIO Y, = % HEABHOH GyHKIUH

x*+9y* =16.
Pew e H ne Tak kak y spimsgerca ¢yHKIKeH oT x, To Oyacm pac-

CMaTpHBATE yZKaK caoxHyle pyHkumio ot x. [ponuddeperunposas obe
YACTH JAHHOrO YpaBHEHHA Mo %, uMeeM: 2x +18yy'=0. Paspewas no-

CneaHee YpaBHEHHE OTHOCHTENBHO y', NMONY4YHM: y’ = _lsz = _B{_-
Y ¥y
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7.17. Hailitu npoussoanyo y, 4 QYHKINH, 3a0aHHOM TapaMeTpH-

dx
YECKH:
x=acos’t;
y=asin’t.

Pemweuue Hcromssys mpaeuna nuddepeHunposanns GyHKIHH,
3agaHHoH mapameTpudeckH (7.27), Haliaem:

% =(acos’t) =2acost(-sinf) n % =(asin’ t)' = 2asint cost . Orcio-

1 _@_: 2asmrco:sr 1P
dx —2acostsint
7.18. Haiitu npoussoanyio 4-ro nopaaxa ot dbyHkRdH y = sin 2x.
P e w1 ¢ H u e. [TocnenoratensHo AuddepeHIHPYA GYHKIHIO, TOTYIAM;
y=2cos2x;y" =—dsin2x; y"=-8cos 2x ; ¥'¥ =16 cos 2x . P

7.19, Haifrn npoH3BOAHYIO BTOPOre MOPAAKa OT QYHKIHMH, 3a0aHHON
x=asint;

NAPAMETPHIECKH:
y=bcost.

P e w e B u e. ITocnepopatensHo mubdepeHIAPYA PYHKIMIO, TTOTYIAM:

, _{bcos?),  bsint b

—t = =——tgt;
{asin?), acost a
b , b 1
(——tg1), I b 1
"__ a ._ @ cost >
*  (asint),  acost a® cost

.7.20. Hafitn mponiponHyo #-ro nopaaka GyHkoAn ¥ =In(1+x) .
P e w e H u e. [locnegorarensno audibepeHIVpyA GYRKUHIO, OMYIHM:

J"=1+=(1+x)_l Y =) 5 yT=12-040)7
X

Y =—1.2.30+0)74; .

_En-nt

1 _1.2. vvaln=D-{-1 ”_]l —R
YO =123 )0 =
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Haiiti npouseoaHbic pyHnnit:

7.21.

7.2}

7.25.

7.27.

1.29.

7.31.

7.33.
7.35.

7.37.
7.39,
7.41.

7.43,

7.48.

747,

7.49.
7.51,

7-53‘

7.55,

y=x -2x° +5—i3+
X

y=5"-Ttgx+3ctgx+

+ arctg x.
y=(x>+2x+2)e,

y =x?sin x + 2x cos x —

-2sinx

_x2+l
Txiar”

_xlnx
T l4x
arctg x

X

y

y

y=v2-3x*.

y=viviz.
y=In(l+cosx).
y=ln(x+\/x_2;).
y = log, (x+Vx? —5).

=In
Y x+1

y=In{y2sinx+1-
—J2sinx-1).
y=esin2x.

y=arctge™.

y=2¢"(1-Jinx ).

y= xarcsin%+\/4—x2 .

7.22,

7.24.

7.26.
7.28.

7.30.

7032.

7.34,
7.36.

7.38,
7.40.
742,
7.44,

7.46.

7048.

T.so.
7.52.

T.“.

7,56
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y=sineg*",

y=2J;-4cosx+25in x+
+logsx—In5.

y=e* -¥x* -2arccosx+
+ 3 arcsin x,

y=3nx-»7,

_3x+2
Y 3
1+4x
y= l—J)._'.
_ COSX
T 2-3sinx’

y=In{5x?+2x%) .
y=3\‘l-x3 .

y=tg2x+—§—tg32x+-;~t352x.
y=Intg2x,

y=lnlnx.
y=lIn{x+3+yx’ +6x-7).
144l x?

1-yY1+22

y=e(f2x 1.

y= 3mm 2x

V=

y=In

y= ’l—e'z’r
1+ >

y=1f;arcsin1/;+ 1-x.



X

=arctg y9x” -1. 7.58, y=arcg .
7.57. y=arclgyx m
7.89. y=arcsin -2 760, y=v4-x* +2arcsin>.
Vi+x? - 2
7.6l y=xy9-x? +9arcsin>.  7.62. y=arctg 4-x .
3 4+x
7.63. y=x arccos=—v9-x? . 7.64. y = arctg 1-x .
3 l+x
2
7.65. y=arcsin ]2x - 7.66. y=e"arctge” —lnyl+e*
+x
1
7.67. y=x*. 7.68. y=xnr.
7.69. y=x"e. 7.70.  y=(sinx)®".
Haifrst nponssoaHsie x,, obpatneix dyukuuii:
771, y=x-cosx. 772, y=2x+x>.
773, y=x*-3cos2x. 174 y=2"In(1-vx).
x-1
I8, y= <15
HaiiTn pon3sogHsie ¥, OT HEABHBIX GYHKOMIL:
776, 2x+y-4=0. 777. xlhy+ylnx=0.
7.78. xcosy-ysinx=0. 7.79. J;+J;—2=O.

780, W -arlg=0. 781, arcig(x+y)=x .
782. Iy+>-a=0. 783, arctg X =Lin(x? 457 .
y y 2
7.84. x¥ -3y =0, 785 e"+e¥-e¥-1=0.
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Haiiti npon3ponneie dyHkiui, 3a0aHHBIX NAPAMETPHYSCKH!
1

x=2+1; FED
7.86. {y s 7.87. 141
Ty
x=a(cost+¢sint); = 2t
7.88. (e i gge, [XTacosf:
y=a(sini—1cosit). y=asin“¢.
x=a(t—sint); =e' sint ;
= 00, ( ) 701 x er sin
y=a(l-cost). y=e cost .
x= cos’ ¢ ; X = Arccos 1 ;
L] - - ¥
7.92. Voos 2t 7.93. L+e
y= sin’ ¢ _ y =arcsin
+Jcos 2¢ 1+¢
HaiiTi npoM3BoJiHbie BTOPOro nopanxa dyHkii:
7.94, y=x3—4x2+5x—l. 7.95, y:xz‘“—xz .
796. y=xln(x+1). 7.97.  y=sin?3x
y= x+1 x =arccos ! ;
7-984 2x+3 : 70990 y:."l_rz .
Haittn npoussonHbie #-ro nopsjka dyHxiHii:
7.100. y=xe*. 7101, y=Inx.
7.102. y=5*, 7.103. y=sinx.
1 x=In¢;
= 1
7104. V73,05 7005 |y=o.

7.106. IToxazats, yto dyHKUHA y =2 tg(2Zx —1) ymOBNETBOPSAET ypaB-
HeHno 3" =2y,

7.107. Tlokazath, YT0 QyHKIHA y=2¢’* -~ ymoBIETBOpAET ypae-

HeHHIO YY" =Yy .
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7.108. ITokazats, uto ¢yHKOHA y=(1- xT) cosx+(1+ %) sin x

YAOBIETBOPACT ypaBHenuy y" + y =xsinx.

7.3. TeoMeTprueckne 1 MeXaHHIECKHE
NPUICKEeHHA MPOU3BOTHOH

CnpaBo4nbii MaTepHan

1. Feomempuueckuii cmuica nponzsodnoi. Ecii KpHeas 3ajaHa ypasHe-
HueM y=f (x) w F (x, y)=0, T0 f(x0) =tg 0 ecTh yzroeol koagpuynenm
KacamenbHotl (TﬂHI‘CHC ¥ria €€ HaKIOHa € NOIOKHTEIEHBIM Hanpannenneu
ocH abcumce).

Vpasuenue xacamenvroil ¥ XpuBoH ¥ = f{x)} B TOUKE Xy UMEET BHUA:

Y= flxg}= () x—xp) , (7.30)
4 ypagHeHue HopManu:
1
y=flxg)= N u)(x-xo) . (7.31)

Yanom mexcdy dgyma xpusvimu y = fi{x), y = fo(x) B TOUKe HX TIepece-
uyeHUS Mo{xg, yo) HA3BIBAETCA YION MEXIY KACATENBHEIMH K 3THM KPHBLIM
B TO4YKe M , TAHTEHC KOTOPOro HaXOmHTCA o hopMyne:

- f2 o) f(xo) 732
O Sty filxy) (732)

2, Mexanuveckuli cmoren npousodnoi. Ecnn TouKa ABHXETCA DO 3a-
KOHY § = 8 (), rie § — NyTh, { — BpeMA, T0 5'(f) NPEACTABNACT CKOPOCHE
H3MEHEHNA IIYTH B MOMEHT ¢ BTopad nmpoH3BogHag MYTH OO BpeMeHU
s7(6)=[s"(D] = v’(t) ecTb CKOPOCTh HIMEHEHHA CKODOCTH WIIH YCKopeHue
TOUYKH B MOMEHT /. 3—x

7.109, CocTasute  ypaBHe- =
HVe KacaTelbHOH M HOPMAallH K

3-x

y 4

B TOUKe ¢ abcumecoii xo = 2.

Pemenue Bomucaum \
3HaueHHe (PYHKUMH B TOUKE Xo = 2: -4 i
3-2

2.
rpadHKy QYHKUHH )= I
2x—3 o ]

1]

=1. Ipomsponnas
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ymagm Y’ 3HaucHHE TMPOM3BOMHOW B TOUKE Xg=2:

T2xo3
y(2)= ﬁ =-3 . Cornacho (7.30), ypaBHeHHe KacaTeNbHOH HMeeT

BUN; yv—1=-3(x-2), wnn 3x+ y-7 =0, a ypasHeHne HopMann (7.31)

— y—1=%(x—2), win x-3y+1=0.p

P 7.109a. CocTaBuTh

— IS _ 3 YPABHEHHE KACATENBHOM K
2= 05— 2x) 5 rpaduky byHKIHA
\' y=In(5-2x), nepneHan-

14 KyJAApHOi npAmMoi
x=-2y+1=0
— 1 i —»x
-3 -2-1 0] 3 Pewe s e Ymosoi
\ koadpuLreHT 3agaHHOM
' npaMofi k) = 1/2, a npamoi,
Prc. 7.2 OeprIeHANKYApHOR K Heil,

. no odopmyre (4.16) ectb
k>, = 2. TToatoMy TouKa Xo KpHBOH ¥ =In(5—2x), B KOTOPOIi KacaTeIbHaAA

NepreHANKYApHa JaHHOH IpAMoi, HaxonuTes U3 ypasHeHHs f'{x,)=-2,
-2
5-2x,
myne (7.30) ypasHennme kacaremphodt @ y—-0=-2(x-2), um
2x+y—-4=0 (puc. 7.2). »

Hnu =-2, otxymaxg=2u f(2)=In(5-2-2)=Inl1=0. ITo dop-

7.110. CocTapuTe YpaBHEHHE Ka-

y 1 caTensHoif K rpapuxy yHKUMH
4T y= J5x-9 , IpoXonfalyio 4epes
2 4 Touky M(0; —4).

Pemenue Onpemennm abe-
} »  LHCCY TOYKH KACAHHA H3 YCIOBHS, YTO
-2 0 X Touka M NpHMHALNCKHT KacarelbHO#,
-2+ T.€. 8¢ KOOPAMHATH YIOBIETBOPAIOT
0 —a YPaBHEHHIO (7.30):

4/- MEH —4 = f{x)=f(xo X0~ xp) .

3 nOﬂCTaBﬂﬂﬂ B 3TC COOTHOLWIEHHE
Puc. 7. BBIPAKCHHE JIA 3HAUCHHUA QYHKUHI B
ee HPOH3BO,[[HOFI B TOYKE X0y nonyuium YpaBHEHHE BHJAA:
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~5x,

2,/5x, -9

xp = 2. Onpedenup 3HaucHNe QYHKIHM H ee TPOH3BOOHON B 3TOi ToOuKe,

=4 f5x, -9 = . Pemiaa ero oTHOCHTENBHO X, HaHgeM, YTC

. 5
YPAaBHCHHE KacaTelbHOH 3alHIIEM B BHAE: y—l=5(x—2), WK

5x-2y+8=0. P
7.111. Coctasuth ypaEHeHHE KacaTeNnbHOH H HopManu B Touke (1; 4) k
2+t 2
KPHBOH, 3a{aHHOM NapaMeTpudecku: x=——, y=t°.
i ¢

P ¢ m ¢ 1 u ¢. Hafinem 3HaucHue 7, npu koropoM xo=1, yo =4, W3

2+t :
pelueHns cucTeMsl: { 2 [lonyunm, uto £ = 2. _
1? =4,
| ,
Mponseozuyio onpeaenum no dopmyne (7.27): y, =— .
: - t+4
1
3HaueHne NPOH3BOAHON pH £ =2: ¥ = ——32 .

Torna ypapHEeHHE KaCATE/ILHOM JATMINICTCA B BHAE! y—4=—-1§6-(x—1), HM

3y +16x—28 =0, a ypaBHeHHe HOPMEIH TPHMET BHI; y-—4=%(x-—l), HIH
3x-16y+61=0.p

7.112. Haiiti yron mMexay napabozamu y=x°> +6x-51n y=x"+78
TOUKE UX NMEPeCeICHHA.

PeweHue PewlHE COBMeCTHO cCHCTeMYy YpaBHEHHH mapabon, Ha-
XOIHM TOYKY HMX mepecedeHHa: xo=2 H yo= 11. Ilponndipepennnporan
ypaBHeHus mapaGon y| =2x+6, y; =2x, HalifieM X yrioesie xodddu-
UMEHTHl B TOuke nepecedeHua: y((2)=10, p3(2)=4. Cornacno (7.32),

10-4 6
1+10-4 41 °

TAHPEHC yria Mexiy nmapabonamu Gyzer paeeH: tg@=

Cnenosarensto, ¢ = arclg% ~83°. P
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CoCTaBHThL YpaBHEHHE KacaTelbHOM M HOPMATH K KPHBBIM B YKa3aH-
HBIX TOYKaX: :

3 2
7113, y=2x" —4x" -5x-3 7114, y=In(1+x), x=0.
XQ=2.
2x+3 x=t+3,
7.118. = , X =0, 7.116. Mo(5; 1
y SRR {y: rry b(5; 1}
x=f-sint; = 3.
7.117. P =l Ta1g, {FTVEOSH %
y=1-cosf; 2 y=+2sin’s; 4
7119, x*+y° +4x-17=0, 7420, X% +2x7 +3y% =6,
Yo=1. My(1; -1,

7.121. Kako#i yron ofpasyer ¢ ocklo abcuuce KacatenbHas K rpaduxy
$YHKUHM, NPOBEeOeHHAN B YKa3aHHOH Touke? Hanucarh ypaBHeHHde Kaca-
TeNbHOH:

a) y=x>-5x+8, x=3; 6) y=In(1-x), x=0.

7.122. CoCTaBUTE YPaBHEHHE KAacaTeNBHOR K KPHBOH y =5x—x°, mna-
pannensHoii npAamol, npoxonamei yepes Touku (1; 7) n (-2; -2).

7.123. CocTaBuTh YpaBHEHHA KACATENBHBIX K KPHBOH y = x> +2x+1,
MepreHARKYIAPHBIX pAMOH Sy +x~4=0 .

7.124. CocTaBuTh YPABHCHHE KacaTeNnbHOH K KpHBOH y=In(x-1),
nephesaMKyISpHON MpAMoit, 0Gpasylomeii ¢ ockio abcumce yron 135°,
2x-7

x-3
a) napannensHEIX NpaMoit 4x— y -2 =0; &) nepneHANKYNAPHLIX NpAMO
2x+2y-5=0.

7.126. CocTaBHT> ypaBHeHHe KacaTeNbhod K kpuBofi y=e™*:

a) npoxoaswmed mapaienbHo GHCCEKTPHCE BTOPOTO H YETBEPTOTO KOOp-
IHHATHBIX YIAIOB; 6} oTcekawineit Ha ocH abcuuce oTpe3oK, paeHbii —1,

7.125, COoCTABHTD YPABHCHHA KacaTeNbHLIX K KPHUBOH y=

7.127. CoctapHTh YpaBHeHHWe KacarenbHoll K rpaduky yHrUMH

_ 2 +43 , Mpoxozsmeit yepes Touky M (6; 2).

X+

7.128. Hafith yron Mexay KpHBLIMH!:
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a)y=x"+5x-1 ny=x>+4;6) y=x" uyzlz;e) 2 +4y? =9
X

To2x.

7.129. Teno asmmerca npaMoinHeiiHo no 3akoHy s{f). Qupeaenurs
CKOPOCTh H YCKOPEHHE Tela B YKa3aHHBIA MOMEHT BpeMeHH #y:

a) s(y=1' =26t , 1 =2;6) s(t)—z"+l

tuz?.

7.130. Teno, GpoweHHoe BEPTHKANBHO BBEPX, NBHXKETCA N0 3aKOHY:
h(?)=9¢—2¢. HailTnn HavanbHYIO CKOPOCTb U YCKopeHHe Tena (fo=0) u
MAaKCHMAJIBHYO BHICOTY IOALeMa (IPH KOTOPoi ckopocTs w{f) = ().

7.4. llpenennHblii aHAIN3
dKOHOMHIECKHX TIPOIECCOB

CnpaBouHbiil MaTepHan

1. Ilpedeneusie geruvunst. [IpiMeHeHe TPoR3BOAHOIH B 3KOHOMUKE
[O3BOJIAET NOIYYATh TAK HAIBIBACMBIC HPEOLTENbIE XAPAKMEPUCTIUKY IKO-
HOMHUECKHX 00BHEKTOB UNH npolieccos. [IpeaencHeie BENMUHHEI (Ipeaens-
Haf BBIPYYKa, MOJE3ROCTb, NPOH3BOIHUTENBRHOCTh, NpeAenbHBI ROXOL,
NPOAYKT W Jp.) XapaKTepH3YIOT He COCMOAHUE,  CKODOCH H3IMCHEHHA
3KOHOMHYECKOrQ OOBEKTa MM HpoLecca no Bpemenn HNH OTHOCHTEIBEHO
Ipyroro ucenefyeMoro dhakropa.

H3deprcxu npouzsodemsa. Eciin M30epiKH MPOH3BOACTBA Y paccMar-
pHBaTh KaK $YHKUHIO BRITycKaeMoil npoaykuuu x, T.e. y=C(x), To

y'=C'(x) Oyner Bolpaxath npederbibie U3dEPHCKY TIPOU3IBOACTBA H MPU-

OMMKEHHO XapaKTepH30BATh MPHPOCT MEPEeMEHHLIX 3aTPaT Ha MPOU3BOA-
CTBO AOTIONHUTENLHOH eaUHULB! MPOAYKUAH. Cpedrite u3depxexy ABNAOT-

C(x)
ot

CAl H3AEPKKAMH HA CIMHHILY BBIYCKA MPOAYKIHHA: Y, =

2. Hpouzeodumensnocmes mpyoa. [lycts byHkuus #(f) peipaxaer
o0neM NMpoH3BeAcHHON MPOAYKIMH ) 38 BpeMs L. Toraa npon3pBogHas ofb-
€Ma TIPOM3BSACHHON MPOAYKUHH MO BpeMeHH I'{fy) ecTh npouzeocumens-
HOCMb Mpyod B MOMEHT fy.

3. @yuxyun nompebnenus u coepencenun. Ecnu x — HalloHATLHELT
noxon, C(x) — pyHknus notpebienna (vacTe A0X04a, KOTOpaA TPaTUTCS),
a S(x) — byHxuns cOepexenus, To

x=C(x)+8(x). (7.33)
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HAuideperiupys, nomyduM, UTO
dac ac & ds

=1, 7.34
R (7.34)

dC
rae ol TNpeaenbHad CKICHHOCTD K MOTPeOneHHIo;

as
proian NpenensHas CKJIOHHOCTS K COEPEXeHNI0,

4. Sracmuynocms. 3Ta Mepa pearHpoBaHuA ONHOH NEpEMCHHOH Be-
JHYHUHBI HAa H3MeHeHHe Apyroi. Snacmuunocme PYHKUMH OpHEIIDKEHHO
MOKA3BIBAET, HA CKOJMLKO OPOLCHTOB WIMEHMTCH ONHA NEPEMEHHAS B pe-
3yNLTaTe H3MEHEeHUA ApYroil nepemenHoil Ha 1%.

JmacTHYHOCTE GYHKLHHA OMpenenseTca ¢ NOMOIBIO COOTHOLICHHA:

Ex(}')=§'y; W E,(})=XT,, (7.35)

rae
ry(x)=any)‘.=§y; (7.36)

— OMHOCUMERbHAR CKOPOCMB w3meHerun (memn) GyHKUHH,

DAACTHUHOCTE (YHKIHA MPHMEHAETCA NPH aHAM3e CTpoca W npen-
MOXEeHUA OT UeHBl (yenogas anacmuunocms). (OHA TIOKA3EIBAET PEaKIHIO
CTpoca MY TIPEIIOKEHHA HA N3MEHEHHe LIEHBI H OTPEfieNINeT, Ha CKONBKO
NpOLEHTOR NPUOMIDKEHHO H3MEHHTCA CIPOC MITH MpPEAICKEHHE NPH HIMe-
HeHWH LieHb! Ha 1%.

Ecnn 3nacTHYHOCTE cIipoca | E.f y)| >1, TO CIPOC CUHTAETCA 2AGCHY-
HbIM, €CIU | Es (y)| =1 — Helimpaabrbim (¢ eOUHUUHON IRACMUNHOCMBIO),

a ecin |E, ()| <1 — reanacmuyrbir OTHOCHTEILHO LiEHBL,

7131, OyHxkuua M3IepKEK TPOH3IBOJACTBA TPOAYKIMH HekoTopoil
dupmoit HMeeT BHI: Wxy=0,1x® ~1,2x% +5x +250 (nex. en.). Haiitn
CpeAHHe H NpenenbHble HINEPKKH NPCH3BOACTBA H BRIMUCHHTE MX 3HaYe-
Hue nipH x = 10.

P e w e u | e. HaifieM npou3BoaHylo )'(x) H €€ 3HaYeHue ¥ (10) —
npelenbHLIe U3EPRKK NPOH3BOICTBA!

Y(x)=03x" -2,4x+5; y(10)=30-24+5=11.

CpenHne H3fepxKu:

3 _ 19,2
oy QI 5K 4250 ey o 250,
X X
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»(10)=10-12+5+25=28,

370 03HAYaCT, YTO NPH FAHHOM YPOBHE NPOH3BOACTRA (KONHYECTBE BEI-
nyckaeMoH NPOAYKUMM) CpefHUe 3aTPaTH Ha NPOW3BOLCTBO OAHOH ¢OUMHU-
LBl MPOAYKIMH COCTaBNAIOT 28 feH. ed., a ypenuueHHe o0beMa Ha onHy
eaHHHLYY NPOAYKUMH oboiiaerca dupme npubmokeruo B 11 new. ea. P

7.132. OyHkuMa  noTpebneHus HeKoTOpOoH CTpaHBM MMeeT BHA!
4

C(x)=15+0,25x +0,36x?, rre x — COBOKYNHEI HALUMOHANBHBIA A0X0K
(men. en). Hallth: a) npemenbHYIO CKIOHHOCTE K NOTpeONeHHIO;
6) npenenbHY® CKJIOHHOCTE K cOSpEeXEHHI0, €CIE HAaUHOHANBHBIH Joxon
cocTaBnaeT 27 AeH. e,

Pemeunue IlpenensHas  cxknornocts Kk norpebiennio:
1

C'(x)=0,25+ 0,48x? ; ec 3nauenne: C'(27)=0,25+0,48-327 =1,69.

IIpeaeneHas cKIOHHOCTE K cOepeXeHH D:
!

S'(x)y=1-C'(x)=0,75- 0,48x3 ; ee 3HaYeHNe: $'(27)=1-1,69=-0,69.p
7.133, O6reM npouzrozcTRa 3MMHEH O0YBR ¥, BRITYCKACMOH HEKOTOPOI
$upMoii, MOAeT OBITE OnHcaH YpaBHEHHEM u = %rj’ _%rz +6¢ + 2100 (en.),

rae { — KaneHIapHbiH Mecal rofa. BEMHCANTE NPON3BOAHTENBHOCTD TPY-
1A, CKOPOCTh H TEMN €€ M3MEHEeHHA: a) B Havane rona (¢ = 0); 6) B cepean-
He roja (f = 6); ¢) B KoHue roaa {f = 12).
P e w e H B e. [TPOK3BOONTENEHOCTE TPY/1a BHIPAKASTCH NPOM3BOIHOH
2()=u'(t)=1> — Tt +6 (en./mec.),
2 CKOPOCTE H TEMN HIMEHEHHA NPOH3BOZMTENBHOCTH — COOTBETCTBEHHO
NpoH3BoAHOH z'(¢) w norapudMmyeckoil nponssoanoit 7_{¢) =[lnz(t)] :
Z'(t)  2t-7
2(t) £-Tt+6
B 3amaHHBIe MOMEHTHI BpeMeHH COOTBETCTBEHHO HMeeM 2(0) = 6 (en/mec.),
2(0)==7 (en/mec’), TA0)=-1,167 (en/mec.), z(6)=0 (ea/Mec.),
z'(6) =5 (en/mec.?), TA6) He cylecTByeT (Tak kak 2(6)=0), 2'(12) =66
(en./mec), z/(12) = 17 (ea./mec.”), T,(12) = 4,125 (en./mec.). P

7.134. OyHKIMA cnpoca g = 3p+14
p+3

Z(t)=2¢ -7 (entmec?), T,{t) = (en./Mec.).

U MpEANOKEHHA S=p+2,11e g
H 5 — KONMYECTBO TOBAPA, COOTBETCTBEHHO NOKYNAEMOro H npejaaracMo-

rO Ha NMpOAAKY B €NUHHLY BpeMeHH, p — LieHa eRUHKLLI ToBapa. HaiiTu:
@) PABHOBECHYIO LEHY, T.€. U€HY, IIpH KOTOPOH CNpOC H NPEANOKCHHE
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YPAaBHOBEIMHBAKWTCA;  §) MMACTHYHOCTD CNpoca W MPeMIOXKEHAS;
8) W3IMEHEHHe JOX0Ha NPH YBelIHYeHHH ueHsl Ha 10 % ot panﬂonecnoﬁ
Pemenue:

a) PaBHOBECHAs LieHAa OnNpedendeTcd K3 YCIOBHA ¢ =S5, T.6.
3p+14
p+3

6) HalineM anacTH4HOCTH (0 cOpocY H MpednoieHHio no hopMye
(7.35):

= p+2, oTKyda p = 2, T.e. pAaBHOBECHas LieHA paHa 2 AeH. en.

- Sp
El@= (p+3x3p+14)
Epls)= +2

/na paBHOBECHOH neHbl p =2 uMeeM £ ,_,(q)=-0,1; E,_,(5)=0,5.

Tak kak momy4eHHRIE 3HA4YEHHA IMACTHUHOCTH MeHblue | (o abcomort-
Holf BeNMMUMHE), TO CNPOC K MPEANOKEHHE JAHHOTO TORApA NPH PaBHOBECHO
(puHOuHO#) LieHE HEINACTHYHB! OTHOCUTEABHO UEHLL JTO 03HAYaeT, YTO H3-
MEHEHHE LISHEI H¢ IPHBENET K PEIKOMY M3IMEHCHHIO CIPOCE H HPSIOKEHNIS,

) Ilpn yeenuueHnr ueHs p Ha 10% oT paBHOBECHO! CIIPOC YMEHBIIACTCA
Ha 0,1-10=1 %, cnenoparebHO, I0X01 Pg BOIPACTET NpUOIIDKkerHO HA 9%. P

7.135. 3aBHCHMOCTL MEXAY CNPOCOM ¢ M LeHOH p 3a eAHHHLY npo-
IOYKUHH, BHITYCKaeMOH HEKOTODHIM MPEIITPHATHEM, AACTCA COOTHOLICHHEM
g= 18-.\/; . HaiiTe amacTuuHOCTs cnpoca. BrgcHUTS, TPH KaKKUX 3HAYe-
HHAX LEHEI CIIPOC ABJIASTCA MACTHYHEIM, HEATPANBHBIM H HE3NACTHYHEIM.
Kakue pexomeHIanHH 0 LeHe 3a SAMHALY NPOAYKIHA MOMCHO JaTh PYKO-
BOOMTENAM NpeanpuaTHa np p = 100 u p = 150 nen. en.?

P e 11 e H K . DmacTHYHOCTE clipoca no ¢opmyne (7.35) ects

___r
E,@)= ,/‘(8 Jp)=- T J‘)

Cnpoc HeffTpaneH, ecau |E p(q)i =1. Pemias 310 ypaBHeHue, UMeeM

p = 144, INanee, npunuMas O BHUMaHue, 410 p > 0 M ¢ > 0 (1.6. p < 324),
MOMY4YHM, uTO eclii 0 <p < 144 — cnpoc ABNAETCA HETACTHUHEIM; OPH
144 < p < 324 — cnpoc 3naCTHYEH,

PexomeHaanuu n Ecnv LeHa eAMHALS OPORAYKLHK COCTAB/AET
100 aeH. en., TO COPOC ABAAETCA HEINMACTHYHBIM U MOXKHO MOBBICHTh HEHY
NPORYKLMH, BEIpYHKa IIpH 3ToM OyaeT pacTH. [IpH cTOAMOCTH OPOAYKLHH
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150 nen. en. cnpoc ABASETCH BNACTUYHBIM. B faHHOM ciTydae uenecoob-
pasHO paccMOTPETh MPEANOKEeHHe O CHHMKEHHHN LICHEL, BRIPYHKA OT peajin-
3auuH GyZleT PacTH B Pe3y/NbTaTe YBENHUCHN CAIPOCA HA NPORYKUMIO, P

7.136. 3anana dyHkimA ¥ = (x) MONHBIX 3aTPaT NPEANPHATHA Ha Opo-
W3BOJCTBO X €AHHHL NPOAYKUHK. OnpeneuTs CBA3L MeXIy KoaddHiHeH-
TOM JTACTUUHOCTH MONHLIX H CPEAHNAX 3aTpaT.

PemeH ne Cpeauue 3aTpaThl H3 €AMHUIY TPCLYKUMH DABHBI

¥ =2 1o dopmyne (7.35) koadDHIHEHTH 3NaCTHYHOCTH MONHBEIX K
x ;

CpeJHHX 3aTpaT paBHbl: £, (y) = oy
¥
X ' ho ' xZ - X
Ep)=—" =x—(lJ e L B N (R
i yix Yy x y

T.¢. KOMPOUIHMEHT MACTUMHOCTH CPEeRHHX 3aTPAT Ha eANHMWILY MEHbIIS
k03 dHLHEHTA TACTHUHOCTH ONHBIX 3aTpat., P

7.137. 3aBHCHMOCTE MEXAY H3ASPIKKaMH TPOH3BOACTRA ¥ H 00BLEMOM
BLITYCKAEMOH TMPOAYKIMA X HA TPEINPUATHH Bbipakaerca (yHKUHeH

y=50x-0,05x". OnpeenuTs cpeIHUe W NpeAeNbHLIE MIASPHKKH MpPH
obbeme npomykunu 10 en.

7.138. Bhipyuxa OT Npoiaku KOHGeT cocTaBnser p =100x-0,5x%,

rae x — obbeM NpoAaHHOH npoaykuMA (Teic. ed.). Haiftu cpennioto 1 npe-
IeNbHYIO BHPYUKY, €CII Ipogano; a) 10 teic, ¢a.; 6) 60 TrIC. ex.

7.139, @yHKLMA U3ACPKCK NPOM3BOACTEBA ¥ OT 0OBEMa BbIMyCKaeMoit
NPOOYKUHH X HMEET BHA ¥ = 100x — 0,2x> . Onpenenuts cpeanie U npe-
JenbHble H3AepPHKH NpH obbeme npoaykuuu 10 en.

7.140. CebecToUMOCTE NPOSYKLUHH y CEA3aHA ¢ ODBEMOM BBIMyCKae-
MO# NpoAYKitHH X ypasHerHesm: y = 6l1n(l+ 3x). Onpegenuts cpeauioto 0
npeaensHyo cebecTOMMOCTE BRIIYCKAaeMoi NPOAYKUHH TIpH 00BeMe, pag-
HoMm 10 en.

7.141, MlpoussoautensHocTh TpyAa OpHragsl Moker ObTH onHcaHa
ypaBHEHHeM ¥ = 2,52 +15¢ +100, rne 0<1<8 — palouec Bpema B

qacaX. BHYHCIHTE CKOPOCTE H TEMI H3MEHCHHA YPOM3BOAMTENBHOCTH
pYRanpui=2ni=17,
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7.142. CebecTOUMOCTE IPOU3BOACTRA TENCBH30POB ) (B THC, pyD.) onu-
chiBaercs yuxumei y=0,01x° —0,5x+12, 5<x<50, rie x — obbem
BHITYCKaeMOil MPOAYKLUHA B Mecall (ThiC. ¢4.). Onpee/MTE CKOPOCTh H TEMTI
H3MeHECHN ceBecToMMOCTH NpH BRIMycke 20 W 40 TIC. e, NpOAYKIHH.

7.143. @yHKEUA NOTpedieHHs HEKOTOPOH CTPaHBl UMEeT BRI
4

C(x)=13+0,25x+0,37x? , rae x — COBOKYNHBIA HAIIMOMANBHLI A0X0A,
Haittu: @) npefesnbHyy CKNOHHOCTE K NOTpedieHunio; 6) NpeAenbHyIo
CKIIOHHOCTR K COEPEXCHHIO, €CIH HAIMOHANBHEIH 0X0A COCTARNAET 32,

7.144. @yukuus chepexxeHns HEKOTopoil CTpaHel MMeeT BH
2

S(x)=25-0,53x-0,41x3 , rae x ~— COBOKYMHKII HAIIHOHATBHEIN AOXOA.
Haiitu: a) npegeacHyio CKNOHHOCTL K NoTpebiedHo; 6) npedenbHy
CKIIOHHOCTE K COSPEKEHHEO, €CITH HAITMOHANBHBIA JOX0/1 cocTARNAET 27,
7.145. 3aBHcHMOCTE MeXIy ceOECTOHMOCTBIC roTOBOH NpoAYKUHH
MPeANpUATHA ¥ (MIH pyG.) H o0BbeMOM BHMYCKaeMBIX H3AETHH X (THIC.
IIT.) BHIpaXaeTcsd ypasHeHueM y =+/x +4 —2 . Haiftu anacruynocts cede-

CTOMMOCTH MPOAYKLUHMH OpeAnpHATHA, BHNYcKaowero 12 ThiC. WIT. H3Oe-
miit. Kakne pekoMeHIaUHH MOXHO JaTh pYKOBOOHTENAM NPEANpPHATHA 08
M3MEHEHHH BENHYMHEI 00BEMA BRIMYCKAEMOH NpoayKIHH?

7.146, OyHKUMA IOAHEBIX 32TPAT B 3aBACHMOCTH OT 00OBEMA BBINTYCKAS-

MO NpOAYKIHH 3a1aHA COOTHOMIeHHeM: y =x° —2x° +96. [Ipn kakoM

ofbeMe MPOH3BOACTEA Npelenbible U cpejHue 3aTpaThl copnagator? Haifi-
TH KO3bOHIHEHTH INMaCTHIHOCTH TIONHBIX M CPEIHHUX 3ATPAT MPH JAHHOM
odneme.

7.147. 3aBHCHMOCTE MeXAY 00BeMOM BBIMYCKAa TOTOBOH APOLYKHHH ¥
{MiH py6.) ¥ 00BEMOM MPOU3BOACTBEHHRIX POHI0E X (MK pyD.) BhIpaxa-
eTcs ypasHenueM y = 0,6x —4 . HaliTH 31acTHYROCTE BRITYCKA NIPOAYKLIAK

ANS peanpHATHA, UMeromero oHAbL B pasMepe 40 MiH py6,

7.148. 3aBHCHMOCTE MSXKAY CE0ECTOMMOCTBIO SAHHHIBI NPOAYKUUH ¥
(B py0.) K BRIYCKOM NPORYKLMHE X (B MIH pY0.) BEIpaXaeTcA ypaBHEHHEM
y =—0,5x + 80. Haiiti 3nacTH4HOCTE ¢eOECTOMMOCTH NpPH BEITyCKe Opo-

Ayxuud Ha 30 MnH pyo.

7.149. 3aBHCHMOCTE MEXIY KOJIMHECTBOM BBITYCKASMEIX feTaneil B map-
THH X (ThiC. €/1.) W 3ATPATAMH Ha HX H3TOTOBNEHHUE y (THIC. pyD.) AnA Mpennpu-
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" 27 .
ATHH OTpacnM BRIPAKACTCS ypaBHeHHeM y =—+ 6. Hality nactuuHocTs
x

3aTpaT And NpeanprAThi, BeIyckarommx no 10 Teic. AeTaneil B napTHA.
7.150. Haifti snacTHYHOCTH (PYHKLHH CIIPOCa TIPH 3aJaHHOM CTOMMOCTH p:
a)g+10p =50, p=3;6)5¢+ 3p =10, p= 10;8) p’ + p + 4g = 26,
p=2up=4. '
7.151. Ina crnegyrowux ¢yHruuit cnpoca HaliTH 3HaYeHue p, TIPH KO-
TOPBIX CIPOC ABIACTCH JNACTUYHBIM!

a)2p+3g=12;6) g=50(15-p) ;6) g={3600-p? .

7.152. 3apanet $yHKUHM copoca ¢ M OpPEONOKEHAS § OT UEHBl X:
¢g=10-x, s=3x—6. Haitru: g) paBHOBECHYIO LICHY, ) MACTHYHOCTD
Cnpoca KW NPeANOKCHHAA ANl PABHOBECHON HEHBI, @) M3IMEHCHHE Ao0Xoaa
NpH H3MEHEHNH paBHOBeCHOH LieHB! Ha 5%.

7.153. OyHRUMH COIpoca g H TIPEATOKERHA 5§ HA HEKOTOPEIH TOBap OT

415 BHIS L

»
x+5 x+10
PABHOBECHYIO LIEHY; &) MaCTHUHOCTE CIPOCa U IPLUIOKEHNA U1 paBHO-
BecHOH 11eHbI; 8) M3MEHEHHE JOXOJa NMpPH M3MEHEHHH PaBHOBECHOH HEHBI
Ha 5%.

7.154, 3apucUMOCTL MOTPeGIEHHA ¥ OT JOX0AA X 3a8aeTcs GyHKLHeH

ero HeHH x 334al0TCH YPABHEHHAMH, ¢ =

a:r . .
y= . Mokazate, ure MACTHIHOCTE GYHKIMM NOTpebaeHUA OT BOXO0-

X+
A4 He 3aBHCHUT OT MapaMeTpa ¢ H CTPEMHTCH K HYJK} [IPH HCOTPAHHYCHHOM
BO3pACTAHUH J0X0AA. .

dagauM JiA NOBTOpPEeHAA

HaiiTu npousBoaHBe GyHKIMHA,
7.155. y=xln’x. 7.156. y=31+2x°.

7.157. y=.1+cos 2x. 7.158. y =In{e" + Je¥r + 4),

2x
e —1 4-x
7.159. = . 7.160. y = arct; .
4 Vez"+l ¢ Barx
eI

2

7161, y=arctg————. 7.162. y = arccos 2x4.
1 —e** 1+ x
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7.163. y = cosem. 7.164. y=x—+1-x?arcsinx.
7.165. y=¢"arcige’ ~Inyl+e**, 7.166. y =In’ Sin%.

7.167. y=x0%, 7.168. y = (tgx)*"*.
Hafitu npousBoauHsie x;, o0patHeIX HYHKIHH:
7.169. y=1+e¥. 7.170. y =arctgyx? — 1.
HaiiTi iponseosAbie ¥, OT HEABHBIX PYHKLIHE:

7171 2+ =4 7172, & — el =@
Hatiith mpon3BonHeie PyHKUNL, 3a0aHHEIX TAPAMETPHYECKH!

(x =tsinz : =+1- 2 :
7.173. { x=ism 7174. | F d
Vv =1{cost. yet 1-2
HaiiTh npon2Boauy10 BTOPOro NOpaaAKa QyHKIHH,
. x=asin2¢;
7175, y=tgx. 7.176. { a
y=acos2t.

Hai#itn npoH3BORHYI0 YETBEPTOTO NOpAAKa QyHKUHA:

7177, y=¢€"cosx.

Haifth npoxzBOaHEbIE #-TO NOPANKA PYHKLHIH:

7.178. y = cosx. 7.179. { =0

y=e" .

7.180. Ilokazate, uto GYHKUHA » =cCOS J-x YIOBNETBOPAET ypaBb-
HenHwo H1-x)y"=2y' -y, .

7.181. CocTaBUT: YpaBHeHHMe KacaTenbHOW H HOpPMamn X KpHBOH
¥ =+4—-5x B TouKe ee nepecedeHms ¢ npamMoil 2x+y—1=0.
x+2
_ x-2"
a) mapaJUIebHBIX NPAMOH, npoxoasmeit uepes Toukn (1,-7) n (-2;5);
6) neprneHANKYIAPHBIX IPAMOA 2x - 2y +5=0,

7.182. CocTaBuTh YpaBHEHHE KACATENBHBIX K KPHBOH y =

7.183. CocTaBHTL ypaBHEHHE KacaTebHBIX K KpHBO# y = P rx+2,
MPOXONAMX Yepe3 TOMKY MNepecedeHUs NpAMBIX x-2y+5=0 u
3x-4y+9=0.
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7.184. Teno IBUKETCH TIpAMOTHHERHO no 3AKOHY
20

s=-21%+ 3 (r+5)° +30¢. OnpedennTh CKCPOCTE M YCKOpEHUE TEia B
HayanbHEBI MOMEHT BpeMeHn (f =(0) u paccTosHUE, TPoiiaeHROE TENOM J0
OCTAHOBKH.

7.185. Bripyuka OT NpORMKM KOHOMTEPCKHX M3JEMMA  COCTABIACT
p= V¥t -2x+9-3 (TeIC. PY0.), roe x — obbeM mpomaHHON MPOXYKUKMH (T).

Haiith cperioro H NPEAeNTbHYIO BHIPYUKY, CH TPOJAHO 5 T MPOXYKIIKH.
7.186. ®yHKOHA cOpoca ¢ U NPeAAoKEeHUA § HA BRIMYCKaeMble npen-

4+3Ilnx
INPUATHEM W3IZICTHA OT UCHHW X 33J3K0TCH YPaBHCHHAMH: ¢=———
1+lnx
3+4Inx .
s =-1-——l—---. Haiiru: a) paBHOBecHYI0 UeHy; H) 3nacTHYHOCTH CNPOCa H
+Inx

Npe1IOKERHA I PABHOBECHOH LIEHEI; ¢) H3MEHEHHe NOXOAa MPH HIMeHe-
HUH paBHOBeCHOH ueHH Ha 10 %,

KoHTpoabHbIEe 3a0aHIA
no rnase 7 «IIponssonnans

Ne Bapuanm 7.1 | Bapuanm 7.2 | Bapuanm 7.3
1 | Ha#tn nponsBofiHEie QyHKLHIE
a) | y=(3x~1) x y={(5x-4) x y=02-x) x

xin (V1+4x2 +2¢) | xin (1+9x2 —3x) xIn (V1+25x2 +5x)
6) y =arctg sz y=anccosw}l—.:c2 (x>0) y=arctg 1-x%

1—x

2 | INoxkasarts, YTO dyHKLNHA y=y{x) YAOBNETROPAET

YPaBHEHHIO F(x,v,y',y")=0:

X
y:f_’;eJr R —l y=_!_82x+l(x_l),

y=2xe ¥, 2 2

" 12 ’
Xy = - =0 " !
S X -(-wV =0 | groymZ-g
X

3 | Haiitr npon3BoaHY10 OT GYHKIHH, 381AHHOH NAPAMETPHYECKH:

|x=e* sin2t; x =% sin 2t; x=e sin3s;
y=e* cos 2t

y=e cos U y=e¥ cos3t

4 | HaiiTH OpoH3BOAHYID H-TO NOPAJIKA:

t 1 1

2:-3 Y 13 Y 512

y:
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COCTaBHTh YPABHEHNS KacaTebHBIX K rpadHxy QyHKLHH:

2x+1 x+2 2-x
= s y=—=, napaineib- = s
x+1 x+4 2x -1
NepnesHKY SAPHEIX HBIX PAMOI HpOXOoAAHX vepes
npaMoli y+x+7=0 y-2x+1=0 Touky M(2;-2)

Jna cnenyoumx dysrnuit cnpoca g = f (p) HaliTH 3HAYeHHE CTOMMOCTH
€INHHLEL TPOAYKIHH P, NPH KOTOPLIX COPOC ABAAETCA 3NACTHUHRIM:

1 i 1
=—(100-5 =—(20-2 =—(80-4
q 3( ) q 5( P) q 7( P




Tect 7

1. BLIACKHHTE, KakHe GYHKLHH SBIIOTCA HENPEPLIBHEIME, HO He audie-
PEHUHPYEMBIMH B TOMKE Xo:

b y= [x+2} %=2;2) y=|x-5] x=53) y=Vx-8, x=8
4) y=tg(x+z),xo='n:, 5) y=43x —4x+1,x,=0.

2. BriAcHHTB, KakHe W3 YHKUHA ABNA0TCH AH(depeHIMpYeMBEIMH B
TOYKe Xo = |:

1) y=tg(l+\/;); 2) y=xarccosx; 3) y=5Jx2—8x+3;
Hy=x"In(1-x%); 5) y=|3x—2|.

3. Mpu kaxoM 3HadeHMH napamerpa a Gynkuds y =In (x + av x - 1)
asisiered andwhepenmupyeMoit B Touke xo = 17

4, YCTaHOBHTE COOTBETCTBHE MexkTy rpatdwkamu ¢yskmit y = f(x) (1, 2, D n
nx npouzsoaHeMu ¥ = f'(x) (a, 6, 8):

y y ¥y I 3
y = Rx) ' /:

[-Y T

0 x 0‘ a x 0 a  x
n 2) 3)
¥ ¥y .Ill ¥y F 3
1
y=r /) i
0‘ a x o] ¢ «x of| w@ x
1
-
q) ) 8)

BBYHCIHTE 3HAUEHAS NPOH3IBOAHBIX HYHKIHH B TOUKE Xp:
5 y=12In(x+vx?+3), %=L

6. y=(x*+5x—4)Inx,x=1.




T y:ln(ez"+1}e4"+l)—~/§x, xg=0.
8. y=%(arctg(1+x2) 32 +1), x=1.

% y=(sinx)’, xo=—, noJjaras, yTO

oA

2% =144, In2=0,69, nV3 =544

{c TouHocTbio A0 0,01).

10, BuiuHeanTs 3Hatienne npdnanonnoﬁ byHkun x4 230)2 +3 y4 =6,
3aJIaHHOI HEABHO, B Touke M (2; —1).

11. BEMHCTUTE  3HAMEHUWEC OPOU3BOAHOK  (wHKUMM  x=arctg!,
y =arcig+/t -1 , 331aHHOH NapaMeTpHUECKH npH ¢ = 2,

12. CocTaBath  ypaBHEHHE KacaTelbHOR K  rpaduky  QyHKOMH
y=4x-x BTouKe Xo=3.

Omgem: y=lkx+b,rack=...;b=....

13.TIlpn kakoM 3HAYEHHM Xp KacaTelbHaA K IpadHKy (QYHKIHH
y= 242 In (JJ_c ++/x +1) naxnouena k ocu abeurce nox yrnom 45°?

14, 3aBHCHMOCTE MEXTY HIICPKKaMH IPOMIBOACTBA CHIapeT y H IIpo-
LEHTHEIM COJEPKAHHEM BPELHBIX BELIECTB B HUX X BRIPAKACTCH (IyHK-

. 10 000
el y =

—100 . Haliti cpeaHye H OpefenbHEIE H3NSPKKH TPO-

H3BOACTBA, €CNH KOJIHUYCCTBO BPEAHEIX BEIIECTE COCTABNAET 10 %.

15. Cnpoc ¢ Ha HEKOTOpBIE TOBAPE! HAPOAHOrO NOTPESACHHA 3ABHCHT OT

6000 "
HX CTOHMOCTH p clefyiolnum obpasom: g = —— —40. Haiiry, npu xa-

VP
KOM 3HaueHHM p crpoc GynaeT HelTpankHLIM (¢ €HAHYHOH 3ACTHYHO-
CTBID).




I'naBa 8
Hpuno:;xenue NpoH3BOIHOM

8.1. OcHoBHbBIC TEOpEeMBI
mepeHIMATEHOIO HCUNCIICHNA

Cnpaso4unslit MaTepHan

1, Teopema Poans. Ilycte dyHKuna y = f{x) yIOBIETBOpAET ClEAYIO-
LIAM YCIOBHAM:

1) HenpepwiBHA Ha OTpE3KE [a, b];

2) anddepennupyeMa Ha HHTepBane (q, b);

3) Ha KCHIAX OTpE3Ka NPUHHMAET PaBHBIC 3HAYCHHMA, T.¢. f (a) = [ (D).

Toraa BHYTPH OTpe3Ka CYIIECTBYET 10 KpaiiHel Mepe 0gHa Takas TouY-
ka £ € (a, b), B x0oTOpO# Npon3ROAHAS GYHKLHMH paBHa Hymo: f'(E)=0.

2. Teopema Tazpanxca. [lycts dyHKNUA ¥ = f(x) YAOBNETROPAET Clie-
LY EOIIAM YCIOBNAM !

1) HenpepsiBHa Ha oTpe3ske [a, b];

2) aadpepeHipyeMa Ha wHTEpBane {a, b).

Torma BHYTpH OTpe3Ka CYMIECTBYET 10 KpaitHel Mepe oOHa Takas TOY-
ka £ e(a, b), B KOTOPOH BRIMONAAETCA PABEHCTBO:

. b)- fla
rig=L8=st) @)
—-da
8.1, Bescunts, MOXeT 14 OuTh npumeHena Teopema Jlarpanxa pna

dyuxnam y=31-x% + 1 Ha OTpe3Ke:
x

1 1 1-3- 3 5
")['5 5] 6)[5’ 2]’ “)[2 2]
Pewmenue:

a) PyHKUMA He ABNgeTcA HelpephiBHOH B Touke x=0¢& [— %, %] no-

ITOMY Ha JaHHCOM OTPE3KE TeopeMa J'lar‘pauma HeNMpHMEHRNMA.
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, 2x 1
6) y'=-——=—===——. lipon3soaHas He CYWIECTBYET B TOuKe

3 (l—xz)Z x
1.3
x=le 5; SP MOITOMY Ha 3TOM OTpeske Teopema Jlarpawka Takke
He MOXeT ObITh NPUMEHUMA.
€) Ha OTpe3ke [%, %] 062 ycnosHa teopeMs: JlarpaHika BRIIOJIHEHB,

TaK YTO TEOpeMa NPUMEHHMA. P>

3ameqaHH e Ecnn Teopema Jlarpanxka He npHMeHHMa Ha OTpe3-
ke [a, b], TO 3710 He o3HauaeT, UTC B HEM He MOXeT ObITh TOUkH &£, ynoBie-
TROpAomeit papeHcTBY (8.1).

8.2. VYxazars xora OBl OOHO 3HA4YeHMe a, MPH KOTOPOM (YyHKuHH

-

T o
y=e"" +acosx uMmeeT Ha UHTepBae (0; 3 TOYKY, B KOTOPO# IpoH3-

BOZHAA OOpauaeTcs B HyNb.

Pemenwue. Oqeaunﬁo, (YHKLMA HernpepbiBHA Ha oTpeske (0; g JH
anaddepenuppyema 8 unrepeane (0; %). Ecnu opu 3moM OKDKETCH, UTO

F)=f (g) . T Tpefyemas Touka OyaeT CYIUeCTBOBATE 1O TeopeMe Pon-

nd. Taxkum 06pa30M, €CJIH BLINNOJINACTCA pPaBeHCcTBO

Jai2

LY
eo +acosD=¢ 2 + GCOSE » TO YCIOBHC 3aa4H 5yJICT BBIMONHEHO. Pac-

CMATPHBAA 3TO PABCHCTBO KaK YpPAaBHCHHE OTHOCHTENLHO &, NOAyY4Yacm

g-
a=e'’ —1.
OTMeTHM, YTO HalAeHAOe 3HA4YeHHe a, De3yCcNnoBHO, He eIHHCTBEHHOE,
NPH KOTOPOM YCNOBHE 32184 BBITOHACTCH. P

83. Haiith BCe 3HaYeHMs g, OPH KOTOPEX  (yHKUHA

q

y=(l + a‘)ZSi"% +X YHOOBICTBODSCT ycuoBumio ¥ <2 mphm  Bcex
xe(; . '

Pe me wue Tak xak GyHKUIMA HenupepblBHa Ha otpeske [0; 1] u
anddeperunpyeMa B uarepsane (0; 1), To cymectsyeT Touka § e (0; 1)

TakKaf, 4TO f'(ﬁ):f(l)—f(0)=2(l+a2)+2—(1+a2)=3+a223, npu
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MOOBIX 3Ha9eHHAX a. TakuM oBpa3zoM, HH IPH KAKHX 3HAUSHUAX @ YCIOBHE
3aJa4YH BREITIOMHATECA He MoweT. >

8.4. OyHKuHA y=~o}3 x? papHa 1 npax=1ux=-1,Ho y'#0 a1 Bcex
x € (—1; 1). BoICHHTE, POTHACPEMHT JIH 3TO YCIOBHAM TeopeMbl Ponna?

8.5. BLIACHHTE, MOXHC JIH MIPUMEHHTE TeopeMy Jlarpaika and GyHKUHH

y=v1- sin” x Ha npouexcyTke: ) (0; 1); 63 (1; 2)..

8.6. BeIACHHTD, IPHMEHAMA K ans GYHKUME Y = l + |x| HA TPOMEKYTKE
x

[-2; —-1]: @) Teopema Pouns; 6) Teopema Jlarpanxa.

8.7. Oudpepenuupyeman Opn Beex 3HadeHHAX X yHkuHs y = f(x)
yIOBNETBOPAET YCIOBHAM f(2) = 5, f(4) = 3. IInsA xakoro 3HA4YEHHA g ypaB-
HeHue f'(X)=a 3aBeNOMO UMeeT pelueHue?

88. Oyuxuus y = f{x) HMeer mpoM3BOIHYIO, paBHylo ) =2+
1+ +sin (2* +3). Moxer i BomonesTses paserctso £(1) — £(0) = sin o ?

8.2. lIpaBuno Jlonurans

CnpaBo4Hbiit MaTepHan

1. Teopema (npacuno Tonumang). lpeacn orHomeHua ABYX Oecko-
HEMHO MalbiX WK HeckoneuHo Gombminx (GYHKUHH paBeH Npelery OTHO-
LIEHHA HX TIPOM3BOOHHX (KOHEUHOMY MAH GECKOHEUHOMY), €CNIM MOCHE-
Hitl CYIMECTBYET B YKA3aHHOM CMEICHe:

im L&) i L) 8.2)
a0 glx)  xox=) g'(x)
Taknm obpazom, npapuno Jlonwrans HCNONBIYETCA ANA PAacKphHITHA
oD

HeonpeAenenHocTell praa [%] HNK [—}
0

2. Tpasuio Jlonurans MOKHO MPUMERSTE TAKKE B 1A PACKPLITHA He-
onpenenenHocTeit BUIa [0- oo]. Hnas storo nponzseaeHre fix)g(x) cnemyer

flx) glx)

" (unu T) H TIOTYYHTs HEONPENENEHHOCTD

s [ 2]

3aNMHCaTh B BHAC
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3. Ecan nMeetcs HeonpeneneHHocTb Buaa [0°] wau [«°], npw BuiumHc-
neHnn npegena byukuun fx)**), To norapudM atoit byHKIME npencTap-
nget coboii HeonpeJeNcHHOCTh BHAR [O-w]. Ilpn 3TOM HCMONB3YETCA CO-
OTHOWICHME (TIOMY4EHHOE Ha OCHOBE CBONCTE NOrapnMoB ¥ HENpPEPhIBHO-
CTH NoKasareasHof GyHKIvu);

llm g(x}ln fix)y

lim f(x)f¢) =g . (8.3)

x—)xu(m)

V2+x+x
8.9. Halitnn lim —————
-1 In(2+x)
Pem ¢ uu e, Tak Kak B RZHHOM Cilydae HMEETCS HEONMpPeJeNneHHOCTh

BHIZ [%] » MOMKHO TIpHMeHHTE npasuno Jlonatang (8.2):

J2+x+x (J2+x+x) . 22 x 3
=1 = lim === 5'>

im———— = lim L =
x| ln(Z + x) x——1 (11‘1(2 + I)) o |

8.10. Haitru lim4 -3 )

A X

Pe w e H # e HMeer mecto Heonpe.ueneHHOCTb BHOA [ ] Ipuame-
o

Haa npaBuio Jlonutana (8.2), nomygaem:

. 4%-3" . 4"In4-3"In3
lim =lim—,
. x F0 2x

af
—] octaerca. IIpumennM npa-

Kax BupuM, HeonpeneneHHOCTb BUIA [
0

euno Jlonurans eme pas.

x _nx 1.2 4 X 1.l
lim4 In4-3 ln3=lim4ln 4-3"In 3:00.}

x=m x x—+m 2
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sm-l—
8.11. Haiith lim ———

L
Pemenmnue. Tak KaK J_ J_—__J;_H/_

lim (J_ Vx-— ) 0; lim sin-!- = liﬂ'(l) sin y =0, Takam oGpasomM, npucyT-
y—>

X L

TO

CTBYET HECHIPEAEIEHHOCTE BHIA [%] . [TpumMennmM nipasuno Jlonuransa (8.2):

.1 cosl _'Lz
lﬂ?.,x_,—J,‘,_,ﬂlﬁ#:
2Wr 2dx-1
. [ i1 l] [2J_Jx 1[J§+\/x 1)
Lo ey i o pe x

i zJ‘J_(JI+J_] o1

2
[\/ (x l) J (x;l)z]lir%cosy=0-1=0.>
x—»w x ¥

i
8.12. Haiitd npenen lim x:”; .

X

P ¢ 1 ¢ H u ¢. MMeem Heonpeaenentocts Buaa [«°]. Halinem

!
wrd 1 (Inx) (;)
fim| lnx"™ |= lim —=1 =[—] = lim—==0.
ﬂ[“" ] iy i g e ;_m[ ) x'—r&\/_

2Jx
l lim ln(xT)
o dopmyne (8.3) lim xVF = e = =1.p
. X=n
8.13. Haiitu npegen lirr} [(x- Jx }inln x].
X

Pemenne Tak kak npp x—1 Inx—>0, 10 Inlhx=
= In(Inx) > —o0 . Taxum oGPa3sOM, HMEEM HEOTIPEIENEHHOCTS BYAA [0-o0).
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o
CaelieM ee K HEONPCRENCHHOCTH BHAA |:'-'-:| H NMPUMEHHM NpaBHIIO Jlonu-
Lo o)

tans (8.2):

11
lim(x—--J;)lnlnx:]im Inln x —lim—nx x
x={ x—1 x=>l 1

(e~ ]

2&—1J
R ST T sl O
x-n([nx)(g.,/_ ) =1 Inx x—»lz.\f— 1 a3l [_1_} =0.

§.14, Haiitn npepen lim [x In® x—v1+x+x° ) .

X—rx

P e w e H K e. MeeM HeonmpeneneHHOCTs BUAA [ao —oo] [IpeoGpazyem

. Vi+x+x?
HCKOMEIH npenen llm(xln x— 1+x+x = Ilmxln l-——
xIn®x
- . Jl+x+x
HAWACM OTACIBHO PTG !1m—ln——,nmmmynnpa3moﬂommm(8.2)
X—or X X
1+2x 1
i 3 Y —+2
lim XX x| x 0.

X0 x]n2

_x—m] 2 +21 X
* noxinx 2J—-1-,_,—+-'~+1(1n2x+21nx)
: x* x
Takum obpazom,

Iim(xlnzx—xll+x+x2J= limxlnZx=c0 p

X=hE =33

Haiita npeaenst, uenons3ys npaepuno Jlonurana:

2 x X _
815 im0+ 816, Ilim< e "%
X0 X x={ x
2
X
817, [limYltxtind+x) $.18. lim————.
x=0 x e ln(e +1)
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3 2x _

8.19. limxin®x. 820. lim~——" =
= x=0 X
§.21. lim xz(l—e%). 8.22. lirn(xlnx—w.‘lh‘q:2 J
X Py
. sinx+cosx
8.23.  lim ———. 824, lim 28X
r—"‘z X+ Z 0 fgx
In(l+x)-In2 . sin(sin x}
8.25. lim ———. 826, lim——— -,
1 1425 -3 520 f1+x -1
V2x-2
. L -3
827. limlx++x]*~. | X
Hm( ) 8.28. Jlg_lg[ — 2)
. _Inln(x* -3) _ . [ 1 1 J
829, hm—=, .30, lim| ——- .
x]—>2 In{x-2) 8.30 = x—1 & ¢
8.31 i . -J_ x lnﬁ
31, xm(smx+ x) . 832, lim — nz'
x—dr §in x
833, limZSME 834, lim|—+In(l+)
=0 sinx -1 gin{x +1)

8.3. InTepBainl MOHOTOHHOCTH
H JKCTPEeMYMBI (DYHKIWH
CnpagouHblit MaTepuan

1. Ecmv npoussoaHas ¢yHkunH y = fx) nmonoxurensHa {OTpHLUATEND-
Ha) BO BCEX TOYKAX TPOMEXYTKa, TO dhyHkuud ¥y = fx) MOHOTOHHO 603-
pacmaem (ybuieaem) Ha 3TOM TIPOMEXYTKE.

2. Touka x; Ha3bIBACTCA TOUKOH Makcumyma (munumyma) byHKUHH
y=£x), ecNH cyluecTByeT HHTEPBAN, CONEPHAIMIA TOUKY X, TAKOH, UTO [a
BCEX X U3 3TOT0 HHTEPBANa HMeeT MecTo HepaBeHCTEO f{xg) = flx), (xo) < Ax)).
TouKH MAKCHMYM3 H MUHUMYM3 HA3BIBIIOTCH TOUKAMM 3KCHIPEMYMA.

3. Heobxodumoe ycrosue axcmpemyma: B TOUKe 3KCTpeMyMa QyHKIMH
€¢ TIPOM3BOIHAA THOO PABHA HYTIKO (f'(x) = 0), TG0 He CYIIECTBYET.

4, fTepeoe docmamounoe ycrosue sxcmpeMymMa: eclin B TOUKe Xo byHK-
uns ¥ = f(x) HenpepbiBHa, a NpoH3BoZHas J'(x) NpH mepexoae 4epes Tou-
KY Xo MEHAET 3HaK, TO TOYKa Xg — TOYKA PKCTPEMYMa: MaKCHMyMa, eClIH
3HAK MEHSETCA € «+» HA «—», H MHHHMYMa, €CIIH C «—» Ha «tn.
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Ecnu npn nepexone yepes TOUKY Xo IPOH3BOAHAA HE MEHAET 3HAK, TO B
TOUKE Xp IKCTPEMYMa HeT.

5. Bmopoe docmamounce yciosue SKCHMPEMYMA. €CIIM B TOYKE Xg
F(x)=0, a f"(xy) >0, 10 xp ABIACTCH TOUKOH MAKCHMyMa yHxitu. Ec-
an f(x)=0, a f(x,) <0, TO Xy ARMACTCA TOUKOH MAHUMYMA HYHKItHH.

6. Cxema uccredosanun ghyrryun y = f(x) Ha sxcmpemyu:

1) uaiitn npoussonuy y = f'(x);

2) HaWTH KpUTHYECKHe TOUKH (YHKIHH, B KOTOPBIX NPOH3BOAHAN
paBHa HYAK WIH HE CYIIeCTBYET;

3) wuccnenoBaTh 3HaKk NMPOM3IBOAHOH CNeBa M CTIpaBa OT KaXAoH Kpu-
THYECKOH TOYKH U COENaTh BHIBOJ, O HAIMYHHA 3KCTPEMYMOB ()YHKINK;

4) HaiiTh SKCTpeManbHLIE 3HAUeHHS PYHKIMN.

Hpu HecneaoBaHHA GYHKIHH Ha 3KCTPEMYM ¢ [IOMOLUEBID 2-T'0 AOCTaTOYHO-
ro ycnosus 1. 1), 2), 4} coxpaumores, a B 0. 3) neobxoaumo HaliTH BTOpYIO
NPOH3BOHYIO f"(X) M ONPCIEIHTD €€ 3HAK B KAMIOH KPHTHUECKOH TOUKE.

7. Uto0ul HalTH nauboabiiee u Haumenbiiee sHaYenue (2106aroHbId MaK-
cumpm t murtmym QYHKIMHA y = f{x) Ha oTpeske [a, b] cnegyer BrOpaTh Hau-
GoneLIee (HaMMeHbLLee) A3 3HAYCHHH QYHKIMH B KPUTHUECKHX TOYKAX, RAXO0-
DALINXCS B HHTepBane (a, b) 1 HA KOHIIAX oTpe3ka (B Toukax a | ).

8. Ecim mnddepenunpyemad Ha unteppane (a, b) dyHkung y = flx)
HMEET eduUNCMBEHH)YI0 TOUKY ICTPEMYMa, TO B ITOH TOYKE ROCTHraeTcs
HanboNblIee WIH HAHMEHLUIEE 3Hauvenue (rnobanbHB MakcHMYM HITH
MHHMMYM) GYHKIHH Ha HnTepeane (a, b).

8.35. Haiitd MHTEpBAAE MOHOTOHHOCTH H 3KCTPeMYMBl PyHKIAH
yzzx3 —ix2 +2x,
3 2

PeweH ¥y e BcooTBeTcTBHH co cxeMoil HccienoBanKA (. 6) Hal-
meM ' =2x%—5x+2. OueBHIHO, NPOW3BOAHAA CYIIECTBYET TpH BCEX
3HaveHHsX x. [IpHpaBHHBat )’ K HYIHO, IOIY4YaeM YPABHEHHE 27 - 5x+2=0,

1 .
OTKyZa X, =5 H X3 = 2 — KpATHYECKHE TOUKH, JHAKH NIPOUIBOAHOH HME-

1ot BUA (puc. 8.1):

y + - +
\ X /

Pnue. 8.1
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Ha untepeanax [— o0; %J # (2; + ) npoussoanas 1'(x)>0 u dynk-

UHS BO3PAcTaeT, HA HHTEpBalle (-1—; 2] F(x)<0 wn dynkuns yGbipaeT;

2
& = !
y ¥=o — TOYKE MAKCHMYMA H
1 11
1 —|=—,x=2 - TOUKa
| / “"-"(2) 24,
24 2 .  MmHmMyMa B fi(2)= —§ ,

0 ";' \/ Tak KaK NpH NEpexoic Hepes

3TH TOYKH MPOM3BOAHAA MEHA-
€T CBOil 3HaK COOTBETCTBEHHO C
«+H» Ha «—» H C «—» HA «».
3aMeuaHHe YcraHo-
BHTh CYIUECTBOBAHHE IKCTPEMY-

Puc. 8.2
Ma B KPHTHYECKHX TOUKAX x=% nx=2,BroropeX f'(x)=0 MoxHO GbUIO M
¢ TOMOILUBI0 BTOpod mpowsBomHoH f'(x)=4x-5 (cM. m. 5). Tak kak
f'(%]=—3(0, a f'(2)=3>0, o x=% — TOYKAa MAKCUMyMa, 8 X =2 —

TOYKA MHHHMYM3.

I'patux nauHol GYHKUMM CXEMAaTHYHO NOKA3aH Ha puc. 8.2. P

8.36. Haiitn SKCTpeMYMB! H MHTEPBATH MOHOTOHHOCTH (PYHKIHM
y={x Inx — x)%.

Pemenne y'= 2(xlnx—x)|:lnx+x-l—li| =2xInx{lnx-1).

x

[TponsBonHas CYWECTBYET BO BOEX TOUKAX, B KOTOPBIX CYLIECTBYCT H

caMa QYHKUHS, T.e. OpH X > (. TouKH, B KOTOPHIX NpOH3BOAHAR obpallaerca

B HYNTB, 3aJaK0TcA paseHcTBaMH In x=0,lnx— 1 =0,0otkynax; =, x3=e —
KPHTHYECKHE TOMKH, 3HaKku mpou3BoAHOH yKa3aHs! Ha puc. 8.3.

ﬁgy e 1 —, e "

Puc. 8.3
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Takum o6pazoM, GYHKUHS MOHOTOHHO BO3PACTAET HA IPOMEXYTKAX
(0; 1) 1 (g; +00) H MOHOTOHHO YObiBaeT Ha npomexyTie (1; ¢). Touka x = 1
— TOUKA MAKCHMYMA M S, (1) = 1, Touka x = ¢ — TOUKA MHHHMYMA H

fmin(e) = 0’

8.37. HaiiTh >KCTpeMyMEI H HHTEpBaNbl MOHOTOHHOCTH (yHKUHH
y=41—cosx.
sinx

PeweHue y =—————"IlpomssomHad He CylECTBYET NP cOS X = 1,
2yl —cosx

TE. MpH X =271# H paBHa HYMIO IIPH X = T + 27n . 3HaK MPOMABOIHOI COB-
[aaaeT ¢O 3HAKOM SiNx; TakuM obpasoM ' >0 npu 2rk<x<n+2nk n
¥ <0 mpu -1+ 2nk < x < 2nk . 310, COOTBETCTBEHHO, HHTEPRANDI BOPACTA-
HHA H yObBaHMA OyHKUMM., x=7+2mk — TOYUKH MaKCHMyMa
Fron (T4 20k) =2, x= 27k — 1ouxy MurmMyMa £, (2nk) =0.»>

8.38. Hajitu nanbonbliee H HaWMeHbILEE 3HAYEHAE (rmobanbHB Mak-
CUMYM M MHHHMYM) yHKIMH y = 3x — X’ Ha otpeske [-2; 4].

PemweHue Ilpouseomnas ¢yHkuun ' =3-3x" obpamaerca B

HyIb B ABYX Toukax x = + 1, HalineM 3HaueHHs QyHKUHH B 3THX TOYKaX H
Ha KoHuax otpeska: f(-2)=2, f(-1)=-2, (1) =2, f{4)=-52.
TakuM 0BpasoM, fuaus =/ (=2) = (1) = 2, frauw = {4) =-52.p>

8.39. Haiitu HamGonbmiee 3Ha4veHHe (rnoOanbHBI MakcHMYM) (QyHK-

UMK y = Ha uHTepBane (10; 18).

xVx
8-3vx
PeweHue Haitnem y'=3J;4_J; . Ha wntepsane (10; 18)
-3vxf

HMEeTCH BCETO OJIHa KPHTHUECKad Touka x = 16. [IponssonHad npu nepexo-
e 4epes 3TY TOYKY MEHAET 3HAK € «+» Ha «—», T.e. X = 16 — TOUKa MaKcH-
Myma. CnemoBaTensHO, (YHKLUNHA AOCTHTaeT HaHOONBLIETO 3HAYEHMA TNpH
x =16, 1.8, fuams = fuax(16) = —16. (3aMerum, UTO HANMEHBIUENO IHAUCHHA
{rnobanbHoro MHHUMYMA) BaHHOH GYHKUMH HA YKA3aHHOM MHTEpBale He
cymecrtByeT.) P

8.40. 3abopom nnuHO# 24 M TpebyeTcs OropoOAUTE € TPeX CTOPCH Nps-
MOYTrONbHEIH Banucanaux Hanbonbmed rmnontaan. Haltn pasMepb namu-
CagHHKA.

P e we n ue. [Iycts LnuABI cTOPOH nanHcagHuKa x, y. Toraa 2x + y =
=24, r.e. y = 24 — 2x. lInowians mamicaauuka S =xy = x (24 — 2x) = 24x -
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- sz, rae 0 <x < 12 (nbo 24 — 2x > 0). Takum obpa3zoM, 3aga4a ¢BETACE K
OTBICKAHHIO 2HAYEHHUA X, IPH KOTOPOM S({x) npuauMaeT Haubonkillee 3Ha-
yeHHe Ha unTepsane (0; 12). Haiiaem §'(x)=24-4x=0 npn x = 6. Jlerko
BHIETH, YTO X = 6 — eIHHCTBEHHAN TOMKA DKCTPEMYyMa — MAKCHMYMa
dyaxmu S(x). Ir0 o3HavaeT, uT0 Ha WHTepBane (0; 12) S(x) npunuMaer

HanOonbllee 3HAYEHNE NIPH X = 6, T.€. HCKOMBIC pa3MepEl MATHCARHHKA 6 M
H24-2-6=12mp

Ha#TH HHETepBAJIBI MOHOTOHHOCTY M DKCTpeMYMBI QyHKLWN:

I 4.1 5 2 X
4l y=—x"4+-x" -x% 42, y=—ou.
8 Z¥ ¥ X 842, ¥ —
£ x3
843. y=(2x+1)e 2. 844, y=——.
. 1+x
845 y=x’(x-1). 846, y=—s.
1+x
| e e
847. y=—— 848, y=(1+x)e *.
1+x
849. - ¥ 8.50  y=vxe¥ 41
851. p=Yx*-4s. 8.52. y=xlnx-3x
8.53. y=In(1+2cosx}). 854, y= arctngI.
xz
855. y=2x’Inx 8.56. y=—.
Inx
857 y=_t v 8.58. y=cos(inx).
3+x :
: 1 i —
859. y=—- 8.60. y=y1-2sinx ++1+2sinx.

- Inx Infx

Haiith HauGonbiuee n HapMeHbIIee 3HAYEHNE (TN0DAnbHbIY MAKCHMYM
H MHHHMYM) yHKIMY ¥ = f(x) Ha oTpeske [a, b]:

8.61. Foy=x* -3x%; [— I 4] .
8.62. Jx)=xInx; [o.5; 1].
63. =—_;  [0;3].

8.63 F=— [o; 3]
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8.64. f(x)=3sinx+4cos’ x; [0; E}

4

8.65. fe=2 Lya).
e
_2x-1
$.66. f(x)= r [-2;0].
8.67. Fix)=2sin2x +3cos2x; [0; %] .
8.68. f=—2_ [-203).
1+x

HaiiTn Hanbonbiliee nan HauMeHbllee 3HauYeHRe (rnobanbHbIE MaKkcH-
MYM HWJIH MHHHEMYM) GYHKUHH y = f(x) Ha uHTepBane (a, b):
1+x

8.69. y=-3x*+6x%;(—2;42). 8.70. Y=g o (0; 2).
X
2+ x? 1 2 ( ’T}
8.71. = ;o =-=—:1) 8.72. =tg°x; | -} —
d 1-x? [ 2 ] y=E 2
— 2 —
873, ypo XX 0,1*‘6 874 y=arctg =ik 1),
1+x-x* 2 1+x

8.75. PaccMaTpHBAOTCA BCEBO3MOXHEIE MPAMOYNONLHEIE Mapallieie-
MHNEAL], OCHOBAHHA KOTOPhIX ABAAIOTCA KBaApaTamd, a Kaxcaas u3 Goko-
BEIX CTOPCH HMeeT nepumerp, paBHBIH 6 cM. Haifth cpeay HHX mapamnene-
NHIIEH ¢ HAHOOMBIINM 0OBSMOM K RAHTH TOT OOBEM.

8.76. OnpeacnnTs pa3Mepsl OTKpEITOro Oacceiina c KBaApPaTHBIM JHOM,
npy KOTOpIX Ha OONMLIOBKY CTEH K JHA MOHOeT HaHMeHbliee KOJTHYECTEO
Marepnana. O0bem Gacceiina F puxcuporas,

8.77. TpeOyerca OropoOOMTh ABa YIaCTKA: OOHH — B $OpME NpaBHib-
HOTO TpeyronsHHKa, Apyroii — B ¢opme monmykpyra. JInHHA W3ropodH
¢vKkcHpoBaHa M paBHa P. OnpeaennTh pasMephl YUacTKOB (CTOPOHY Tpe-
YTONIBHUKA M PAARYC MOAYKPYra) Tak, 4ToOB cyMMa mnoianeil 3THX yva-
cTKoB Onina 651 HaHGOMBLIEH.

8.78. B TpeyronbHNK ¢ OCHOBaHHEM 4 H BHICOTON 7 BIHCAH MpPAMO-
YFOJNBHHK, OCHOBAHHE KOTOPOTO JIGKHT Ha OCHOBAHHH TPEYrolBHMKA, a
ABe BepIMHEL — Ha OokoBbIX cTopoHaX. HaiiTH HanGonpllyio niomans
BIHCAHHOTO NPAMOYTONLHHKA.
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8.4. HurepBanbl BRITYKJI0CTH (PYHKIMH,
Touxn nepernta

Crpapounbliii MaTepuan
1. ®ynakunsa y = f (x) Ha3LIBaeTCA @uuyKIoll 66epx (@ni3) Ha mMpome-

KYTKE, €CNH JUif MoObIX ABYX 3HAYEHHIT X, X2 U3 ITOrO MPOMEKYTKA BbI-
TIONIHASTCA HEPABEHCTBO

f(x. +x2)2 £lx)+ £(x) [ f[x, +sz5 f(x|)+f(xz)J_

2 2 2 2
" TouKi, pasneNfIomMe HHTEPBAB BLINYKIOCTH, HASHBAIOTCR MOYKAMY
nepezuba.
2. Ecan propas nponseogras f"(x) QyHKIHH ¥ = f(X) NONOKUTEIBHA

(OTpHHATENBHA} HA NIPOMCKYTKE, TO (YHKIMA ABNSCTCH GbIHYKION GHU3
(88epx) Ha 3TOM NPOMEXYTKE.

3. Ecnn xp — Touxa nepernda dyuxuyu y = (x) n f7(x,) cymecrsyer,
TO f ”(xo) = 0 N .

4. Ecnu BTOpas npon3eoaHas f"(x) MEHAET 3HaK NpH Mepexone uepes
TOUKY Xg, TO TOUKA Xq ABAAETCA TouKoH nepernta dyHKumn y = f(x).

5. Cxema tecredoeanun hyHryUY HA GBIRYICIOCMb U MONKY REpeznba:

1) Ha#iTH BTOpYIO NpOU3BOARYIO GYHKUMH [(X);

2) HaiiTH TOYKH, B KOTOPHIX BTOpad mpoulBodaHas f“(x)=0 wnu He
CYIECTBYET;

3) wccnemoBaTe 3HAK BTOpOil NMPOHIBOOHON ClEBa H CIipaBa OT Hali-
JeHHBIX TOYEK M CHENATH BHIBOA OO WHTEPBANAX BLINYKIOCTH M HANHYUH
TOuEK neperuda;

4) npaiiTH 3HaYeHHs GYHKLUHH B TOUKaX nepernfa.

x§.79. l;[aﬁ‘m TOYKH nepernta 0 HHTEpBabl BRITYKIOCTH QYHKLUHH ¥ =
=4x" - 2x".

P e 1w e H u ¢, B coorBercTanm ¢o cxemoit HeeneaoBanus (11 5), Haiinem
¥y =12x* -8x%, y"=24x- 24x* = 24x(1- x) . OueBnano, 3" =0 NpH X)
=0, x,=1. 3Haku BTOpOJ#i MpoU3BOAHOH }* YKa3aHbI Ha puc. 8.4.

y - + -
W W - X
y s 0 e 1 o
Puc. 8.4



DyHKUMA SBIAETCS BBIMYKIOH BBEPX HAa WHTEpBamax (-o;0) w
(l; +co) (tak xak f"(x)<0) ¥ BLIMykno#t BHH3 Ha uuTepmane (0; 1),
( f(x)> 0). x=0nx=1 —Touku nepernda, TaK KaK FIpH [I€pexoIe Jepes
HUX f"(x) MensieT ceoii 3Hak. >

8.80. Haiitu Touku nepernfa U HHTepBanbl BHNOYKNOCTH QYHKUNH y =
= 5x* - 3.

Pemenme. 3y =20x-15x*, y"=60x%-60x> =60x>(1-%).
Bropas npoussogHaa o0paiuaeTcA B HyJIb B TeX ke Toukax Xy =0, x> =1,
4TO M B TIpeALIAyILeM NpuMepe. ORHAKO, HAa 3TOT pa3 3HaKH BTOpoi mpo-
H3BOOHOH cneayomue (pHe. 8.5).

¥ + + -
o » X
y hd 0 e ! n
Puc. 8.5

Takum o6pazoM, GyHKINS BEITYKIa BHH3 Ha BceM HHTepBane (—ow; 1),

H TouKa x = 0 He aBiAeTca Touko# neperuba. He-
TPYOHO YBHAETh, YTO ITC TOYKA IKCTPEMyMa  m-—arctg2

{makcuMyma) yHknpe, Touka x = | sBaserca r -

Toukoil nepernba. Ha nurepsane (l; + ) ¢yHK- >,

nHsi ABIAETCH BRINYKION BHAZ. P
8.81. Haitti Touku mepernba y = sin x + 2cos x. Ay
Pemenue Hueem »y =cosx-—2sinx, Tarctg?

y"=-sinx-2cosx. Bropas npowssogHas oGpa-
MAaeTcA B HYNb MpPH BHINOJHEHHHW paBEHCTBA Pue. 8.6
sin x = -2 ¢os x, WK tg X =—2, T.€. B TOYKaxX x = — arctg 2 + nn. Puc. 8.6 noka-
IBIBACT, yTO OpH —arctg 2 +2 mn<xy<m-—arcig2 +2mn  f(x)<0 H HyHK-
UHA ABACTCA BRIMYKIOH BHU?, a Ipy A —arctg 2 + 2 in < x < 2w —arctg 2 + 2
F7(x) >0 u by ssiserca BHITYKIoH BBepX. Toux x = —arctg 2 + nn —
TOUKH niepernba, P

Haittd Toukn nepernba ¥ HHTEPBANH BEITYKNOCTH (DYHKIHA:

1 3,2 = ol
8.82. =—x"(x°-3). 883 Jr= .
4 Vx +1
8.84. y:%’xz - 2x. 8.85. y=3v'l—x3.
8.86. y=(x+DNarctgx. 887. y= PeF
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8.88. y=—;. 8.89. p=x2et
x2
8.90. y=x3lnx+l. 891. y=
x? +1
3 3 2 3
892 y=|—x|lnx-24+3 ge3 y-—__
6 36 2 Wi +2

8.5. AcnmmaTotpl. Uecnenopanne pyHkupmi
U nocTrpoeHne ux rpadukos

CnpaBounnlit MaTepuan

1. Tlpaman ! HaspiBaeTCH acumrmomoii rpadnka dyukunn y = f{x),
eclTH paccTOAHHE OT TOYKH {X, f(x)) Ao »Toi npaMoli cTpeMHTCA K HYMO
IIpH HEOTPRHWYEHHOM YAANEHHH TOYKH rpadHKa 0T HaYana KOOPAUHAT,

ACHMNTOTH ORIBAIOT BEPTHKANBHEIMHA, NOPH3OHTAIBHEIMA M HAKJIOH-
HBIMH.

2, Tlpsimaa x = xp ABIAETCA @epmuxatvioli acumnmomoii rpaduka

byHKOHA ¥ = [f(x), ecaw Xota Obi OMHH K3 LpPeIeNoB Iin‘L . ¥i (x) {nipaBo-
x=bxp+

CTOPOHHHIT HITH TEROCTOPOHHUIH) paBeH oo,

Ipamas x = xo MOXKeT OBITh BEPTHKANEHOH acHMITTOTOH dyHKUNHA ¥ = {x)
B TOM Clydae, €clli Xp — TOYKA pa3phiBa WIH TPaHHYHAA TOUKa obmacTi
OLIPEACEHHA.

3. Ilpamas y = b 4BIACTCA ZOPUSOHMURLHOW ACUMMMOMOt, €CIH

lim £(x)=
X=po0
Ecn lim f (x)=b , TO ¥ = b — ApasoCmOpoORHAA 20PUSONMATERAR
X
acumnmoma, ecmn lim f (x)=b , T0 ¥ = b — Reeocmoporuaa zopu3oH-
X=y=n
manbHas acumnmoma.

4. Ecnm llmf( )—k;t() H llm[)"(x] kx]=b, To npamas y = kx + b

x—=x X

ABNACTCA HaKAOHHOH acumnmometi TpatuKa yHKUMH ¥ = f(X).

5. Otwan cxema uccaedosanun ynryuil v nocmpoenus zpaghuxos:

1) wadTH obaacTe onpenenenus GyHKUMY;

2} wccnemoraTh QYHKUKIO HA YETHOCTE — HEYETHOCTS;

3) HaiiTH BepTUKaNLHbIE ACHMIITOTSI; s

4) HcoenoBath nobeneHre QYHKIMY B 0SCKOHEYHOCTH; HANTH ropu-
IOHTAIBHLIE ¥ HAKTIOHHbIE ACHMNTOTI;
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3) HalTH 3KCTpeMyMBI H HHTEPBATILI MOHOTOHHOCTH (YHKLMH,

6) HaliTh MHTCPBANK BRIMYKJIOCTH QYHKIHH K TOMKH nepernda;

7) HailTH TOYKH nepecedeHus rpadHka GYHKLHH C OCAMH KOODIUHAT
H, BO3MOXKHO, HEKOTOpLIE JOMOMHUTENLHEIE TOYKH, YTOUHMONIHE rpadHi.

Hceenenosanne GyHKUHN TPOROJUTCA OJHOBPEMEHHO C NOCTPOSHHEM

rpadKoB.

2
8.94. Mccrrenosath GyHKuMIO y = l =
—-X

H TIOCTPOHTH ¢¢ IpadHK.

Pemenmue:

1. O6nacts onpenenenna: (—w; 1)u{-1; 1)U(l; + o). Toukn x = -1 u
x = | — TO4YKH pa3peiBa PyHKIHH,

2. f(—x) = -f(x), T.e. pyHKIUA HeyeTHAA; ee TPpadHK CHMMETPHYEH OT-
HOCHTE/IPHO Hayajla KOOPAHHAT M JOCTATOYHO TPOBECTH UCCIEeACBaHHE
(YHKIHH Ha MHTepBane [0; + ao).

3.

x21-0]— x =40 | - x
TMpsambie x = | ¥ (B cuny CHMMeTpHH rpaduka) x = —1 — BepTHKANb-
HEIE 4CHMITTOTEL,

4. lim —= > =0. Ilpamad y = 0 (och abcumcc) — ABYCTOPOHHSAS TO-
=i ] —x
PH3OHTANLHAS ACHMIITOTA.
. 242x%
5. ¥y =-——3—=>0 Opn Beex JOMyCTHMSLIX SHAUCHHAX X. DKCTPEMY-
(1-x?)
MOB HeT, PYHKLHA BO3PACTACT HA HHTEPBAJIAX (— o0; — l), (— L 1), (1; + 00).
y % , ¥"'=0 opH x = 0. 3HaKH BTOPOH MPOH3BOIHOMN
- X
NoKa3aHb HA puc. 8.7,
y!
+ - + -
- X
¥ o -1 N 0 u l M

Pue. 8.7
@yHKIMA BRINYKIIA BHU3 HA MHTeppanax (-w; —1} 1 (0; 1) H BEImyKHIa
BBepX Ha uaTepeanax (-1; 0), (I; + ). Xota f"(x) MeHseT CBOH 3HaK npn

nepexoae yepes Tpu ToukH x = -1, x = 0, x = 1, Ho rpadur byHKunH HMeeT
TOALKO CAHY TOUKY Tleperufa x = 1, nbo B ABYX Apyrux Toukax x =—1,x =1
$yHkuma ne onpeaenena.
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7. Touka nepecedeHus rpadHka ¢ OCAMM €IWHCTBEHHAA — Hayano
koopausnar {Q; 0).

I'pabux pyukumu noxasas Ha prc. 8.8.

8.95. Hccnenorats
dyakumie y=(x-De" u
NOCTPONTE ee rpaduk.

Pemenmue:

1. O6nacte onpepene-
—1 0 1 HHA (—w; +oo).

2. @®ynxons ofwero
BHJI3, TaK KaK
JS(=x)=(-x-De" 2+ f(x).

3. Tak kak QyHKUHSA
Puc. 8.8 onpeneneHa U HeNpephiBAE
Ha Bceit uncnosoii OcH, TO BEPTHKANBHEIX ACHMIITOT HeT.

4. lim (x-e" =o; lim (x-D)e" =[-0}= lim @-D_ [;]=

Y i

¥

X—+00 X—¥=0 e

1
= lim ——=0. CnenosarensHo, nps- :
X—)-w_e

Mas y = 0 (oct abcuucc) SBIgeTCA JIEBO- — T > x
CTOPOHHEH INOpH30HTANBHON ACHMITTOTO#, y

5. y'=¢" +{(x—1)¢" =xe*. [lpouz-
BoZHadA obpaulaetcA B Hynb B TouKe x = (). 3HaKH NPOH3BOAHON NOKA3aHE!

Ha pHc. 8.9.
Takum ofpasom, dyHkuua yOpiBaerT Ha uHTepBane (—oo; 0), Bo3pac-

Taet Ha pHTepBaNe (0; +00); x = 0 — TOUKa MHHKMYMA H fmin (0) =~1.

Puc. 8.9

6. y'=e" +xe” =¢’(x+1); y"=0 npu x = -1. IIpoussoguas
y"<0, et x + 1 < 0, T.e. Ha HHTepRane (- oo; —1). Ha umrepsane
(-1 +) y">0. Taxum obpasom,

{YHKUMA BLIYKAZ BBEPX HA UHTED- y
Bane (—oo; —l] H BbIITyKJa BHH3 Ha
HHTEpBane (—l;+oo);x=—1—m- 0 ’ .

Ka neperxta. \“ j x

7. Touka nepeceyeHKs C OChIO v
?{J.JI(;{)I-.I&T {0; -1), c oceio abeumce — Puc. 8.10
I'paduk Gyrkumnn n306paxen Ha puc. 8,10, P
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8.96. Hcenepopate hyHKINIO ¥ = X [n X H NOCTPOKTS €& TPadHK.

Pemenne:

1. O6nacte onpeaenenns dynxumn — (0; +00).

2. Tak xak mpH x < 0 ¢pyHKUMA He OMpefeneHa, pacCMOTPEHHE Bo-
npoca O YeTHOCTH {HEHETHOCTH) HE HMEET CMBICHS,

3. x = 0 — enmuHcTBeHHAd TpaHHYHAA TOYKa OGIACTH ompeneneHHs
(rodex pa3priea Het). FiMeeM

g
Inx _ x

Jig etn)=(0-l= iy 715 = [ Ty fim =0
k=)

X x2

Taxum 06paszoM, BepTUKANBHEX ACHMITOT PYHKLHA HEe HMeEeT.
4. lim (xInx)=+e, ropusontamenmx acummror mer. Tak Kax
=+ .

. xlnx

lim =400, TO HeT H <

o X /—_—\/_

HAKIOHHBIX aCHMIITOT,
ﬂo -, I =
2

5. y=lnx+Ly=0
upH In x = -1, T.e. B TouKe Puc. 8.11

1
x=—. 3HaKM TPOH3BOIHOMH
e

nokasaHs! Ha puc. 8.11;

®ynkuua yOblbaer Ha MHTepBaNTE

[0; l}, BO3paCTaeT HA HUHTEpRANIS

e
(*; +oo]. Toyka x=-~ — Toqka MHHH- ? :— x
e e -
1 1
MyMaH fo.|—[=——. Puc. 8.12
4 e

6. y"=l >0 mpn Beex x > 0. Takum obpasoM, QYHKIHA BBITYKIA
x

BHH3 Ha Bcelt o0macTn onpeeneHus.

7. Tak xak x # 0, To rpaduk He nepecekaet ock opauHaT. C ochio abe-
uHce rpagHk mepecexkaeTca B TOUKE, 3a7aBacMoit yciosreM x In x = 0, T.e.
x=1.

Ipaduk pyHxuMK nokasaH Ha puc. 8.12.
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8.97. Hecneporats dyHKUMIO y = Ll HIOCTPOHTE e TpadHK.
X

Pemenuer
1. Obnacts onpeneneHA (—oo; O)U(O; +oo).

-1
2. f-x)= —f—;— # 1 f(x), 7.e. dynkuna obilero suaa.

3. EnuncreenHag To4YKa pasprisa x = (),
1

lm £— = lim ye” =+ (ubo npu x — 0+ y=l—)+oo);
=0+ x Yo x
1

X
lim €= = lim ye¥' =0 (cM. npumep 8.95),
x=0- X y=-x
Taknm obpasoM, npaMad x = 0 (ock OpAHHAT) ABIAETCA BEPTHKANEHOH
acAMNTOTON rpaduka QyHKUWH, HO ACHMOTOTHYECKOC MOBEHCHHE (YHK-
uxH HabmoaaeTcs TONBKO CIIpaBa OT OCH OPJHHAT.

{

. eX . -
4. lim — =0, T.e. ock abcumce y = 0 ApNAeTCA ABYCTOPOHHE( ropu-
0 X

0HTANEHOH aCHMITOTOR.

I 1 1
5. }:’:—Lze)r +le*(—%)=—%e‘[l+l} ¥'=0 npr l+l=0,

X X X X P X
T.€. NpH x = —1, NpHYeM 3HAK MPOH3BOJHON NPOTHROMONOMEH 3HaKY 1 +

i
— . Taxum obpazom, HMeeM 3HAKH NPOXW3BOIHON HA HHTEPRATAX YHCIOBOH
X

OCH, TOKA3aHHbIC HA puc, 8.13,

y - + -
¥ = X
e e
Puc. 8.13
DYHKIHA BO3pacTaeT Ha HHTepBaJ]e {-1; 0) n yGriBaeT Ha MHTepBane
(— w; — l) H (0; +00). Touka x = -1 — Touka MHHHMYMa!
fieh=—e' =1,
e
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6. y" = e er| -— ; ¥ =0
¥ x6 x3 xz x5 7
pH 2¢+4x+1 =0, re. npn x=-1 :I:L. 3HaKK BTOpPOH NMPOH3BOAHOH

V2

2 -3x2(x+1) i_x+1 1 lJ_e£2x2+4x+l. .

MOKa3aHEl Ha puc. §.14.

y N 1 W 1T n g U

- — 1 4+—
V2 V2
Puc. 8.14
CrepoBaTeNbHO, QYHKLHA ABIAETCH BHITYKAQH BBEPX HA HHTCPBAIAX

(— 0; —I—LJ " (—1+L; OJ, BLIMYKNOHf BHM3 Ha HHTEpBanax

V2 V2
[-1-71_2-;-”:;-_2-] n (0 +).

Toukn x=-1% % ABNATCA TOY-
Kamu neperuta.

2. Toyek nmepeceyeHUs ¢
OCHMH KOOpAMHAT rpadux ¢yHk- Puc, 8.15
UHH He NMeer.

I'padux npencrapnes Ha puc. 8.15.

~1/e

8.98, ccnenorate Gynkimio y =+1—cos’x u NOCTPOHTB €€ rpaduK.

Pemenne:

1. Obnacts onpegeneHns (—oo; + o0}, TaK KaK HepapeHCTBO | — cos’x 20
BBINIOJIHAETCS NPH BCeX JISHCTBUTENLHEIX JHAYEHUIX X.

2. Tak kak cosx — GYHKLME Ye€THad, TO YSTHOH ABJIAETCA W paccMaT-
puBaemas GyHKIRA,

3. Tak kak GYHKHAA HENPCPLIBHA NPH BCSX ACHCTBUTENBHEBIX 3HAYCHN-
AX X, TO BSPTUKANBHBIX ACHMINITOT HET.

4, Mpegenst lim 1 —cos’x He CYLIECTBYIOT (HH KOHEUHBIC, HH Becko-
x—rto

He‘IthC). qJYHKuHﬂ HE HMECT HH MOPU3OHTANIBHBIX, HH HAKITOHHBIX aCHMITTOT.

' *)

5.y s ———
241-cos’x

3cos’x sinx

V1-cos’x

(-3cos® x)(-sinx) =
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IMpouzsonnas ofpamiaeTca B HyNs MOpH cosx = 0, T.e. B TOYKAX
m .
x=5+1m, a TaKke B TOYKAX, B KOTOpHX sin x = 0, HO cosx = |, T.e.

x=m+2nn B Toukax x =2nn BenMuMHa (*) HE CYIECTBYET. 3HAKM PO~
H3BOJIHON COBNAAAIOT CO 3HAKAMH Sin x (pHc. 8.16)

Y - Y = + — = + - X
¥y 2xn 2+21m 1t+21m 3—+2;r|:n In+2nn s
Puc, 8.16

TaiM obpazoM, B TOYKAX X = 277 (HYHKUMA HMEET MHHHMYM, B TOUKAX

T
x=n+2nn — MaKCHMYM. Touxkn BHOA E + n HE ABJASHOTCA TOUKAMM 3KC-

TPeMyMa,

2
cosx(l — cosx)| 63cos? x{cosx + %J + 3;—3cosz X+48

6. y' =
4(1 - cos’ x)%

(mpemnaraeM YHTATEMO [POACHATE COOTBETCTBYKMUHE BEIKIAAKHA CaMo-

n
croateabko); ¥" =0 npu cos x =0, T.¢, B TOUKax x = 3 + TN H HC CYLIECT-

BYET B TOYKAX, B KOTOPBIX €08 X = |, T.e. B Toukax x = 2xn. 3Hak )" cos-

i
NagaeT co 3HakoM cos x. Touku x = 3 + tn ABAAKOTCH TOUKAMH HCpCFHG&.

7. TIlepeceuenne rpadmka ¢ OCbK> OPAHHAT MPOKCXOAHT B HAYANE KO-
opauBar. C ockio abcuuce rpaduk nepecekaeTes B TOUKax x = 2nn, 3ame-
TUM, YTO QYHKIHUA RBIAETCA NEepHOOHIecKo# ¢ nepuomoM T = 2.

T'padux pyukimuu nokasau Ha puc. 8.17. P

&‘r

Puc. 8.17
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8.99, HeeneaoBars (hyHKUHIO y = % —arcig x W NOCTPOUTE ee rpadHK,

PemweHue:
1. O6nacte onpeaencHus {—oo; +00),

2. f(-x)= —% —arctg(—x) = —% +arctg x =—f(x); OYHKUMA HedeT-

Had. B CHIy CHMMETPHH rpacbmca OTHOCHTEJIBHO Hadana KOprlHHﬁT J0cC-
TATOYHO NPOBECTH HCCNICROBAHHE HA MHTEPBATIE [0; + w) .

3. DyHKUHA HENpPEphIBHA NPH BCEX NEHCTBUTENBHEIX 3HAYCHHAX X;
BEPTHKANBHBEIX ACHMOTOT HET.

. X
4, llm[z—amtg xJ = +o0, ['opu3oHTANBHBIX acHMiTOT Her, Halfzem

X—>m

HaKJIOHHHE aCHMIITOTEI:

SO _ (l_arctng

lim
xS+ X Xyt

1
2 x 2’

1
fim | < —arctg x-—x |= Jlim (— arctg x)=—
x=ytonl D 2

CiieposaTtensHo, NPaBOCTOPOHHAS HAKNOHHAA aCHMINTOTZ UMEET BHA:
y= %x —% , B CHILY CHMMETPHH rpadika JeBOCTOPOHHAL — ) = -;-x +g .

5. IlpouzBogHAas CYINECTBYET IPH BCeX 3HAYEHHAX X H ofpallaeTcs B
HyNb HIpH X-1= 0, Te. npH x = I 1. Inaku NPOH3BOAHON YKa3aHEl HA
puc. 8.18.

Pne. 8.18
OyHKUMA Bo3pacTaeT Ha HHTepBanax (—oo; —1) H (1; + «) , yOnBaer Ha

unTepBane (—1; 1); x = -1 Toyxa Makcumyma n £, (1) =—E———;— ix=1—

To4yka MuHUMYMa M f. (1) = —% + % .
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2
6. y"'=l+xxz;y"=0 mpux =0, ¥y">0 mpux >0 B y" <0, Oyuk-

1A BRINYKNIA BBEPX Ha WHTepBane (—oo; 0) W BHIIYKNA BHH3 H3 HHTEPBANE
(0; + ), x =0 -— Touka neperuda.

7. £(0) = 0, cnegoea-
TeNbHO, TPadhHK Nepeceka-
€T OChb OpPJAMHAT B HAHMANES
KOOpPAHHAT (310 cleayeT 1
U3 HEMETHOCTH (YHKUHM).
Toukn mnepeceyeHHs rpa-
¢uKa ¢ ocsio abcumce 3a- -
JAITCH paBeHCTRAMM,

x
5= arctg x. Pemiuth TOY-

Pac. 8.19

HO 9TH YpaBHEHHA HENb3,
HO JUTA CXEMATHIECKOTO NIOCTPOSHNS IpadHKa 310 HE CYHIECTBCHHO,
Cxemarduecky rpaduk GyHKIMH Noka3aH Ha puc. 8.19. P

Haiitn acamnToTsl rpaduka GyHKumM:

1-x° x
8100, y=——— . 8101 y=tF
(2-2)(1+3%7) Tre
2 1.1
8102, =¥ D 8103, y=—sin—.
x X X
_arccosx
g104. 7~ T 8105,  y=35_x%.
4
2
8.106. =10 % 8.107. yoYLCOSX
X x

HccnenoBats GyHKUHH H TOCTPOHTE UX rpadiHKu:

2
8108, y=——. 8109, y=x*(x—4).
I1+x
2x ’ _
a10. y=———. S111.  y=(x+l)e™.
z !
8112, oy T 8.113. y=-%.
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s.114. y=£ ¢ 8115. y=—Inx.

e+
8.116.  y=e°. 8117, y=yxer,
l -
8.118. =T 8.119.  y=sinx+cos’x.
bl -4

X

8120, Y= /—. 8.121. = Jx2
5 F—(xz 1) y=In{x++4x" +1).
8.122, y= N 8123,  y=x+1-Vx-1.

sinx+cosx

1 1
8.124. y= +

x+1 x—l.

8.6. [Ipnmenenne nponsBoanoi
B 3a/1a9aX ¢ 9KOHOMUICCKHM COXEp:RanueM

CnpaBounbiii MaTepHaa

1. @yuxyun uzdepacex C(x) onpenenser 3aTpatThl, HeoOXOAHMBIE IN1A
MPOM3BOACTRA X eIHHUL JaHHoTo npoaykTta. [Ipubsits P(x) = Dix) — C(x),
rie D(x) — poxon OT NpOH3BOACTBA X ¢ANHHI] IPOAYKTA.

Cpednue usdepacky A(x) npH NpPOHIBOACTEE X SAUHMI TIPOAYKTA €CTh
Clx
) . llpegencusie u3nepikn Mix) = C'(x).

x .

2, Onmumaibrbim 3HateRuem BBITYCKA JUTH TPOMIBOMUTENS SBIASTCH
TO 3HAYEHHE X €AHHHI MPOAYKTA, [IPH KOTOpOM npudnias P(x) okaspipaeTt-
cf HaubonbIei.

8.125. Oyuxuna usgepuex uMeetr g C(x) =100+ %xz . @ IOXOH NpH
HPOHM2BOACTBE X AVHHI TOBApa CMPENEIAeTCA CleqyloLuM obpazom:
4000x, ecnu x <100,
D(x)=

4000{100 + +x —100), ecnu x >100.

OnpeaenyTs oNTHMANEHOE LA TPOU3BOIUTEN 3HAUSHHE BBUTYCKA Xg.
P e m e H ¥ e. ODyHKuMA NpHOBLIA HMEET BYUJL:

—100+4000x—lx2, ecnu x < 100,
P(x)= 2 |
399900 + 400/ x - 100 —Exz, ecnu x >100.
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Haiinem npon3soaHy0 QyHKLHH OpUOLIH:
4000-2x, ecan x<100,
P(x)=<5 2000
———x, ecIH x > 100,
Jx-100
Ouepuano, P'(x)>0 npu x < 100, Tak uro Haubonpee 3HaYEHHE

npubeIty Ha otpeske {0; 100] ecte P (100) = 399 900. Hailgem Teneps
Haubonblliee 3HaYeHne TpHOLITH Ha unTepeane (100; + o). HMeercs oana

KpuTHYeckas Touka x = 200. Ipu srom P'(x)>0 npu 100 < x <200 u
P'(x) <0 npu x > 200, T.e. x = 200 — makcumaibHOE 3HaYeHHe P(x) Ha
unTeppane (100; + ).
P (200) = 419 900 > P (100), TaxuM 06paszoM, X, = 200 (en.). P
2

8.126. Oyakuna wagepxek umeet g C(x) = 10 + 31% . Ha navansnom

arane (HPMa OpraHM3yeT NMPOH3BOACTBO TakK, YTOOH MHHUMHM3UPOBATH
cpeanne wsnepxku A(x). B namsHeiilieM Ha Tosap ycTaHaBAMBaeTCA LeHA,
paBHad 4 yci. en. 3a egHAUy. Ha ckoneko eannuu Topapa gupMe cremyer
YBETHYHTE BHITYCK?

Pe e ue Cpeanuue uspepkku A(x) =E+% NpHHAMAKOT MH-
x

HUManbHOE 3HayeHue np# x = {0. [Ipenensiele uagepakn AM(x) =§. TIpn

yCTAaHOBHBIIEHCA LeHE p = 4 onTHMaNbHOE 3HaueHHe P(x) BEIMycKa 3afa-
€TCA YCIOBHEM MAKCHMH3aLMH MPHObITH:

P{x)=4x - C(x} = max, T.e. 4 = M(x), OTKYOa Xoqpy = 20. Taxnum 06-
pa3oM, NPOH3BOACTBO CleAyeT yBeauduTe Ha 10 exmiinn. P

8.127. OupMa MHHUMMIHDYET CPEAHHE HINIEPHKKH, KOTOpLIE Monyya-
I0TCA B pezynbTaTe paBHBIMH 30 py0./en. Uemy paBHBI NPH 3TOM [pPENeib-
HblEe H3OEPXKKH?

Onpeaenyts ONTHMAaNbHOE AA4 MPOH3BOAHTENS 3HAYEHHE BRINYCKA Xg,
IIpH YCMOBHH, 9TC BECh TOBAP peanusyercA no HUKCHpoBaHHoi LeHe 3a
eUHHILY p H H3BECTEH BHA QYHKUNH Haaepxek C(x):

8.128.C(x)= 13 +2x + x°; p=14.
8.129. C(x)=10+x+%x\/;; p=8.
11
8.130. C(x) =8 +—x+—2x; =1,85.
) 2 07" P
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Haitth MakcuManeHy0 npHOBUIE, KOTOPYE) MOXET MOJNYyIHTE QHpMa-
NpPOM3BOAMTEND, TIPH YCIOBWH, YTO EECh TOBAp pealH3yeTcA o PHKCHpO-

BaHHO# LieHe 3a eNUHNLY P ¥ N3BecTeH BHA dYHKUMA Hagepxek C(x):
2

8.131. C(x)=10+§+x7; p=10.5.
: .

8.132, C(x)=8+§+%; 2=65.

8.133. C(x) =2x+%ea; p=40.

[p npousBoOICTBE MOHOMONMHEH x €NHHHWII TOBapa LEHA 3a eNHHNLY
p(x). Onpeaenurs ONTUMANbLHOE ANA MOHOMOIHM 3HAYEHHE BHITYCKA Xy
(peAnonaracTed, Te Bech MPOHIBOACTBCHHBIH TOBAD peannsyeTca), €CIH

usaepkkH C(x) UMeIOT BUA:
2

8.134.C(x)=10+x+?; plx)=8-+x.
8.135. C (x) = 10 + (x — 1)%; p(x)=1o_§,/;,
X x3 X
8.136. C(x) == +2—; =8-,
(xX)=2+3 Px) =82

8.137. MoHomonKA ycTaHaBNMBaeT (PMKCHpOBaHHY:O HeRy p = 380 3a
SIHHHLLY TOB2pa. Hznepixku npy NpoM3BOICTBE X €AHHHI TOBAPA PABHBI
C(x) =292x + x°. TIpH 3TOM KONHYECTRO Peann3yeMoro Tosapa K(x) 3as-
CHT OT x clenylollumM obpazoM: K(x)=x+ (,/Jc0 -Jx ). Onmpenenuts 3Ha-
YeHHE X, MPH KOTOPOM MOHOMOIHA NOJYYUT MaKCHMaIbHYIO MPHOLING.

8.138. Monononna nmpoH3BOAUT (PHKCHPOBAHHOE KOIHUECTBO X €lH-
HHI| TOBApP4 M YCTAHABNHBACT Ha eAUHMLLY TOBapa LieHY p > pp. Konnuectso
peanu3oBaHHOro ToBapa K 3aBHCHUT OT p cneAylouM obpazom (pg — LeHa,
IPH KOTOpO# Oy IeT peallH3CBaH BECh TOBAP):

K(p)=xe*™® (Po <1).
OnpegenuTs 3HaUeHUE p, NPH KOTOPOM MOHOMNONHA NONYYHT MAKCH-
MaMbHY0 MPHOLIAL.

8.139. Pernnts 3agauy 8.138 npu ycnosun, yro

X
K(p)y=———
(“‘P_Po)z

8.140. Ha nauansHOM 3Tame MpOM3BOACTBA (HpMa MHUHAMH3HMPYET
CpegHne U3ACPKKH, NpHYeM QYHKUMA  W3IEPXKEK  HMMeeT  BHI
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C(x)=10+2x +—;—x2 . B nanbheiimeM OeHa Ha eQHHHLY TOBApA YCTAHAB-

nuBaeTcd paeHO# p = 37. Ha cxonbKo egMHHL TOBapa GHupMe crenyer yee-
NUYKTE BEIMYCK? Ha CKOMBKO MPH 3TOM H3MEHATCA CPEAHUE H3ACPHKH?

8.141, Oynxuns usnepxex umeer sag C(x) = 40x + 0,08x°. Jloxoxn ot
peanM3alHy eaMHULE! npoAykudu papeH 200. Halith onTumansHoe ans
IPON3BO/IMTENA 3HAYEHHE BLINYCKa IPOAYKIHH,

8.142. 3apucuMocTh obeMa BHINYCKA (B DEHEXHBIX eJHHULAX) Mpo-
AyKuuM V¥ OT KanMTANIBHBIX 3aTpaT X Onpedenserca GyHKOHeH

3 .
Y(x)=<In(l + x*). Halie uuTepRan 3HaUeHHi X, HA KOTOPOM YBeIHYEHMe
4

KaNHTanbHbIX 3aTpaT HeYpPHEKTHEHO,
§.143. Cuuraercs, YTO YBENHYCHHE peanu3allii y OT 3aTPAT HA PRKIaMy

x (M1H py6.) oTipeneNAeTCA COOTHOIUEHHEM: ¥ = 0,1Wx . Jioxon ot peanuza-

LMH eAMHHLEI ponyKuHH paBed 20 Teic. pyb. Halith ypopeH: peknaMHBIX
34TPAT, OPH KOTOPOM GUPMa NOAYYHT MAKCHMANEHYIO NPHOBLUIE.

8.144. KonuuecTBo peanuszyeMoil MOHONONHENR TNPOAYKIUHUK X B 3aBH-
CHMOCTH OT UeHH p 3a COHHHUY ONpeleNdeTcd COOTHOLIEHHEM

x= xﬂ{ ’&—1](;: < po). HaltlTh 3naueHne UeHH p, TIPH KOTOPOM MOHO-
P

IOJMA NORYMHT HaHuOO0/bINYIO NPHOLIL.

8.145. Joxoa oT NpOH3BOACTEA OPOAYKLHN € HCNOJIBI0BAHHEM X e/H-

HUII PECYPCOR COCT3BNAET BENHYHHY 400+/x . CToMMOCTS €QHHHLEL pe-
cypco coctasnset 10 ycn. en. Kakoe konndyecTBo pecypcos cieayer NpH-
o0pecTH, uToOb pHOLIIE OBITa HanBoNbINEH?

8.146. CyHxuua n3pepkek uMeer sua C(x) =x + 0,1x%. Jloxom ot pea-
NA3ALNY ¢IHHALGL IPORYKIHH pasel 50. HaHTH MakcHManbHOE 3HAUCHWE
NpHOEITH, KOTOPOE MOMET NONYSHUTh IPOHIBOIHTENb.

8.147. 3aBHCHMOCTB A0X0Ja MOHONOJNHM OT KOJMYECTBA BLITYCKaeMOi
NpeAyKUMH x onpegenserca kax D{x)=100x- IOOOJ; (400 < x <900).
(DyHKIHA MIACPKSK HA 3TOM MPOMEXxyTKe uMeeT BHA: C(x) = 50x+%x\/; .

Haiiti ouTHMANBHROE AN MOHOMOMHH-TIPOU3BOANTENA 3HAYEHHE BHIMYCKA
NPOAYKIHH.

8.148. llena Ha NMPOAYKUHIO MOHONONHH-IIPOH3BOOHTENA YCTAHABIIH-
BACTCA B COOTBETCTBHH ¢ COOTHOMIEHHEM, HICHTHOHLHDYEMOM Kak
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p=pofl -0,2\/;). Ipu kakoM 3Ha4eHUH BRITYCKa OPOIYKUHH JOXOI OT
ee peann3anuu 6yner HanGoNb1IINM?

8.149. Oynxuna uigepxkek C(x) umeer sug: Clx) =2x, x £100;

C(x) = 200 + p(x — 100)%, x > 100. B HACTOALIMH MOMEHT ypoBeHb Bbl-
nycka apoaykuud x = 200. IIpy xaxoM yCnoOBHH Ha nmapaMerp p hupmMe
BHITOAHO YMEHBINHTL BHITYCK NMPOAYKUHH, €ClH AOXOH OT peaH3allHH
eRMHHLH MPOOYKUHH pased 507

Jazaum Jia NOBTOPEHNA

8.150. Moxetr mu x GyHxkUHH y=' i e _1 ua npomexytke [1; 2]

OBITH MPHMEHEHA:

a) reopema Ponng; 6) Teopema Jlarpanxka?

8.151. ®yuxuus fx) puddepenimpyenma Ha Beeif yHcnosol npaMoii u
YIIOBNETBOPAET YCIOBUIO | f '(x)| <1 npu acex x. Peninth ypaslieHne

Fx)- f(=x)=2x+2x>.

Haiitu npeaens::
S5x X _ . —
8.152. lim iig g3, lim (¥V2-%)
=0 x x—+2-0 x-2

8154, lim (Inx){(Veosx —1). 8.155. lim (1-Inx)""*.
X—»

x>0+
. 1 1
8.156. lim| —-~ .

x>0 tgx arctgx
HaitH 3KkcTpeMyMbl H HHTEPBaNs BO3PacTaHHA PyHKIMIA:
2 7+x2
8.157. y=(2x+3)e 2. 8.158. y=— +"
8.159. y=Ji+inx +1-lnx. 8.160. y=x".

x?
8.161. y=In{arcctg(1 +x%)e 2.
Haifti HanGonbmee H HaHMeHBINES 3HAYCHUA (YHKIMH HA OTpe3ke
[-1/4; 2]:
I
8.162. y=5x3—£x2. 8.163. y=:¢e* npu x=0;,
2 0 npu x=0.
Haifru Hanbonbluee n HauMeHbltee 3HaueHus GyHKIHE Ha HHTEpBane
(0; 2):
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2x Inx
. 8.165 y= .
1+x% Y 2x-1

HaiiTu Touky nepernba 1 MHTEPBAE BHITYKICCTH GYHKUMI:
xZ

8.166. y=yx—x%. 8.167. y=xe 2.

Haiiti acHMnToTEL rpadnxoB HyHKINHA:

— 2 —
8.168, y=2"1"% g 169, y= X 8.170, y= Y1 ZS08%
2+Inx

8.164. y =

-X

HccnenoBarh QyHKIMH H MOCTPOMTD HX rPadHKH:

8171 y=(x-1*(x+1)?. 8172 y=sinvl-x’.
1

8.173. y=(x—2)e *. 8.174. y=%x-x.

KOHTpOJbHbIE 3aMaHRs
no riaase 8 JIpunoxkenne NPpoH3BOIAHOH>

Bapuanm 8.1 | Bapuawm 82 | Bapuanwm 8.3
Haitti npenenny: :
(Vx +Dinx fim (x* - 6)sin x fim Ax + VW +x-1)
213+ x(35 = 27)=2 |+=0 (1 + x) In{l + x) | x>0 JERIpE
Tim (sin x)* lim (1 + xe*)* lim (1 + x%e*)*
=0 x—om X—=m

Hcenenosars gyHkunn y = £ (x) 1 NOcTPouTs HX rpadbukn:

1 % 1+ 1 1
y=—ge’ y=—e” y=—e

X X X
y=¥2x* -6x’ y=¥+3? y=¥8x* —12x?

[Ipu npon3BOACTBE NEPBEIX ABAALATH €OWHHL MPOAYKLHK HIAEPHKKN HME-
10T BHA C(x) = px. Jlanee npu NpoH3BOACTBE KawA0H CNeAYIOMEH eAUHHITE
NPOAYKUHMH M3AepKKH BO3pacTaioT Ha 2 you. ed. Llena enuHuLLI Npomyk-
1M} paBHa ¢ you. e, Halftv onTHManEROE 3HAYCHHE BEIMTYCKA NPOYKIHH.

=5 a=40 lp=6;, a=23 [p=8; a=281
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Teer 8

1. lpaeuno JlonmuTtans He MOXKET ObITh MPHUMEHEHO JUIA HAXOKIACHUA
npeaena:

2 —x Ni+x

1) lim———; 2) lim 3 ;
T i | x=-1 x° -1
. Ax+sinx . e +e =2
3 lim ——; 4) im ———,
oy —ginx X X

2, Haiiti npeaen:

Wi
(4 x)e
lim| — | .
r=xl 2

3. BelscuuTh, K Kakoff H3 NPHBSACHHBIX HIDKe QyHXUMH He MOMKET
6bITE MpHUMeHeHa Teopema Jlarpamka Ha otpeske [0; 2]:

D y=22,2) y=22:3) p=2"2, 2 y=n1+5).
x-3 x+2

x=2’

4. Cpeau nepeuncneHnbIx ¢yHkuHii y6riBaer Ha Beelt ofmacTu onpe-
JeneHuA QYHKLHA:

2x 2x 1-x?

Dy=s—ou; D y=—; 3 y=
)y s )y o )y

5) y=x>+x%

; 4) y=x*—x%

5. HaliTi AnHHY HHTEpBana BO3PacTaHNA GYHKLMH y = 3x — X°.
6. BBIACHHTE, KAKOE 13 NPUBEIEHHBIX YTREPHKICHHH ARIACTCA HEBSPHDIM:
1) B TOYKe 3IKCTpeMyMa MPOH3BOAHAA PYHKIHM paBHA HYIO WIH
HE CYWICCTRYET;
2) B TOYKe KCTPeMyMa PYHKLNA MEHACT 3HAK;
3} B TOuKe IKCTPEMYyMa TIPOM3BOAHAA MEHACT 3HAK;
4) B TOYKe, B KOTOpOH NMPOU3BOAHAA PaBHA HYMIO WM HE CYLIECTBY-
eT,
MOXKET Ke OBITE 3KCTPEMyMA.
7. Haiit TouKy Xo Makcumyma bysxumn y = x° (x — 4).

8. Cpean nepeyncneHHbIX QYHKUNMH FOPH3OHTANBHYI0 AaCHMIITOTY HMe-
€T QYHKUHA:

1) y=3"-2% 2) y=3" —x*2%
_ 24+ x°




9. Cnemyroltiee yTBepKACHHE U3 NIEPEUHCIICHHBIX ABAAETCA BCETIA BEPHBIM:

1) B Touke neperuba Beerna CymiecTByeT KOHedHaa 1-1 mpouseoa-

nas; _ :

2) B TOuKe meperuda cyllecTBYET KOHSUHAS 2-9 NPOH3BOAHAN, ;

3) Touka neperuba aApaseTcA Touko#t 3kcTpeMyMa 1-f npou3BogHON
Jpanasl guddeperuypyeMoit dynkumy;

4) Touka nepernda ABNACTCA TOMKOH YKCTpeMyMa 2-H TIPOM3BOAHO#

GYHKUHA.
10. Buacunts, rpadux kaxoi ¢yHkumn nsoGpaxen Ha puc. 8.18:
y 1) y=(x+De*;
\ I 2) y=—(x+1)e™;
> = ) y=(+De
¥ 4) y=—{(x+1e".
Pac. 8.18

11, BriscHuTh, Kakoii U3 rpapukos, npHBeaeHHBIX Ha puc. 8.19, ec1b

rpahuk GYHKIHA ¥ = Inx :
X

by 4, T by

— /\‘; /\ > -

0 x 0 x 0 \_/-x 0 \_/x
h 2) 3) 9

Pnc. 8.19

12. HaiitTh Hanbonbliee 0 HAMMEHBILCS 3HAYCHHA QYHKIMH ¥ = O+
Ha otpeske [-1; 2].

13. Tpebyerca oOropoaMTe MPAMOYTONBHYI0 IUIOHALKY IUIOWIASBIO
600 KB. M M MeperoponNThL ee TaxuM xe 3abopom nononas. TIpH xakux
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14. Ecnn m300pa3nTh HA ONHOM PHCYHKe TpadWKH NpeAenbHBIX H
CPEIHUX H3ICSPHKEK, TO:
1) onHu OynyT nepecekarhCsa B TOYKE MHHHMYMA CPEAHHX H3AEpKeK;
2} oHM OYIYT NepecexaThcs B TOMKE MHHHUMYMA TIPEISNbHBIX HACp-
KEK;
3) oHu OymyT nepeceKkaThcs B TOUKE, B KOTOPOH TpepeneHble H3-
Aepk-

KH PaBHEI HYJKD,
4) rpadHK cpeaHHX uzaepkek OyoeT B noGoM cnydae Bhllle rpadH-
Ka

NpeCIBHBIX H3TEPKEK,
15, @yHKUNA HITEPKEK UMEET BHA

L mpH x <20;

C(x)= 51

X -
—+—=(x-20)" npu x> 20.
3 8( )" mp

Tlpu Kaxoif LieHe p 3a €IWHHLY TOBApa ONTHMAILHOE 3HAYCHHE BBITYCKA
Xonr = 302




I'nasa 9
Hudpdpepennpan pyHrmmm

CopasoyHbiit MaTepHaa

1. Tipupainenne Ay guddepenupyemoil GyHKUHN y = f(x) MOMKeT
OBITE IPeACTaRIEHO B BHAE:
Ay= f'(x)Ax +a(Ax)Ar, ©.1)

rae f'(x) — mpon3soanas GyHKUMH f(x); Ar — NpHpalleHHe HE3aBH-
cuMoli mepeMeHrol; a(Ax) — GeckoHeYHO Manas BelTHYMHA.

2. Qupdbepenyuanom (nepeoro nopaaka) ¢gyrxyun v = f(x) HazelBaercs
TIaBHAA, THHEHHAA OTHOCHUTENBHO AX HaCTh NPHPACHAA (YHKIMA, PaB-
HA ApoH3IBEAEHHIO NPOUBORHON HA MNpHpallleHHe He3aBHCHMotl nepe-
MEHHOH:

dy = f'(x)Ax. 9.2)

Huppepenyuan nezasucumoii nepesmeniioti papeH NPRPALIEHAIO 3TOH
nepeMeHHOM:

dx = Ax. 9.3)
TlorroMy anddeperuran GyHKIHA
dy = fl(x)ekx. ©4)

3. Ceolicmsa ougpipepenyuana:
1}de =0 roec=const.  2) dfcu) = c du.
3) d(utv) = du * dv, 4) dfuv) = v du + u dv. (9.5)

5) d(i‘:-) = ﬂ‘%ﬁ. 6) dy = f1(w) du.

4. Hpumenenue oudPepeniiuana ¢ npuiAUNCEHHBIX SIYUCTEHIRX.
Tfpu ZOCTATOMHO MANBIX 3HAMCHHAX Ax npupatienue GyHeimn Ay = dy,
Te. '

Jetax) =f (x)+f(x)Ax. 9.6)

YeM MeHbLIe 3HAYSHHE A, TeM TOUHee dopmyna (9.6).
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Ecnu apryMeHT X BLMHCHEH € OTHOCHTENBHOH MOTPELIHOCTHIO

6, = Ax , T0 yHKLmA f(x) ~ € OTHOCHTENEHOH NOTPELIHOCTBIO §, = 4 ,
* y
onpenenseMoii no popmyne
8, =|E.(»}B., .7
xS (0 y
roe [EJr (y)| ‘ﬂ — 37acTHYHOCTE GYHKUMH (0 abcomoTHOH Benn-
x
YHHE).

5. Juddpepenvuans shicuiix nopaioxos.

Hudpepenyuanom emopozo nopsaoxa (nnn emopem dudbhepenyuanom)
d*y Gynkunn y = Ji{x) HaseeaeTca mnddbepenunan ot guddeperiunana
NEPBOro NOPANKA 3TOH (YHKLHH, T.€,

d*y=d(dy). 9.8

HAuppepenyuanom n-20 nopsdxa d"y uassiBaerca auddepeHiman ot
mubdepenimana (n — 1)-ro nopsaka atoil GyHKuMw, T.€.

d" =d (d™'y). 9.9)

9.1. Haittu audbepenuman dyuxumn y=x>+x+1 B Touke x = 2
AByMA criocoDaMH: g) BbIAENAA JHHENHYIY OTHOCHTNBHO AX dacTh npH-
paitenns pyukunu Ay ; 6) no dopmyne dy = f'{x)Ax.

PemeHnwue:

a) Hpn;:amenne dyuxuan Ay = f(x + Ax} - f,g(? =f2+ Ax)-A2)=
=((2+ Ax)* + (2 + Ax) + 1) — (22 + 2+ 1) = 5Ax + Ax". Buneass nuHeinyio
OTHOCHTENBHO Ax YACTh MPHPAIICHHA QYHKLHH, MONyYaeM, 4To dy = SAx =

= Sdkx.

6) Madpdepeniman dyukuuu dy = (x* +x + 1)'dc = (2x + 1)dx = (22 +
+ D)dx = 5dx. P

9.2, Haitru 1,005%°; 1,03°.

Pewenue Ilomyunm BHasane npuGmoxeHHY0 (oOpMYIly IS Bbl-
upcenns moboit #-i crenenn. [Monaraa f(x) = x”, waiigem f'(x) = mx™ 'us
cooTBeTcTBHH ¢ (9.6): (x + Ax) " = x" + nd ' Ax. B manHoM npaMepe A x = 1:

1,005% = 1+0,5:0,005 = 1,0025; 1,03° ~ | + 50,03 = 1,15

9.3, HUcnoassys nonatHe AuddepeHnnana, BBMUCIHTD NPHOIAKESHHO
arcsin 0,51.

P e ul ¢ u 4 e PaccmoTpuM dyHkuuio y = arcsin x. ITonaras x = 0,5,
Ax = 0,01 u npamenss popMyry (9.6), uMeem:
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. . . . 1
arcsin(x + Ax) = arcsin x + (arcsin x)’ Ax = arcsin x + -——Ax.
1-x?
CnegoBaTensHoO,

arcsin0,51 = arcsin 0,5 + S S -0,01=n/6+0,011=0,535.p»
| V105
9.4. C xakoif TOYHOCTBIO MOXET OBITH BBIYHCHEH O0BEM 1Napa, £C/H
€r0 PajHyC HIMEPEH ¢ TOYHOCTRIO A0 1%7?
P e w e H 1 e. OOBem wapa pannyca x pases f(x) = (4/3)nx’. Haiinem

’ f .4 2

5,%35,=3-1=3%p

9.5, HaiiTH KONTHYecTBO JeT, B TeYeHHe KOTOPHIX NepBOHAYaNbHAA
CYMMa BKNaza B OaHK yBENMMHTCH B 2 pasa, €ClA CTaBKa OaHKOBCKOTO IPO-
HeHTa (3a rod) papHa ».

P e w e B u e. Haiinem xonuvectso net T, B TCUEHHE KOTOPRIX NEPBO-
HAYANLHAA CYMMa BKJIafia YBENHUMTCA B 2 pasa. Tak Kak 3a roj BKIaa L yBe-
anunTea B {1 + »/10]) pas, To 2a T ner Bxaag yeemsuntes B (1 + #/100) * pas.
Takum 06pasoM, Heo6XoIHMO peuuTs ypaskenue (1 + #/100) 7 = 2. Jlora-

In2

H no dgopmyne (9.7)

papMuapys, nonyuaem Tln {1 + »/100)=In 2, otkyna T = .
In (1+—)

100
Jlna npuGnmkeHHoro BeiuHcneHHs sHavenua In(1 + r/100) uenonesy-

eM nonATHe aHddepenumana. [lomyunM BHayane npuOnnxKeHHyIo GopMmy-
ay nn4 peryucaendd In x. fonaras f(x) = In x, naiigem f7(x) = 1/x n B cooT-

BeTcTBHH ¢ (9.6) ln(x+Ar)=lnx+£. B zanHoOM npumepe ang x =1,
x

Ax = r/100 nomyanm In (1 + #/100) = In 1 + /100 = #/100. TakumM obpazom,
7T = 100 In2/r. Tak xak In2 = 0,7, nonyuaem, 4T0 BpeMA YNBOCHHA BKNAfa
T~ 70/ r (net). P '
. 2 Inx
9.6. Haiith dy u d”y, ecnu y=T.-

"Pemenwune:

1 ' 1-1 ' 1-1
@:f'(x)ca:(ixi) dx = x;"‘a&; d2y=d(dy)=d[ x;’xdee
=[l—lnx)'dx2= [—x—(l—I_l'lJr)2.1ch":2=21nx—3abr2.>

: Iz I4 x3
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Haift npupallienus QyHKIUi 1 X anddepeHunans 1 BHYHCIHTE HX

3HAYMCHUA TIPH 33JJaHHBIX X K Ax:

97.y=2"+5"x=1,Ax=0,1.98.y= xz+5xx 2, Ax =0,001.
9.9.y=1-x",x=1,Ax=-1/3,
Haittn audvepeHunans mepeoro nopagka GyHKOMH U BHYHCIHTE HX

SHAUCHHA IPH 33JaHHBIX X B Ax:

x=9,Av=—001.911.y=tgx, r=—, Ax=—

9.10. y= A=
y 3 180

2
J;,
9.12.y=xnx,x=1, Ax=0,01.

Haiitn .nntl)cbepenunanm nepBoro nopanxa GyHKUMiL:

9.13.y——\349 -x? +-—arcsm-. 9.14, y»-!—ln =6 .
7 12 x+6

9.16. y = x> -3x* +3x.
9.18. y =sin’2x.

9.19. y = In(sin/x). 9.20, y=e ¥,

9,15, y =arcsinx?,
9.17. y=x*-3x" +4.

9.21. y=arctgl. 9.22. y=£+arctg£ .
x x a

9.23. y=xInx. 9.24. y= arcsinvx .
925, y=x" +xJx. 9.26. y = arctg(x +1).
' 1
9.27. y =x’sinvx . 9.28, y=—t_.
y y M1
9.29, y =arcige™. 9.30, y= IL .
-x
l-x
931, y=lIn——. 9.32. y=xInx—x.
I+x
Haiitu gunddeperumansi Bropore nopaaxa hyHKLui:
9.33. y=4x° - 7x* +3. 9.34. y=cos2x.
935, y=477 9.36. y = sin 2x.

937. y=1tg2x.
9.39, y=x"Inx.

9.38.y=(x- 1)*.
9.40. y =x sin x.



Hcnons3ys nodsThe anddepeHnrana, NpUOMHAKEHHO BRIMHCANTS!

9.41. 2. - 9.42. In1,02. 943, 17°%,
9,44, arcsin 0,54.  9.45, 1,02'". 9.46. cos151°.
9.47. sin 29°. 9.48. arctg 1,05. 9.49. Igl 1.

9.50. INokasath, YTO OTHOCHTERBHAA MOTpeliHOCTE B 1% npH onpene-
NIeHUH AMHHBI pafnyca BledeT 3a coboil OTHOCHTENBHYIO NOTPEIHOCTD
NpHOIA3HTENEHO B 2 % NPH BRIYHCIERUH IIOWAAY KpYyra U NOBEepXHOCTH

mapa.

9.51. Haiitu BpeMa yBoeH#A BKIana B 6aHK, eCiH cTaBka GaHKOBCKO-
TO NPOLEHTA 3a F'OA COCTABIAET 5 % roAoBHIX.

3amaum 1A HOBTOPEHHA

9.52. ITyctb # = u(x), v = vix), w = w(x) — andepernupyemsie GyHK-
umn, Haiitu suddepenipan GpyHKunn y, ecim y =uvw.

9.53. Ilycte u = u(x), v = vx), w = w(x) — nsawam gupdepeHumpye-
Mele yHknun. Haitth d°y, ecan y = wvw.

9.54, YpanHeHue IBHXEHHA 3aaHO (GopMynoit y = 4% + 3t + 2, rae ¢
H3MepsAeTCA B CEKYHAAX W Y B MeTpax. JIna moMeHTa BpeMeRrH ! = 2(c) on-
peaennTs Ay — NpHpallleHHe MyTH H dy — anddepeHnyan myTH U Cpas-
Hute ux npu At = 0,01(c).

9.55. Haitrn:

a) d(1/x");6) d(tgx+x* cosx); B) dIn(5—+x); r) d(cos(In x)—sin(In x)).

9,56, Hattru dy, ecmi:

a) y=(1+x%)arctgx; 6) y=ctgx; B) y=1;‘(\llrx2 ); )] y=e"‘i.

9.57. Haiitu 4"y, ecrm:

a) y=€"; 6) y=sin"x; B) y=Inx.

9.58. 3aMenad mpupailenne GyHiamy mbdepeHmanoM, HalTH oprOm-
senno 1,03,

9.59, Hcniomeays nonsue AvidpepeHmana, BLIMHCIHTE OpHOMDKEHHO Be-
HUMHY BKJIaZa B DaHke yepes 4 rofa, eciii eXEeroIHO BKIAl YBETHUMBAETCSA HA
2%, a epBOHA4ANEHAA CYMMa Brnaza pasHa 1000 p,

9.60. Cuytan KoMHaTy MpaBUABHON KyOHueckoit dopMmsl ¢ AmMHOIN

croponst 2,3 + 0,02 M, saiiTH ¢ nomotsio AnddepeHunana abcomoTHYIO H
OTHOCHTEIBHYIO TIOTPEWHOCTS TIPH BBIMACTEHHH 00BeMa 3TOH KOMHATEL.
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KorrposmHbie 3a1annn
no raase 9 «Jdnddepenuman pynkunns

Ne Bapuanm 9.1 | Bapuanm 9.2 i Bapuanm 9.3
1 Haiftt Ay u dy byHxuus y = 3x + x° npn:
x =2, Ax=0,001 x =3, Ax=0,002 x=1, Ax= 0,003
2 Haittu dy 1 dy dyhxumii:
y=e~ -x* {y=(l—x2)°‘5 Iy=sir1x-|nx
3 BBIMHCIHTD IPHGIIKEHHO C TOMOIIBIO THdbepeHmana:
a) Jm ; a) Js,ﬁ ; a) 8,012 ;
6) ™3 6) sin{n+0,01) 6} In 0,99
4 | UsBecTHO, TO X = xpU x° — x = 0. C Kakoit TOYHOCTBIO BLINONHAETCS
NPUOMIKEHHOE PABCHCTBO X = X, SCIH x* — x & () BHIONHAETCH C TOMHO-
cTe10 0,001 ¥ JONOMHATENLHO W3BECTHO, UTO:
x0= 0.5 | =0 | =1
5 | Ha ckobKO NPOLEHTOB YBETMUUTCA ¥ = x*°, €CIH X YBETHIHTCH HA:
2% | 3% | 1%
6 Haiity spems yaBoeHHA BKafa B GaHk, eClM €3KeTOAHO BKIAL YBENIHUM-

BACTCA Hal

3.5% | 5% | 10%




Teer' 9

1. Haiitn npupawenne Ay u ammdpdeperuuan dy q:ynxunn y=37=
4xnpux=5uAcr=0,1.

2. JlaHo ypaBHeHHe KacaTenbHOM, mpoBegeHHOH K rpaduky (yHK--
1uH y = f(x) B TOUKe Xp: ¥ = 3x + 5. Hailitn df B TOUuKe X, €cnu dx = 1,

3. Haiity dy GYHKUHH ¥ = x In X ¥ BEIYHCIMTE €10 3HAYECHHE TIPH X =
e, Ax=1.

" Inx
4, Haiitn dy pyukimM y = —— Ui BBIYHCIHTB €10 3HAYEHNE OPH X =
x

1, Ax=0,1.

5. Buuucauts npubnwkenHo In1,05 .

6. Brupconts npubmmkenno 1077,

7. Ha ckonbKo NPOLSHTOB YBeAMYHTCA IUIOLIAAbL KPYra, ecllH ero
pazHyc YBEIMHHTCA Ha 1 %7

8. Ha cxonkko MeTpoB H3MEHMICA CTO ona KBazpata, eCiM ero
IIomank yBeIHIHIach ot 25,0 M° fo 25,5

9. C xakoii OTHOCHTENbHO! NOrPEIHOCTHIO NOMYCTHMO H3MEPHTH
paamyc mapa, Irobnl ero 00veM MOKHO OBUIO ONPEACTHTE ¢ TOUHO-
CTBIO 10 6 %7

10. Haiiru &y dynxumn  y =

H BRIUHCIHTE €ro 3HAYeHHe
1-x :
npu x = 0,6; Ax =(,32.

' B 3anaHnax 5—9 ncnions3osats nousTHe auddepeHurana.
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YueOuo-TpeHHPOBOUHLIE TeCTH N0 AucounymHe «<MaremMaruaecknii anams»,
gacrs 1 (pasgpemas: II m II1)

Me Tecm MA— 1.1 | Tecm MA — 1.2 | Tecm MA - 1.3
1 Haiitu obnacth onpeneneHya QYHKIHH:
_ax 5 Vx-3 \} —t
y=2 N y=log,{x+3}+ 5 y=log, (5-x)+ 92x
Omeembr: 1} (—o05-3]U[3;4e0); 2) [-3;3); 3y (—o0;-3); 4) (~o0;-3};
5) (—o033)w(3;40); 6) (-3;3); 7 (3; +=); 8) [3; +0)
2 HaiiTH# 3HaueHHe napaMeTpa @, IpH KOTOPOM Ha BeeH YHCIOBOH NpAMOi HeNpepEIBHA GyHKIHA:
_ log,(4-x) npr x<3 _[#*+2 mpn x<a, |3 -a npu x<0,
f(x)—{ 2 +ax npu  x>3 f(x)— 4x-2 mpr x>a f(x)— sinx npn x>0
3 Vka3aTh PyYHKUHH, KOTOpBIE B TOuKe x = ( HMEWT:

Pa3phiE BTOPOTO poAa HEYCTPaHUMEIH pasphIE MEPAOTO YCTpaHHMEL pa3phIB IEPBOTO poda
poza
Omeemwr;
x+1 mpu x>0, Inx mpu x>0, 1 mpu x>0, 2*-1 npu x>0,
1) y={ 0 npu x=0, 2)y= 0 npy x=0, 3) y=40 nppn x=0, 4)y= 0 npu x=0,
l-x opu x<O In{-x) mpa x<0; -1 mpu x<0; 1-27" npu x<0




Vka3aTh yeTHue (pYHKINH VYkasaTh (pyHKIHY, ¥ KOTOpBIX I'pa- | Viasate GyHKOMH o0wmero suaa (Hu
(QHKE CHMMETPHUHBI OTHOCHTENBHO | - 4ETHBIE, HH HEYETHBIE)
HAaYa/Ia KOOPAHHAT

Omsemoi: 1) y=Inx*; 2) y=x*-x"; 3) y= x?':; Hy= :“; 5) y=ln(x+5); 6) y=x'-x
X — X
T'paduk dpyHxIMH y = f(x) H300paXkeH HA PHCYHKE!
’ yA

-

a b C\ijg'

YKa3aTh TOYKH, B KOTOPHIX (PyHKIHA:

TepNHUT YCTPAHHMEI paspeib epBOTe | HE HMEET HHM KOHEYHOro, HK 6ecko- | HMMeeT HEyCTpaHUMEI pasphIB nep-
pona HEYHOTQ Mpeaena BOCO poja
VkazaTh HyHKUHH, KOTOpHE ARnA0TCa | VkazaTh QyHKUMM, KOTOpLIE ONpe- Ykazars QYHKUMH, KOTOPEIE FBII-
OrPaHHYEHHEIMH Ha Beell YHemoBOH ReneHbl Ha Beel YHCnOBOH npaMoi 10TCA HEllpEPLIBHBIMA Ha Beeit 00-
mpAMOil : JACTH ONpEeNcHNA

2
Omsemsi: 1) yzzl-%; 2) y=ﬁ; 3) y=viel; 4) y=x+sinx; 5) y=tg(x+5); 6) y=5-—arctgx




Ha otpeske [-2; 2]
Omeemei:

Yxa3aTh GyHKIMH, KOTOPEIE ABIAIOTCH OTPAaHUMYEHHEIMH:

Ha noxyWnTepeane (0; 2]

| Ha BHTEpBAIE (2; +o)

8 YKazath GYHKLUNH, KOTOPEIE ABIAITCA OeCKOHEYHO:
SompHMn NpH x —> | | MAIBIMH [IPH X —> +00 | GOMBIHMHE IPH X — +0
2
. _ ¥ . _ax+2, X+l b e
Omeemor: l)y—xz_l, 2y y=5""°; 3)y—x2_5, 4) y=In(x-1)
9 x+1 x 4
x+2 it . —
. : . [ 2+x)x
Haitta xh—rynoo( T l] Hairrn Lim | 27 2\ Hatitu lim ( ]
X—o0 x x=3( 2
Omeemer: 1Ho; 21 e 4) s/;; 5 ez; 6) et
10 YKa3aTh QYHKIHH, 21A KOTOPLIX HPAMasT:
y =1 ABWASTCA FOPH30OHTANBLHOMN x =0 ABnAETCA BEPTHKANLHOMH ¥ =X ABAACTCA HAKNOHHON acuM-
ACHUMITTOTOR ACHMITOTOH ITOTOH
2 2 e.\‘ 1 ]
Omgems: 1) y="1; 2) y= X1 3) y=ZL; Hy=x+e”
) y== Yy=—] V=54 )y




11

HaiiTu 3HaueHHe NpoH3BOAHOH GyHKIMH:

y= % + arctg(xz—S)

e rxy= % B Touke (2;-3)

{x=JtT1.

npu =3
B TOYKE X =2 y=In2-log, (r+1)

12 { Haiith yroosoi koapduuueHT kaca- Haiitn yrox (B rpanycax), o koro- | HafiTe TasreHc yria HaKnoHa Ka-
TENLHOH, IPOBEICHHOTH K rpafHKy PHM HaKIIOHEHA K Och abcumcee Kaca- CaTenbHOH, NPOBEACHHOM K rpa-
dyHxuuM y=¢ " BToYke x=1In5 TebHas, IPOBEASHHAA K KPHBOH duxy dpyuxunn y =In (x3+1) B

y=2Jr-4 BTO4YKE x=35
TO4YKe x = |
13 22 Hai ; -x 2,5
Haliti fim x“+x— aliTM  lim (x+l)e Haittn  lim = +
x—] Inx . x40 x—>+00 52 -]
14 Haiiti 3HaveHHe X, TPH KOTOPOM QYHKIMA:
- 2
y= x(:’.—x ) JOCTHraeT MAKCHMYMa y= (x_3)2 HMEET IKCTPEMYM y= % HOCTHIAET MHHAMYMA
15 | B cootretcTytomux knerxax TaGHIE yKazaTs HaHGONBIIEE U HAMMEHBIIEE 3HAUEHUS HA OTpeske [—1;4] dymanm:
1 N2 B Rt
y=zx2(x_3) y=(x l) y=x(x-3)
x+1
Omeemul: 3uavennn: —1 0 1 2 3 HE CYIHECTBYET
HAHM =
yﬂaﬂﬁl =
hY xm =
¥ Haub
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VKa3laTh HHTEPBAIH, HA KOTOPHIX YHKUMA:

y=(x+ 2)2 (1-x) Bospactaer

y=0,25x —2x% +3 ybumaer

y=x"—3x* ybeiBaer

Omeempr: D (—o0;-2);

2) (-2;0); 3) (0;2);

4) (240}

17

Ipadmk pyrxuun y = f(x) nzobpakeH Ha pBHCYHKE:

x

HaiiTu 3HaMeHHE NPOH3BOAKHON
y=f'{x) BTouKEe x=a

Haiite 3nauenne anddepenuuana
tyskua y = f(x) opn x=a u
Axr=5

HaiiTn norpemnoctt npHOIK-
ECHHOTO BLIMHCACHHA

fla+5)= fla)+df




18

I'padur dpysrupu y = f(x) HsolpakeH Ha pHCYHKE:

b

VKazarh TOUKH, DA KQTOPBIX BHNONHCHE] YCIORHS:

¥y =0,y">0 ¥>0,)"<0 | V<0, >0
19 YKa3aTh PHCYHOK, HA KOTOPOM W300paxen rpaduk dyHKIHu:
y=logy,(x-1) y=2"-1 y=log,(x+1)

Omeemnvi:

1

4)




YkazaTk pUCYHOK, Ha KoTopoM H3oOpaxer rpaduk QyHKIMH y = f (x), €CJIK [pH HCCIEACBAHUH NOJMY4EHa cle-
yiollias TabJIMLa 3HAKOB MPOU3BONHOI:

X | (~0;=2) | =2 |(-2;2} 2 [(2;+0)]|x | (—o0; ~2)[-=2 [=2;2)| 2 {2;+0)|x | (~o0;-2)| -2 |(=2;2}]| 2 P; +0

y' + 0 - 0 + y' + Hc| + |wfc + y" - 0 + 0l -

Omeemvi.

} 3) 4)

\

x

XY -ﬁ.“
[
ﬁ----.--
Ry
|
=
"

L
..........I.I‘%.........
.




HUTorosnie ROHTPOJbHBIE 3aJaHRA 10 THCINILTHHE

«MaremaTnuecknii ananmus», yaetb 1 (pasgemn: II, 111)

&)

Bapuanm MA-1.1 |Bapuaum MA4-1.2

lBapuaum MA-1.3 |Bapuaum MA-1.4

|Bapuanm M-1.5

BUBIYACIHTE npeacnbl:

\fx +3x +4x

J2x3+x R oam

3x? + 4162 - o

lim {Jﬂ-ﬁ]

fim [3x-J9x3 +5x—7)

9¢e

x—m Jl6x +2 = J_ " 1+4 "_mﬁx2+4x-z'j]-8x6 X x—an
2 dx 2x2 =3x 2 2x ax
fim It -1 lim [2x{ln(x+3)—]nx)] ]1 2 +x-1 iml 2 +2x+1 I []nx+3]
2 x=m 3 m
x=o| Jx< +2 262 =3x+2 x>0l x° —4x+2 == Inx-1
fim sin2x +sin6x tgx—tg2x lim sin3x —sinx lim tg2x +tgdx sindx
x>0 3x x x—>0 S5x x>0 5x x—0 5in6x
Haliti npou3eoanyio GyHKUNHNK:
y=arctg = 4-x* +2arcsin£ v =arcig — y=[og2(x+4v'x3+8x—5] y=ln—]—+——— VE+x”
8-x" 2 2+x 1—¥1+x7
COCTaBHTb YpaBHEHHE KACaTENbHOM (HbIX) K rpad:om(y DYHKLHMK:
2 E
=J2%x-5 _ 3x+5 _x-3 ly = & , mapannensHoiily = 4 + In (3 - x), nep-
:m.ueii xqepe,s nf;)::y o4 o TouKe =S+s ° TOInpamoli y ~ 2x + 1 = 0. Cae-[neHauKynapHOl  npaMoit
1; ~3). Cenarsio=-3. ero  nepeceuenma  c|ATE YEPTEX 2y - 2x + 3 = 0. Caenate
HepTeR Caenars yeprex npamo# y + 2x + 3 =1, Aeprex

CHenatb YepTex




Oxonuanue HMo2o6oIX Fa0ani

Bapuaum MA-1.]  |Bapuanm MA-1.2 [Bapuarm MA-1.3  |Bapuanm MA-1.4 |Bapuanm MA-1.5
HecnepoBats (PyHKLUHH K IOCTPOHTE HX rpadHKu:
1 _,s
y=&"-x y=x*Inx =-]-£ y=;e,;3 y=1+2x +4/1-2x
+x
2
x°+2x _ - 1
= - O ) =3 3 2 y=——-—

Ix+8 Y (J; J_} y=€ +e X |y x +4¥x x 2g2

Haltm ranGomsuiee| Haiitn  wambonsuwee n|Halitn  vanboss- Haitrn  wanbosipiiee W Haiith nanbonsuee
W HAHMEHBLIEE THAHCHIA|HAMMEHBLICE SHAYCHHA GYHK-[Iee W HAHMEHb-(HAHMCHDIee SHAUSHHA QYHK-[H HaKMeHbillee IHAMeHHA
dymapm z=In (x+)) nalupn z={x + y)* Ha rpavnueiinee JHAYCHMA|UMY Z=X" + )" Ha OTPe3KEe[PYHKLHM Z = Xy Ha OTpe3~
NONYOKPYXKHOCTH  C|TPeyrONbHHKA C BEp-WHHAMN BldYHKUMH z =% —|peTBM runepbonel|ke rpadHka IKCTIOHEHTR )
uentpom B Hawaneltowkax (-1; 1), (% 3)|157 ua orpesxe,|xy = 1, nexameit B Bepxueii|= ¢*, orpanHuennoii mps-

KOOPAHHAT W pPagHy-
com 1, nexamedi B
BEpXHEil IMOIYNIOCKO-
CTH

4.0

JAKOHEHHOM
MEKAY TOY-KaMH
nepecedeHHn rapa-
Gonu

y = x* - 2x W nps-

MOH y=2x — 3

OOAYINOCKOCTH, OTpaHMyYeH-
HOH TOYKEMH mnepecedYeHns
THNEpPOONLI € NMPAMBIME

X
= U =16
Y 16 ¥y

MUMHX=—4nx=2




8¢€T

Hrorossiii Tectr MA—1

1. Mo punmy rpaduxa GyHKUHH y = M+b(puc. 1) 3. Haiiti lim[L— 3 ]
cx+1 =l 1—-x 1_x3
ONpeAeNIiTh 3HaKH NOCTOAHHRIX 4, b, ¢:
DNa<0,b>0,¢>0;2)a>0,6>0,c<0;3)a<0, 4. Haitte lim —+ lim — .
b<0,c>0;4)a>0,b<0,c>0;5)a<0,b>0,c<0. ¥1-0] 4 25T xolk0] o7

S5. [Ipn KakOM 3HAYEHHH
. 2 .
& -
1 ax” +7x-14 __sme=2?

¥ f y lim 3 +
/ x=ol 4y —x* +1 X

6. IIpy kakOM 3HaUEHHH o
lim[l --6-] =¢?
X4 x

. n
7. B Touke x =0 byHKINA y = xsin— He onpenene-
x

o
=y
=

Puc. t ' Puc. 2 Ha. Kakam momkHo ObITE 3HaveHke ¥{0), yToGB Aoonpe-
NeNneHHad THM 3HaueHWeM (PYHKIHA CTana Hemnpepsie-

' 2. Buibpars $ynkumio, rpadbuk kotopol Hambomee  Ho#H?
TOYHO COOTBETCTBYET pHC, 2:

1) y=-x+=32) y=-x-=33) y=-x-5;
X X X




-x+ 5 npH x <=5
2x+20 mpH —5<x<-2,
y=*sm2x npH —2<x <0,
x
x+0,5 npu 0=<x<5
! npu x>5
L x—5 P )

Cxonpko 312 QYHKUHA HMEET TOYeK paspmiBa l-ro
pona? 2-ro pona?

9. YCTaHOEHTE COOTBETCTBHE MEXIY TOYKAMH KpH-
Boity=f{x)(A,B,C; D, E, F)u BEMHYHHAMY POH3BOA-
HBHIX B 3THX TOuKax (puc. 3):

y 4 B

45°

1)0;2)-1; 3} 1; 4) —%®; 5) +°;6) f'(x) ue cyme-
CTBYET (HH KOHE'Has, HH OeckoHe HAR).

10. Kakue uz q)ymcunﬁ ABNAIOTCA Hel'lpepHBHL]MH B

YICBSaI-H-IOH'l\)‘IKexo
Dy=|x-3,x=3; 2)y = 3x+2], % =

3) )’=tg(x—z)_, X =T;4) y=x+2,%=-2;

+ X0 =-2,

5) y=—
vx+2
11. YcTaHOBHTE COOTBETCTBHE MexIy rpadnxaMu

dyurkumit y = f(x) (J, 2, 3) ¥ Mx OPOH3BOAHEIX
¥ = f'(x) (a, 6, 8) (puc. 4):

F
] i.\” = Ax) Y }\y = f(%)

0| a x 0| a x
I a)

y y] '

0] a xh g




Pac. 4

12. Jauo: y=+/1+arcsinx +cos(ln(x +1)). Halitn
y'{(0).

13. Jano: y=(tgx+1- J3)75*  Haiita y'[%) .
" 14. llaso: y = ngn(e" +ye? + l) Haiitn y°(0).

15. CocTaBUTE ypasHeHHe HWXHel kacaTenbHOH K
OKPYXHOCTH X + y* = 20, NepIeH/mKy IAPHOH K IpAMOI
x+2y-2=0.

Omgem:y=lxt+broek=...,b=....

16, 3aBHCHMOCTD MEXAY COPOCOM ¢ H ueHol p 1a
eNHHHLLY AOpOAYKUHH  jaercA COOTHOIIEHHEM

g=4- {/; . HaiiTy 3HaveHHe OeHN, NIPH KOTOpoii crpoc
Gyner HeliTpancHeiM (¢ eAUHHYHOI SNaCTHUHOCTEIO).

17. Boiscuuts, Anst KakuX $yHKUHI Ha oTpeske [(; 2]
npUMeHEMa Teopema Jlarpanika:

l .
D y==;2)y=4-553) =" Hy=Inish

2. T x npax<l
x“sin— opu x =0,

5y y=1" F ™ 6) y=41 o1
0 npu x = 0; S e rsl

18. Ha¥itn, mpumennas opapuno Jlonnrans,

lim {Inx-In(x—1)).
x—=+1+0

19. Haittu, npumensn npasuno Jlonuransa,
!
lim x'" ",
x—0

20. Haiitu (¢ TouHocTed Ao 0,1) axcTpeMansHoe
3HauYeHne (MaKCUMYM) QYHKLNH y = xle™ .




21, Haiitu mauMeHbiice 3HadeHune ¢GyHKUMH  Ckombko OHeil HANO 3ATPATHTL CTYASHTY HA MOATOTOBKY,
y=+x—Inx Hanomynsrepsane (0; e. wTo0B! ObUIA H3YUEHA MAKCHMAIEHAS HACTE Kypea?
24. WUcnonszys noHATHe AHdipepeHiIHana, BRIYAC-

22, Haiitn paccl'rzauue MeXIy TOYKaMH nepernfa JHTH TPHOTHKEHHO Ty
dynkunn y = x? “_3_2‘
X

23. Ilpn monroroske x 3aMeHy CTYASHT 3a ¢ JHEl

t . - o 4
H3yuaeT ~— -10 YacTh Kypca, a 3a0nBaer — -10 YacTh.
t+1 . 36




Pasnen IV

NaTerpanbHoe McUMc/IeHHE
n anddepennpalibibie ypaBHeHHA

I'nasa l 0

HeonpeneaeHHbli UHTerpas

CnpasouHblii MaTepuan
I, Dyuxnug F(x) HaswieaeTca nepeoobpaznoti ana dynxuuu fx) Ha
NPOMeXYTKe X, eclli B KDKAOH TOYKE X ITOTO MPOMEXKYTKa CIpaBeLTHBO
paseHcTBO F'(x) = f(x).
CoOBOKYIIHOCTE BCEX [IEpBO0OOPA3HBIX 117 GyHKUHH f{X) HAa NPOMEXYT-
Ke X HazbiBaeTcH HeonpedereHnuM unmezparom ot QyHKUMH fix) u obo-

3HAYaeTCH jf (x)dx:
[fwydx=F(x)+C,
rae C — NpoM3BONbHAA NOCTOAHHAS.
B zanucu _[ Ff(x)dx f(x) uasmiBaetca nodwvinmezpaneHoll ynxyuet, a

F(x)dx — nodetnmezpansroiv solpaiceHue,

HaxoxneHne HeompeneleHHOTO HHTerpana OT HEKOTOpOH GyHKUUH
HasbIBaeTCA unmezpuposanuer 3toll dyHxkuny. Onepauuy MHTCTPHPOBA-
HHA K nbepeHpoBaHA B3aHMHO 0GPATHLL.

2. Ocuoensie ceoiicmea Heonpedenennozo unmezpana:

(Jroax)= r@. (10.1)
d{[f(xyex)= fx)d, (10.2)
fdF(x)=F(x)+C, (10.3)
faf(x)de=a [f(x)dr, (10.4)
rae o — HEKOTOPOEC HHUCNO,
| @ g)ak= [fxdr s fgx)dr. (10.5)
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3. Tabnuanste unmezpanst:
fods =,

n+l

Ix”dx S

+C,
n+l

rne n# -1,
[E=ui+c,
x

x

Ia”dx= a e,

Ina
rmea>0,a=l;
jez"(:'x::e“r +C,
fsinxdx =—cosx+C,

jcosxdx =sinx+C,

I——-ﬂx——- = arcsin= + C,

a® -x* a

rae —a<x<a,a>0

dx 1 x
Iﬁ=—arctg—+C, az{;
a +x

a a
.[ _,dx > =Llnﬂ‘+C,a¢O;
X" —-a 2a |x+a

Idx:ln

V¥l +a

dx
I 5 =tgx+C;
cos“ x

jdf =—cigx+C.
5m-x

x+vx° +a|+C,a¢0;

(10.6)

(10.7)

(10.8)

(10.9)

10.9")
(10.10)
(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

10.1. HenocpeacreeHHoe HHTErpupoBaHue

OcHOBHOE COAEPMAHHE Pa3NIUYHBIX METOAOB HAXOXKEHUS UHTETPANOB
COCTONT B CBEAEHHMH KCKOMOTO HHTErpana K TabIMIHOMY WIH cyMMe Tab-
nHyneix. B npocreifinx clywadx 3T0 yHaeTcd CHENaTh, HCMONB3yH NHIIb
IKBUBAICHTHBIE Mpeo0pa30oBaHMA MOABIHTEIPANbHON QGYHKIMH H, ©CJIH

HeobxoaumMo, crolictra (10.4), (10.5).
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10.1. HaliTi HeonpeneneHHble HHTETPAIH:

k] 2
o [—E .0 [losinz =372 + 5)ax ; ) _[(2‘(;—+l)dx;
9—4x vt
4 3
2 J‘Mafx;d) cos® xf2dx .
x(x“ +1)

Pemenue:

. 1
a) BbiHOCA TOCTOAHHBIA MHOXKHTEND (_Z 3a 3HaK HHTETpana, IpH-

XxoauMm K TabanuHomy uHTerpany (10. 14) npu a=3/2: f
Ldc _ Lp a1 lx-32 1 2x43]

Jo—ax? 4";:2_(3]2 =1 32" T2 23
2
&) Ucnoneays ceoitctra nuTerpana (10.4) u (10,5), OpuxoauM K CyMMe
Tabnuunex uaTerpanos (10.10), (10N npu a=3u (10.7) npu n=0;

[(2sinx—3""2 + S)dx =2 sin x e — 9 [3*dx + 5 [ax =

X
=-2¢osx-9]33+5x+C
2
3
9 }(2\/;+l) dr_r'xz;a +j;x”3+ldx ],( o, _m]dx
3 x-‘i x

=4jx'”dx+4jﬁ+ fxtrde =122 +4in|x|—3x'”3 +C.

; f2x“+3x2+x+ldx (26’ (x” +1)+(x +l)+xdx
d x4 J x(x2 +1)

=J{2x+l+ 21 }dx=2 xa‘x+J‘£+J‘ ;dx =
x x“+1 x x°+1

=x” +In|x| +arctgx + C.

14 cosx

| 2 - LI PR -
9) lcos® x/2dx = =3 Iaft+ 3 Jcosx dx =

=lx+lsinx+C.>
2 2

Hurerpupopanue, OCHOBAHHOE HA NMPHMEHCHHH CBOHCTB HHTETpaIa
(10.4), (10.5) Ha3sIBaeTCA HenocpedcmeentoiM UK UHTETPHPOBAHHEM Me-
MOOOM PAZAONCEHS.
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HC]’!OJ'IBYH METOI PasOKEHNAA, HaiiTu HHTETpANnBI:

dx (. 8
10.2. j—-—- 103. [(2x® +e72% ).
s flst vz
10.4.J' & 10.5. fig’xax.
9x* +1 v

107, flar® -3x? + 47 ) .

dx
10.6. J'—
V1-4x? .

.d_:i 8
10.8. _[2x2+1 2 43¢ ) d. 109, [V 84
. fi
3
10.10. IM—H)dx. 10.11. Isinx/Zcosx/de.
e
. _ 5,3
10.12. _[—-fzﬂi%—dx. 10.13. J‘%"'dx.
€os” xsin” x x°+1
3— — —
104, F2E 20 1015, [+ L
x* -1 ) Jl
10.16. j#dx. 10.17.
1-tg” x/2 sin®2x
4 _ 2 _
1018, [P -1
x(x"-1)

10.2, MeTop 3aMeHbI nepeMeHHOMH

Mycte x=¢(f) — O¢yHknuda, HenpepblBHo anddepenuupyeMas Ha
paccMaTpuBacMOM TIpoMexXyTke. Toraa

[f)dr= [flo®)o'(rar. (10.18)

31a thopMyna Ha3bIBAETCHE POPMYNOU FaMeHbl NEPeMeERHol B HeoTIpe-
AeIeHHOM HHTerpane.

10.19. Haiita mnerpanu

x+5 ¢ dx
—dx; > :
) \I % -'J4x T ) o voxss

8x’dx 3x+2
é‘) jl d) I 2
J3—d4x? —ax 2x+1° x° —4x+3
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Pemenwue:
a) Monoxum ¢ = (x+5)/3. Toraa df = d((x +5)/3).
Io onpeaenennio anddepeHunana nony4aem:

@t = ((x +5)/3) de =%(x +5Ydy = %dx,

OTKyHa dx =3dr. YuuthiBag BRIpRKEHHE ANA /, HCKNIOYAM X H3 3anUCH
MO/IBIHTEFPATBHOTC BHIPRKEHHA HCKOMOTO HHTETPana:

_[ x;“sdxz.[ﬁsd:.

Henomssys (10.4), npuxomnM k taGmmsomy naTerpany (10.7) npu n=1/2:

32 32
j\/_3dt—3j"’2dr {2‘ C.]=2[";“5J +C,

roe C=3C,.

B npocTHIX mpHMepax HOBYIO NEPEMEHHYI0 JacTO He BRIIIHCHIBAIOT AB-
HO. B omHX ciyuasx roBopaT o npeobpazosanuy GyHxyuu nod 3HAKOM
Juhthepenyuana WM 0 86E0CHUU HOCMOSHHBIX U NEPEMEHHBX MO0 IHAK
Ouththepenyuana. Tlpu 3TOM CllelyeT yUHTHIBATE, YTO, HANPHMED,

dx=%d(}cx+b),

rae k v b — nekoropeie uncna (k = Q).

6) 3amerum, uto 4x2 +1=(2x)> +1, a dx = %d(Zx).
Torma
j =jl- a2y __1 f a(2x) —-!—ln2x+-J4x2+l|+C
Vaxt+1 92 J2xy? +1 "2 2t 41
(cm. (10.15) npr a = 1).
6) B 3HaMeHaTene MOABIHTErpanbHOTO BHIPAXKEHHA BBLAETHUM TONHBLI
KBaJpar:

9%’ +6x+5=(3x+1)* +4.

YUMTEIBad, YTO dx = %d (3x+ 1), momyuaem

( I d@x+l) 1 d3x+D) 1 3x+1
3 j— - =—arctg
1952 +6x+5 3@x+12+4 3 (3x+l) +4 6 2

(cm. (10.13) npu a = 2).
2) BuiienyM nonHelii KBaApaT B NOAKOPEHHOM BHIPAKEHHH:

J-4x? —4x=4-2x+1)%

+C
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Monokum 2x+1=¢. _
Torga x= %(t 1) ndc= %dt . CnenonarennHo,

I xdv _(lG@-Ddr _1 ¢ rde 1 dr
Goax—ax J4a—p 43ap 4l

Bropoit U3 OByX NomyueHHBIX MHTerpanos — Tabnuymnit (cM. (10.12)
npH a = 2).

Jlna HaXoKACHHA MEPBOTO 3AMETHM, YTO fdf = —%d(4 ~£%).

Toraa
Ix—dx._=_l I(4—r2)"f’2d(4—rz}—larcsintfz =
Ni-4xt—4x 8 4
H 2,32 |
=——(4—¢ - t2+C=
4( ) 4 aresin / +

= —%43 —4x* —4x —%arcsin(x+ 1/2)+C.

o) lNonoxuMm £ =2x+1. Torna dt_= 2dx M, cnegoBaTenwHo, dx = %dt.
Tak kak x =(t —1){2, 10

3 _ 3_ 2 _
8 L _ 8l -n/2) 1 aot j-: 3431,
2x +1 J ! 27 2 !

=l_[(r2 “3e3-Yar=Lp 3p +§:—l|n|r|+c..
2 )" 6 4 2 2

Bo3sppawasck K Hcxoanoi nepeMmeHHol (1 = 2x +1), nomyvaem

3
8 =22 v rx-Linfceq+c,
2+l 3 2

11
rie C=C, + o
¢} Bolugendaa TonHBIH KBaApaT B 3HAMEHATENE NONLIHTETPANLHOM
(BYHKUHH, TOTyHaeM
[ 3x+2 de = [ 3x+2
Jxl—dx+3 Jx-2)? -1

Monowum t=x—-2. Torga di =d(x-2)={(x-2Yde=dx, x=t+2 u
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[ 3x+2 LR N o B
Jx-2)? -1 _1:2-1"'“_31:2 +J:Z-l

Id(’ l =-3-1n|:2—1|+4|n il G}
2 -1 +l 2 f+1

Boanpamaslcs K HCXOMHOH HepeMEHHOH, OKOHYATENBHO HMEEM
10.20. HaiiTi suTerpans:

I 3x+2 =—ln|x —4x+3|+4ln41|+CP
a) .xe—3x2+4dx_

x?—4x+3
. . 2
; 6) x dx 7 6) I———-@——;
s ,}4 %8 2x+3xInx

2 25 0 (Vimsta e)I

Y COBX

(l+
Pemeunne:

a) .xe_Bx: +4‘£x = Jle_stH {— %}d(—3x2 + 4) = —% Ie_ax: +4d(_3x2 + 4) =

(cm. (10.9%)). _
[ d(x*) _1 . x

2
x“dx 1 ;
6) [ =— =—arcsin—+C
ey 3 Jaspy 3

(cm. (10.12) nipn g = 2). N

8) }' & 1 }-d(2+3]nx) ln|2+3lnx|+C

2x+3xInx 3 7 2+3Inx

(cM. (10.8)).

2) IpeobpasyeM cHavana 3HAaMeHaTenb no,uumerpanbnon dyHKIHR:

T ox T ox 1"|: WX
cosx=sm{—+x)=25m —+—J—cos{—+—)=25m ( Jctg{ J
2 4 2 4 2 : 4 2 4 2

TlonoxuM £ = ctg(% + %} Torapa 4t = ——'l—'dx.

2sin [n +xJ
4 2

CnepoparenbHo,
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e dx '=_Iiif=_1 +C=
Jeosx "2'=s;in2[E+£]ct [E EJ t n|r|
gl =+
. 4 2 4 2

Tt xy
tgl — +C =In|t +
Cg{4 2] ng{z 2}

. . LI
o) Monokum x =sin# , rae te|:——2—; -—:|.

=—In| +C.

2

Torna dx =costdt, 'Jl -xt = 1/] ~sin’f = Jcoszt =cos {,
TAK KaK NpH CAENaHHBIX TPeAnonokeHuax cos # > 0.

Torma [V1-x*dx= !cosz tdt.
BOCIIOJIBS)’CMCH qJOIJM)'JIOﬁ MOHHKCHHA C'_I'CHCHH H CBOHCTBaMH HHTE-
rpana (10.4), (10.5):
jc-:;s.2 tdt = J%(l +cos21)dt = %r +% cos2td(21).
YuuthiBasg (10.11), uMeem
Icos’:d::%ﬁ%smz:%c. (10.19)

Tpnmenas d)opuyny ANA CHHYCa NBOHHOIO YIJ1a M OCYLIECTBAAA BO3-
BpAT K HCXOZHOH NepeMeHHOH, OKOHYATENEHO ITONyYyaeM:

Jl 1-x dx=Er+z—251ntcosr+c=%arcsmx+%xdl—x2 +C.

at "
cos®t
'f dx fcos"tdr
Ja+x*?  J cos?r

Tpumetsa (10.19), nonyyaem
.[ & 1 1. 1,1 2.

e) INomowum x=1tge . Toroa dx =

= J‘ms2 tdr.

————— m et =i 2U + C =t + 5
a+x*) 2 4 2 4l+tgt

Boanpamauc; K HCXOOHO#H nepemeuﬂoii, OKOHYATENEHO HMECM.

1 1 x.
= —arctgx + — +C.
g 2 1+x?

[
(1+x%)* 2
Hcrnone3ys ykazaHHBIE 3aMeHBI ICPEeMEHKOHH, HaliTh Hmrpénbl:
o2 5 =l gem [CEUE L

e x

x 1+ J_
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10.23.

10.25.

10.27, |

Haiimu

10.28.
10.30.

10.32.

10.34. |

10.36.

10.38.

10.40.

10042. 1

10.44,

10.46,

10.48.

10.50. |

* X x dx
tg—dx,r=cos—. 10.24. |——, t=1+¢",
. & 3 3 I e +1 ¢
r dx 1 x*dx
|—, x=-. 10.26. , Xx=8int.
* xl +x° t V1-x? :
. ' 2
[(V1+x dx, x =tgt.
L, x -
HHTEIPAJIBI:
[ 1029, [{3x+2as
& 103, [
Jax+3) 3+l
* dx ' xdx
-- . 1033, .
‘N2-x x* 42
PR
=% 10.35. fox-+1/4)sin2s* + ).
42x +5
[/2+ cos3x sin 3x dx. 10.37. J'e-“'E &
J Vx
(e* V2 + S div. 10.39. _[cos 2"5” .
{sinInx . 10.41, arctg.:/3
J x 9+ x
& 1043, [-—E .
J2x% +1 Y32t
-X - 2
_|' e & 1045, [ 1
1-e* Jd x+1
.3 . —_
X dx 1047, [Z L
Jl-x 42x+1
& 1049, [—2%_
J3xi-s JJ16-x*
n 2 n
xdx 1051, [
” x6 +l - 3x +2
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P 2x+1 f\/;+lnzx

10.52. d. 10.53. | dx.
. p xZ +1 r X
.2 .2
1054, [EE 10,55, [Ft2xtL
o X +3 v X +l
452 _ ~ H
1056, [>——1 ax 1057, [FHACSmX
. JB_‘ 7 Vl-x?
» 3 -
1058, [Z12 o 1059, [
It +9 Jxt -2
10.60. [ 061, [—E
I iax HWer—xt—s
w062, [(ZEIE o6 [—E—.
Xt +ax+5 Ix°+2x-3
1 dx * xdx
1064. |—Z . 1068 |22
'4x2+12x+13 "‘,‘_xz_l.],x
10.66, [Sn2x& 10.67. [sin® = dx.
SV2+cos’x J 2
10.68. [-%-. 10.69. fetg™*3 4
Jsin2x . 2
10.70. |sin’ 2xcosx dx. 10.71. |1+ cos x sin2x dx.
X iy2
10.72. [0 4
4 (sinx) /

10.3. MeTon HATErpHNpOBAHHA MO FACTAM

Iycte #=u(x} M v=v(x) — nenpepbiBHO AnddepeHUHpYEMEIS
¢ynkuun. Toraa cnpaseumea Gopmyna:
[udv=uv- [vdu. (10.20)

dopmyna (10.20) HasbipaeTcs Popuyrol UHMEZPUDOSGHUR RO RACMAM.

10.73. Haiitu uHTerpansl:

a) ln—xdx; 6) Ix%‘”'aﬁc; 8) |xIn® xdx.

Jx
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Pemeune:

a) Mojoxum u=Inx u dv=%. Torma du=d(lnx)=ldx u
x x
v= Idv J'x Vagy = 2xV2,
BooGme roecpsa, no ¢opmyne (10.3) noayuensoe Bupameune ang v
NOMKHO COAEPKATH MOCTOAHHYIO HHTerpuposatus C, OHAKO NpH npUMe-

HenkHd opMynsl {10.20) 5Ta NocToAHHAA H3 OKOHYATENBHOIO BHIPAKEHHA

Beinggaet. [losToMy B BeIpaskeHHH Wi v yaobHo nonarate C = 0.
Cornacho (10.20), uMeem:

Ilnx =2x"Inx- J2ch"rzl4:arﬁnc=2x"’2 Inx-
x

-2 Ix"ndx =25 Inx-4x" +C.

6) [onoxum u=x>, dv=e"""dx. Toraa du=2xdr,
ve= Idv = je_”'dx = —je_’+'a’(—x+ =-e*"
TNpumenss (10.20), nonyyaem:
sze—xi-ldx — _xze—.t+l + ZIe'”'xdx
K noayueHHoMy WHTErpany BHOBL npuMensem dopmyny (10,20), oo-
naras u=x, dv=e"""dx. Torma du=dx, v=—e" u
J‘xZe—dex - __x2€—x+l _ 2xe—x+| + zje—x+ldx =

=—xZe ™ _2xe N 207 L C=—(x? +2x 4+ 2)eH + C

2
&) Mycre u=1Inx, dv=xdx. Torna du= 21nxé, =2

x
IMpumenas (10.20), nonyuaem

2
X
Jxlnzxdx=71n2 x- jlnxxdx.
Jng HaxoxneHus MocnejHero WHTErpana BHOBb NPHMEHHM (GopMyny

2

(10.20); u =Inx, dv = xdx, du =ldx, v=% "

len xdr- 5 In x—x?lnx+j —dx——(ln x- lnx+—)+CP

IMocnenosareEHOE NPHMEHCHHES q}opmynm (10.20) unrerpnposaﬂm
NO 4aCcTAM [OIBONAET HAKTH HHTETPANEl BHIA:

Ix"e“’dr, j' x" sin dx dx, Ix" cosbx df, jx‘ In" xdx,
e @, b, c — neficTBHTenbHbe uMena (¢ # —1) U 71— Lienoe NONCKHTENBHOE YHCIIO.
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10.74. Haifti ruTerpans:
¥ Ixarcsmxdr 6) Ie'* cos3xdx.
Rewenwne.

a) [MonoxuM u = arcsinx , dv =xdx . Torra du =

INpumenaa (10.20), nonyuaem

7
2
Ixarcsmxdx = —ar¢sinx —&IJ_

o : ( I—xz) -1
) ) e

=——arcsmx+—j
2 2 1-x?

1-x* -
Bropoit u3 nony4yeHAsX UATErpanos — TabmHunbii (cM. (10.12)), mep-
BEIH ObLI HaiigeH panee (cM. npumep 10.20, 4). OxoHuaTeMbHO NOIYYaEM
2

Ixarcsinxdx= x*_1 arcsmx+—— 1-x* +C.
2 4 4

=£au’c:sin,\:+l l—xzdx—ij
2 2

6) MycTb u =cos3x, dv =e>*dx. Torna du =—3sin3xdx, v—% =

(6o3Hauad UcKoMbI HHTerpan uepes J, npuMenan ¢opmyay (10.20),
nojayyaem ’

J= lez" cos3x +E J'ezx sin 3x dx.
2 2
K nonyyeHHOMY HHTerpamy BHOBb IpHMeHSeM (OpMYIy HHTETpHUPO-
gasns 10 qacTaM (10.20), rae u =sin3x, dv=e"dx:
J= lez"‘ cos3x+§- l.92" sin 3x~é e cos3xdx |,
2 212 2
HITH
J= %ezx cos3x +3e2” sin3x - %J +C,.

Bripaxas M3 MOCHEZHErc PaBeHCTBA MCKOMEIH uHTerpan ., oxoH4a-
TeNBHO HMeeM

J =%(20053x+35in 3x)e™ +C,
4
C=—C.p
rae 13"
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CDopMyna HHTErpHPOBaAHHA N0 HACTAM NMPHMEHACTCA AN HAXOKICHUA
HHTErpajios BHAOA:

Ix‘ arcsin x dx, j'x" arccos x d, jx"arctg xdhx, Ix‘arcctgxdx,

rae ¢ — AelcTBHTENLHOS YHUCHO, ¢ # —1.

Ipnem, nenons3zopatHblil B npumepe 10,74, 6, acnonelyercd and Ha-
XOKIEHHA MHTSTPANOB BH/IA:

_fe‘“ sin bx dx, J e™ cosbx dx,
rae a ¥ b — peiicTBHTENbHBIE YHCHA (a # 0).

Ha#ith HRTerpansn

10.75.

10.77.

10.79.

10.81.

10.83. |

10.85,

10.87.

10.89.

10.91,

10.93.

10.95.

10.97.

10.99,

xedx.

.x et d.
.(xz —3x}Inxdx.
*In(l — x)

dx.

[V2-=ax
[amtgm dr.

[¥* cosxa.

Icos(ln x)dx.
fin1=x + VI x)
Ix 17 2x dx.

[cos? (In x) .

rarcsin x

- dx.

v X

10.76.

10.78.

10.80.

10.82.

10.84.

10.86.

10.88.

10.90.

10.92.

10.94. |

10.96,

10.98.

.xze""‘ 2dx.
In(1 - x) .
.xz In? xdv.

xsin3xdx.

x? —4dx,

J-Jcco's.2 xdx.

_’arcsin s/; dx.

Y

xlarctg3x dx.

10.100, I(arcsin )% ds.



10.101. _[3* cosxdx. 10.102. Ie’* sin 2x dx.

Inx
(x+1)°

10,103, jln(l +x% ). 10.104,

10.4. Hmrpn;ionaﬂue
PALHOHANBHLIX BHpaKeHmi

(x)
PaccMOTPHM cioco0H HAXOXGICHHS MHTETPATOB BHAA , Tae

P(x) 1 Q(x) — HEKOTOPHIC MHOTOWICHE! OT IEPEMEHHOR X,

IlpocTeiinine MHTErpaabl TaKOTO BHAA OTHECEHBI K ‘[‘aﬁ.l‘lH'-lHHMs (cm.
(10.7), (10.8), (10.13), (10.14)). bonee cnoxHble clAy4yaH pacCMOTPEHE! B
npumepax 10.1, g, 2, 10,19, ¢, 9, ¢, 16.20, .

PaccMOTpHM TOAXOA K HHTETPHPOBAHHIO PALMOHANLHEX QYHKUMA B
ofwem cnyyae. Byaem npeanonarats, uto Apods P(x)/Q(x) — NpaBdiib-
Hafl, T.e. CTENeHb YHCTHTENA P(x) MeHbille cTeneHy IHaMeHaTea O(x).

ITycts 2HaMeHaTens O(x) OONycKaeT pasfoeHHe Ha JIHHEHHHE MHO-
WHTEIH;

() = (- @) (e a)... (e, (10.21)
rae @, *a; OpH i#j H Ky, ..,k —— NONOKUTENbHbIE LENBIE YHCTA.

B atom cryyae apobs P(x)/Q(x) momyckaer npe,ucranneﬂne B Bnne cyMm-
ME! npocTeiiunx gpobeii:
Plx) _ 4, + A2 Ay

— = R T+
O(x) (x-o) (x-a) {(xr—o)"
4
O, TR —, (10.22)
x—a, (x—a,)" )
rae Ay Ajzs o Afk; — HEKOTOPLIE HEH3BECTHRIE YHLJIA, l'lo:yrqmy pac-

CMATPHBAEMBIH METOA MHTErPHPOBAHHMA HA3LIBAETCA Memodom Heonpede-
TEHHOIX KOIPPuUyUEeHmos.

10.105. Haittn waterpan

Irz;ix.
(x-1%(x+1)

P e 1w e H W ¢ 3anuckBasg NOABIHTETPAABHYI0 PYHKLFI B BHIOE CYM-
MBl OpocTefilmx gpodeil, nmeeM:

X . . S
(x-Dx+1) x-1 (x=-D* (x+1)°
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HIH TIOCHE NPUBECHNS BRIPAKEHWA NpaBoi YacTH K o0LieMy sHaMeHaTeo:
x2 A,(x —1)+ 4 (x+1)+ 4, (x - 1)2
(x-1(x+1) (x-1)(x+1)

HOJ'I}"-IGHHOC paaencrao BBINTOJIHACTCA TO')K,I[ECTBGHHO (T €. npH nobBIX
JHAYEHHNAX ﬂepeMeHHOH X) TOJNILKO €CJTH

X2 = 4,7 1)+ A, (e + 1) + A4 (x = 1) (10.23)

MMonaras 8 (10.23) x=1, nonyyaemM | = 24, W, cnemoBaTeNbHO,
A, =1/2. '

pu x = -1 #3 (10.23) umeem 1 = 44; 1 nosToMy A3 =1/4.

Homnoxkum x = 0. Toraa us (10.23) caenyer 0=—A, + 4, + 4.

[loacTannas B MocneAHee PaBEHCTBO HAWACHHBIE 3HAYCHHA A2 ¥ A3,
nonydaem A, = 3/4. ..-

Henonbsys HafiieRHOe TPCACTABICHHE AN MNOARIHTETPATLHOR QyHK-
LIMH, HMEEM:

x2dx 301 1 1 1 1),
IT= =. +—- 2.|._. dx =
(x-1D)(x+1) 4 x-1 2 (x-1)° 4 x+1

1
(x=1)
B ciyuae, xoria MHorouneH (X(x) He ACMYCKAeT pazfoXeRHUA Ha JTH-
HeHHble MHOXHATENH ((X(x) HMeeT KOMIUIEKCHBIE KOPHH), B BLIPEXEHHH
(10,21) pOnOIHUTENBEHO COACPKATCA COMHOXKHUTENN BHAA (Jnc2 +px+q)",
rae m > . Torpa paznowenne (10.22) npobu P(x)/Q(x) aomonHuTensHO
COOEPYMHT cllaraeMele BUIa _ _
M x+ N, N M,x+ N, ot Mx+N,
Pepe+g (FHpx+g)Y | (P +pe+g)”
10.106, HaitTn naTErpan '
[ dx
Jo-pet—x+1)
PeweHHe Pasgnoxedde OOABIHTEIpanbHOW (QYHKUHMH Ha TIpo-
cTeHmine NpobH nMeeT BHA:
1 _ A4 N Mx+N,

(x—1)x*-x+1) Tx-l P -x+l

=Eln|x—1|— +—l—1n|x+l|+C. >
4 4
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Beinonuas npusegeHtie K o0HeMy 3HaAMEHATENIO U MPHPABHHUBASK MEXTY
co0oit uHcNTENN NeBoit H NpaBoil YacTel MONYYaeMOro PaBeHCTBA, HMEEM:
1= A4, (x* —x+1)+(Mx+N))x-1. (10.24)
Eciux= 1,10 4, = 1; ecin x = 0, TO MPHXOAUM K paBeHCTBY 1=4, — N,
H, CnegoBaTeNbRo, Ny =0,
Ionaras B (10.24) x =1, nomyvyaem:
1=34, +(-M, + N, )}(-2),
orkypa M, =—1. Toraa
[ dx _far [ xdx
J-n?-x+) Je-1 N2 xad
Jlnst nepporo vaTerpana npeobpazyeM QyHKUHIO 104 3HaKoM audibe-
peHupana: dx=d(x—1); ona BTOPpOr0 — BBIAGNHM TIONHBIA KBAIpaT B

sHaMenatene (x> —x+1=(x— l/ 2) +3/4) n BocmombzyeMca 3aMeHoOM
niepemenHol f = x —1/2.
Torna dr=dx, x=tr+1{2 u
f dx _ (dx-1) [t+l/2d’_
Jx-ned-x+1) J x-1  JP434

—ln|x—1|—I tdt 1 p odr
2+3/4 212434

A2 +3/4) | 2
ln]x ll W Earclgﬁ=
1 B 2x-l
=ln!x—l|—51n|r2+3/4|—Tar§tg 7 tC-
1., B3 21
=]n|x—l|-51n|x —~x+l|~Tarctg ﬁ +C. »
Ha#ti neTerpanst
a 2
10107, [—% . 10408, [
Jxt-x-2 1-
10.109. & 10110, (=
$xXT —-x" X +x
o, 2.
Jx? +1
w113, [—& . 10114, I———_
dx{x +1) (x* =1)(x+2)
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2 o
s, [EEDE g6 [ F
(x+12(x-1) I 3x-4
. k)
10.117. j'—dx. was, [t 4
x*—6x+10 Jx7 —5x° +6x
10.119 I&dx 10020, [FA30 #20 Hxal
T I s axt a0 T x +x+1 ‘
10.121. [ 4dx ~- 10.122. ) ;ix .
dx +x- X +|
w023, 2 ge2e, 5
H{x*+2x+5) dx+x+1
- - 3_
a5, [—& . 10126, [~ 2
J(4+x%) dx7 +10x" +25
10. 10.128, & :
dx’ —dx +5x-2
10.129. j————f—’idx. 0.3, (&
(x-4Y(x-2) X +x

10.5. UnrerpupoBanne HEKOTOPBIX BAJOB
HppalMOHAILHOCTE#

ITpocrefimme uaTerpans oT QyHKUMA, coaepikalliie MppalHoHaNb-
HOCTH, ABAMOTCA TabnnuHeiMH (cM. {10.7), (10.12), (10.15)) nubo ceo-
JATCA K TaORWYHBIM C MCIOIB30OBAHHEM CBOIMCTB MATErpana u (Mim) 3a-
MeHBl mepemenHoit (cM. npumepst 1001, 6, 10,19, g, 6, 2, 10.20, 6, ).
B Gonee CHOXHBIX ClHy4adX OCHOBHON NOAXOHL COCTOHT B CBEACHHM MC-
KOMOTO HHTETPAIa K WHTErPany 0T pauuoHansHoil pyukuyn (cm. § 10.4)
¢ MOMOLLBH MOAXOAALIeH 3aMeHBl NepeMeHHoH (TaKk HasbiBaeMasd payuo-
HOMU3AYUR URMEZPARd).

Huterpansl Buaa

jR(x,\laz -x? )dx, IR(x,\J'xz +a’ ]dx, IR(x,v'xj -a’ ]dx,
rae R — pannoHasbHas PYHKLUHA, HAXOMATCH ¢ MOMONULBK NOACTAHOBOK

. [/
x=asin?, x=atgt, x =—— COOTBETCTBEHHO, cM. NpuMep 10.20, 4, e.
cost
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10.131. Haiiti uHTerpan
J‘ x® -1
—dx.
X

1 T
Pew e ue Iomoxum x=——, rae te[O, rr] HEE—,
cos? 2

sint df
cos’ ¢

[ 2 . .2, -

x -1 1—cos“ ¢ costsint sin“t sin#

I dx = ]‘ . —dr = 1, - —dr=j|tgt]tgrdt.
x cos“t cosf 'Ycos“ ¢t cost -

Ipu caenaHHBIX NpeANOROKEHAAX sint > 0.
Ecmn x>0, 1.e. cos 1> 0, 1o |tgs| = tgt n

Itgzrdt= I((l+tg2r)—l)dr= I a__ Idr=tgt—r+C.

(3052 ']

Torna dv = H

1 1
Tak Kak cosf =—, TO ¢ = arccos— H
x x
. f 2
sin¢ 1-cos“¢
t= = ;4x2~l.

g =
cos? ‘J cos’ ¢

CnenoeatencHo,

o

2 —
jx—ldx=v'x2 -1 —arccosl+C.
x x
Ecnux <0, r.e.cos ¢t <0, 0 |lg t| =—tgf , H AHANOTHYHO MONYYHM, HTO
2 —
I——dx”] =yx? -1 +arccos~+C. P
x x
Hurerpan uga
IR(x,V;)dr (10.25)

PaLMOHATA3NPYETCR ¢ MOMOMIBIO 3aMCHBI f = V; .
HetpyaHo BRAETH, 4TO HHTEIPAIL BHIA

jR[x,ﬂ/xT', vy WJ dx
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Senstores yacTHUHLIMA chnyyasamu (10.25), roe # — naMMensblee o6-
illee KPaTHOE YHCen Ay, ..., M.
O6obienrem unrerpana (10.25) apnsercs

IR[x,J: ] (10.26)

rae ad # be . ina paunoHanusauny (10.26) HenonbayeTcd NOACTAHOBKa
ax+b
ex+d

="

10,132, Haﬁm HHTErPaNb!:

1+x X b
o =" Iy ? f
Pemenne:
a) Haumenrninee obiiee kpatHoe cTenencii 4 1 6 pajiukaion, yepes ko-

TOpBIE 3alTHCaHA NOALIHTErpansHas QyHkups, pasto. 12. IloaroMy nonara-

em t=x"? Torna x=1"%, de=12¢""dt n :
11 2

12¢"dt ! 12 [todr

Ig/_rj Ji-t

Hcnonbsy2 3KBHBANCHTHBIE npeoﬁpasosanna, CBOIOUM TONYYECHHBIH
HHTErpal K cyMMe TA0NHYHHIX:

2
12J v 12-[(' ')”dr 12][:+1+?~}d:—

2 —
=12{‘—+:+ I-‘M}=6:2 +120+12mr -1+ C.

2 -1
Bo3Bpaluadack K HCXOAHOH NepeMeHHOH, OKOHYATEbHO NOMyYasM:

_[J_;iﬁmsﬂhu’ x +12dx 1]+ C.
X —§X

6) JHaunsiii uaterpan useer Bua (10.26), mosToMy nonaraem

’l+x —¢ To na“—x=r2, c= 21 de= 2tht2 u
X -1 (-1

X
1 [x+1 2 5 ~2tdt 2
— —dx:Ir -1 :—-——-:-2_[: dt=
e e e

=2p,c=-2 [HxJ +C. P
3 3

X
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Haiiti nuTerpanst:

3 »

10133, X% 10.134. Vxdr .

Jafx—1 J2Jx +3
w3s, (VX 10136, [

i +1 Ji2x +1

- dr - dr
10037 —* . 1038 [—%

Y1+ ¥x)Vx Jx+l+4x
10.139. --L 10.140. fx /X~ Lar.

" x x _ v X +]
10.141. [2 J dx. 10142, [—Y*H1+2

Jx+ 1) —vx+1

10.6. Unrerpuposanue
TpUronoMeTpuIeckux (pyHKimmii

Harerpans: spaa IR(sin x, cosx)dx (rae R — paunoHanbHas QyHK-
LHA) JOMYCKaloT PalMOHANH3ALMIO ¢ MOMOIILI) YHHBEPCATIBHOH NOICTA-

X
HOBKH t=tg5,rne -n<Xx<n.Torga

: 1-# 2dt
sinx=——, cosx= , de= .
p41? 1442 14142
10.143. Haiitx nHTErpan
I3+5cosx'
P e w ¢ H u e [Tonaras ¢ =tgx/2, nonydaem

{  dx =j- 24t o[ [
J3+5¢0sx (l+t2)[3+5(11_t2)J Jg 2 Ja_ g

+£2
:lln AL +C=lln gx/2+2 +C. P
4 -2 4 |tgx/2-2
HCnome30RaHue YHHBEPCATLHON MOACTAHORKH ¢ =tgx/2 NpH HHTErpH-
poeaHnl $yHKUpK BHAa R(sinx, cosx) 9acTo NpHBOOMT K MPOMOZAKHM IIO-

AbHTErpabHEM GYHKIHAM. B 4acTHBIX CTyyasX MOXHO HCTIONB30BATh APY-
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rue noacraHobkd. Tak, ecnm QyHkuua R(u,v) ofnamaeT CBOACTBOM Heuer-
HOCTH [0 OEpeMEHHON ¥, T.e. R(~u,v) = —R(4,v), TO HCTIONBIyeTCA TIONCTA-
HOBKa { = CO$/ ; €CNIH, HATPOTHE, R{u,—v)=—-R(u,v), 170 t =sinx. Ecan xe
byHKuKA o0nagaeT cBOHCTBOM YETHOCTH CPaly MO ABYM IEPEMEHHLIM, T.E.
R{-u,~) = R(x,v), TO npuMeHSeTcA MOACTAHOBKA (=1gx, Trhe

T _ . .m
——<X<—.
2 2
10.144. HaliTH uHTeTpans:
o [ _
cos’x’ 1+3cos’ x

Pemenwne:
a) [Tonoxum ¢t =sinx. Torna dt=cosxdx u
I dc fcosxdx_J‘ dat
cos’x 9 costx (1~£2)? '
Henonb3ys MeTox HeompeacneHHEIX kodpduimenToB (cM. § 10.4),
HafizeM pa3noxeHHe NOARHTerpansHo# GyHKLUHA Ha mpocTefitne apobu:

1 1 Y L S S S
1= (-92a+0% 41—t (-9* 1+t (+9*)
Torna

d_ Lpde=) 1, oo 1 pd(+])
(1-:2)2_ a0 7 I(’ Iy~ l)+4j T

-2 1 1
2 = - Inle +1/- =
+ I(Hl) A +1) ln|t i 40 - +lnf+1 prreTaed
]smx+l| sinx |smx+l| 1 tgx
4 ]smx l| 2(sin’x-1) |smx l| 2 cosx

4
6) Tonowum ¢ =tgx, rae —5<x(-2-. Tax kax 1+¢° = 57—, TO

cos™ x

2 1 dr
€08“X =——, H, MOCKONBKY X =arctg?, To dy =
1+¢2 1412

[ J' dt o
Niscostx Jaera+3/0+00) Ji+a
1 1 tgx
— Larctg) +C = —aret +C. P
By TR TR,
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JIna HaXOKACHHA UHTETPANIOB BUAS
jsin ox cosfix dx, 'J'sin ox sinfx dx, Icosax cosPx dx

HCMONB3YIOTCA GOPMYNLl TPHTOHOMETPHH, MO3BOMsONHE Npeobpazossl-
BaTh NPOU3BEAECHHE B CYMMY:

sinox cosPx = %(sin(a +[B)x +sin(a — B)x),
sin o sinPx = %(cos{a —PB)x —cos(ct +B)x),

cosaxcosPx = %(cos(a —B)x +cos(a + B)x)

10.145. HaiiTu unTerpan
fsin xcos®2x dx.

P e w e v ¥ e. Henonb3yd TPHTOHOMETPHUECKYIO QOPMYITY NOHHKe-
HUSA CTENEHH, FIONyYacM
Isinxcosz 2xdx = I sinx % ; sinx dr+%jsmxcos4x dx.

JIna HaxoIeHUs BTOPOTO HHTErpana BOCMONbL3yeMcs dopmyoii, npe-
obpa3syloweii IPOH3BENEHAE B CYMMY:

; sinx dx+ ; .[smxc054x dx = —%cosx+— I(sme sin3x) dx =

= —lcosx +L sinSx d(5x) -1 sin3x d(3x) =
2 | 20 | }2
= ——COSX ~—C085x + —cos3x+ C .
2 20 12
Haitti HHTerpans:
10.146. [sin’x dx. 10.147. |cos’ xdx.
10.148, _[sin3xcoszxdx. 10.149,
1+sinx
10.150. I— 10151, [—*
Sinx—CoSx J2sinx +sin2x
1052 & 108, [
J3sinx +5cosx Jl+cosx
10.1se, [—2% 4 10088 [ & .
J(1-cosx) J8—4sinx+7cosx
10.156. [LT18% 4 10.157. | dx .
Jl-tgx J(2+cosx](3+cosx)
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10.158. Itg (" :de. 10.159. cos%cos-s{dr.

10.160. Isin 9xsin x d, 10.161. Jsinx sin 2x sin3sdkx.

sm(x + 4)
10.162. I— dx. 10.163. Isins x¥cosx dx.
sinxcosx

3apaun 171A NOBTOPEHUA

10.164 j"‘3“ 10.165. [5x4
A P R T J6—cos2x
10.166. .[xe";dx. 10.167. J' d"y_.
X+NX
3cosx dx x dx
10.168. | . 10.169. '
-'l3+125inx 9cos’ x 1+ v2x+1
x* +dx—5 3
10.170. T 10.171. jxln(x +1)dx.
10.172. _[“3 10.173. jz+dx .
: COSX
2
10.174. %J’—J_) 10.175. [sin® x .
X+Xx
2
10.176. I LAY 10.177. '[[LJ S
x(x2+1) x+3/ Yx+3
10. 10.179. j(5x+‘?)e‘dx.
10.180. ILZ 081 f— 2%
(1+cosx) I +6x2 +11x+6
10.182. j'c",sz" dr. 10.183. I(x3+2x)e*’dx.
sinx
3 2 N
10.184, [SXE3 %7 0 q0.18s. Itg xcos’ x dr.
J . 2x+1
10.186. [—% - 10.187.
x(x+1) 1+tgx
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10.188. J'xzdl _ .

10.190. 3k .
x+ Jx

10.189. J' g

10.191. |sin xcos” 2xsin3x dx.

10.192. G2t 10.193. Ix arcsinx d.
x?-2x
10.194. [5R3* 4. 10.195. I
sm2;€ L x? +5x 6
10.196. J"’t.,.gx—.“b‘. 10.197. J'ex cos(5x + 6)dr.
In’sinx
e
e dx
10.198. [—°¢ &
2‘\/;(82&+1)

Kourpoanapie 3a1aHuA
no riase 10 «Heonpenenennniii uuTerpan>

N |  Bapuanm 10.1 |  Bapuanm 10.2 | Bapuanm 10.3
Haliti uHTerpansi:
. ‘l—ﬁdk '(x2+1)(x2_—2)dr J‘\/l+x2 —x? - &
J V2x - Vx? 1+ x?
o | 142Vx | (556 I(z+x),/21nx+x "
'J;.‘HJ;.F:‘ "\jl—3x X
3| [x+3)era (2 +3x+ Dlnxdr | [nr+1+52)de
et | [eria _xel
e+ -2 J Jx-—-2x-15
¢ Sx+ll g .
5 S ALy Xk x arctg x dx
6x—x*-5 Jx? —6x+10 ’
1 dx rFcos2x r & +2e"
Y Jsinxcos® x Jeos? x o 4 o* +1
7| ¥ arcsini dx '__'x.cojsx dx (x* —3x)sinSx dx
; x J sin’ x J
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Teer 10

1. Tlpu kakux ¢ v & dyrkuns F(x) =§xb +2x° + x+1 aBnserca

nepsoobpassoll . f{x)=(2x+1)*?

2. Tlpu kakux nenbix a, b, ¢ pynkuna F(x)=2¢>*"" apnserca nep-

BooGpasHoit A dyHKIMA f(x) = ae®*¢ ?

3. MNpu xakux wvemsix g, b, ¢ GYHKUHH J’"‘,(,\:):l(l+1ﬁnc)‘c H
a

- Fy(x)=1+x-15x" anasioTcs neppooGpa3HbLIME A ONHOH W TOH
e GyHKumA J(x)?
2
4. Haiitn -[de
x

Omesent: ax+b-\/;+dlnlx|+C,mea, b, d— uenme uncna: a=...,
b=..,d=....

3
5. Haifn j'[”;z"J d.

3[l?+bx

d
J +C, riea, b, d—pemewctg=...,b=..., d=
a

6. Haima ﬁ”s dx.

x—7
Omeem: lx+%lnl4x—?|+C, rage a, b, d — uenwie uncna, Apods %
a .
— HecokpatuMa, b>0ra=...,b=...,d=....

7. Haiitn |xe* “dr.

x4d

a
Omeem: ;e rae @, b, d — uensle umcna, npobs a’b — nHecokpa-

TaMa, ¢ >0 a=... ., b=...,d=....
8. Haittn |x’lnxdx.

1 1
Omaem: —x® +—x*Inx+C,rme a, b, d — nenwie uncna: a = ... ,




Omeem: lln x+b
a X+

b=....d=....
10. Haiits j'

dx
\/3—2x-x2'

+C, roea, b,d— nennie yucna, a>0:a=...

+C, roe a, b, d — vensle uncna, a>0:a= ...,

. ax+b
Omesem: arcsin

b=...d=...




I'naesa l l

OnpegeneHHbIH MHTErPAJ

Cnpasounbiii Marepuan

1. Hycte byAxuua y = f(x) 3amaHa Ha oTpeske [q, b]. PazobreM otpezok
[a, b] Ha 1 INEMEHTAPHBIX OTPEIKOB TOUKAMH Xo=a <X <X2<.,,<X,=b,

B kaxpoM u3 oTpeskork pazbumeHus [x.,, x;] BhibepeM NPOHIBONLHO
TOUKY &; U NONOWHM AX; =Xx;— X, rdei= 1,2, ..., n. Toroa cymma Buza

n
D fE)Ax (YR
=l
Ha3BIBAETCA uHmMezpatsHot cymmoti 1A GyHKLMM y = f(x) Ha oTpeske [a, b].
TlycTe cylIeCTBYET W KOHEUEH Dpenen S MHTerpamvHoil cymmel (11.1)
1pH CTPEMIEHRH K HYIH0 ANMHbI MAKCHMATLHOIO 3MEMEHTAPHOIO OTPE3Ka
Ax;, He 3aBHcsmumil ot cnocoba pazbuenua oTpeska [a, b] Ha 9acTH U cno-

coba eetbopa Touek &, Ha oTpeskax pasbucHua. Torna dyHkuus y = f(x)

Ha3bIBAETCA wimezpupyemoii Ha [a, b], a uncno S — onpedenennvim unme-
[}

zpaiom o1 f(x) na [a, b] v 06o3HavaeTca J' I (x)dx

& "
aj F(x)dx = . 1}31_,021 FEDAx,. (11.2)

Hocmamounein ycrosuem WHTETPHPYEMOCTH (YHKUHM ABNAETCA ee
HETPEPLIBHOCTE Ha paccMaTPUBAEMOM OTpe3Ke.

2. Caoiicmea onpedenenio2o unmezpana.

b b
1) Jof(x)dx = a [ flx)ar, (11.3)
rae o — HCKOTO;OC YHCNO. )
2) j(f(x + g(x))ax = jf(x Jebx £ [g (11.4)
[}
3) fr(x)dx = -j flx)ax. (11.5)
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4) j flx)dx=0. (£1.6)

a

5) | bj Flx)dx= j F(x)dc+ bj flx)dx. aLwy

6) Teopema o cpednem. Ecnu QyHkuua y = f (x) HenpephiBHA Ha OTpes-
e [a, b], T0 naiinercs Takoe 3HayeHHe & e [a, b|, uto '

?f (x)dx = f(E)b-a). (11.8)

7) Ecan dysxums ya= f(x) — geTHas, TO
‘] Flx)dx = 2?[ £(x)dx. (11.9)

Ecnu dysxnus y = f (x)_a— HC‘!CTH&:, TO
]'f(x)dx=0. (1.10)

8) @opmyna Helomona—/letibnuya. QupeAcneHHLIR HHTErpan oT He-
NpepeBHO# Ha oTpeske [a, b] dyHruuu f{x) papeH npHpameHuio M0G0 ee
nepeoodpasHof F(x) Ha >TOM OTpe3Ke:

b
[£(x)ax = F(b)- Fla), (11.11)
MY (B HHOH 3a1TUCH)

F(b)- F(a)=F(x)[..

9) 3aumena nepemennoli ¢ onpedenennom unmezpare. Ecom dyHxuma
¢( ¢} ¥MeeT HeNPEPHIBHYIO NpoH3B0AHYIO Ha otpeske [a; B, a = ¢(a), b= ¢(B)
H pyHKUHUA f{x) HEMpephLIBHA B KaXA0# Touke x = ¢(f), roe 7 € {a; B], TO

bff ()t = BIf (ol Do (e}t . (11.12)

10} Hnmezpuposanue no uacmsm onpedenennozo ummezpana. Ecnu
OyHKHKA # = % (X) 1 v = v(x) HMEIOT HeMpPePhIBHbIE MPOU3BOIHBIE HA OT-
peske fa, ], TO

b b
judv = mﬁ - Ivdu. (11.13)
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11.1. Meroam BorMucIeHHA
Onpee/ICHAOT0 HHTerpaia
11.1. BEIYHCIHTE ONPeReICHHBIE HHTErpanbl:

Yad o2 In2
a) fmdx; 6) lf[|ccosm:|abr; 6) nj e'Je* —1dx;
| 0 [H]

0 ' &2 |
2) Iln(l - x*Ydx; 0} Ixzcosxdx; e}y Wi-xdx.
0,5 0 0

Pemenne: -

a} Hcnonesys oSKkBUBaneHTHOE TMpeoOpa3’oBaHHE NOASHTErPANBHOH
$yHKUHH (MOouYNeHHOe NeleHWe YHCIHTENA Ha 3HaMmeHaTeNb) H CBOiicTBa
(11.3), (11.4) onpeaeneHHOro HHTErpana, MOAy4aeM

2.4 2 2 2 2 2

- 7

T - f[ 30 - swe L3 -5 frae7 [

* l ¥ 1 i P
Bce tpu neTerpana — tabmunbie; cormacHo (11.11), okoHUATEREHO HMEEM:
2

2 2
3x* —5x% +7 x* x? 2 3 5
-—————dx=3~‘ —5~{ +Thl =Zg6-)-=(4-D+
1‘[ 4|, 2| HHL 4( ) 2( )

h o

+7(In2-Int)=3,75+7In2,
6) Tak kak

s
COSX MNpHXE [0, 5],
|cosx| =
—COSX MPH X € [%,n],

1O (M. (11.7))

n nf2 x T
ﬂcosxldx= Icosxctt + _[ (--ces.):)arf:b:=sin.vc|;'i2 - sinx|:ﬁ =
1} 0 n/2
=(l-0)-(0-1)=2.
g} Bocroneiyemcs 3aMeHOH NepeMEHHON: MycTe f= \(e" -1, Torma

P=e¢—l,e"=F+12dt=¢e"dxn dx=—22—td—t'. Haiinem npeznens: unter-

(1

pUMpOBaHus MO nepeMeHHOﬁ tecmnx=0,T0 t=ve —1=0;ecmmx=1In2,

In2

0o =ve  —1=1, HckoMpill HHTErpPas TENEPh IPHHHUMAET BUJ;
n2 1 i 3!
ferde —1ax= [+ 2 dr=2 fidr =2 2eoey=2,
; h " +1 ; 3, 3 3
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2) Bocnonezyemca ¢dopmynod (11.13) HHTErpHpOBaHHA MO YACTAM:

nycts u =1n (1 - %), dv = dx. Toraa du = (In (1 —x’))'dr=‘1 2x2 dx
- X

v=fdv=fdc=x n(em (11.13)
0 0
-[ln(l—xz)dx=xln(l-élx2)|:’5+ Lz_idx=

1)+1

=0,51In(4/3) -2 J'("—-dx 0,5In(4/3) - 2 _[afx 2 J'

0,5 os%
x-1

= 0,51n(4/3) -2, -2 -—;-ln —

2} Kak Osimo otMeueso Beite (cM. § 10.3), naHHBI HHTErpan HaXOAWT-
¢ ¢ MOMOINBIO MOCASAOBATEILHOTO NPHMEHEHUA HOPMYNEl HHTETPHPOBa-
wis o yacTaM. Tlycts u = X%, dv = cos x dx. Torna du = (x*Ydx = 2x dx,
y= Icosxdbc =sinx u(cM. (11.13))

4]
=1+0,5In(4/27)
0,5

2 /2
Ix cosxdrx=x smx‘"’ - J'2xsmxdx—T—2“jxsmxdﬁr

,[l,ml HAXOXCAEHHA NOCNEAHEro HHTErpala BHOBb NpUMeHaeM GopMyiTy
(11.13): u=x, dv = sin x dx. Torna du = dx, v= [sinxdx=—cosx u
2 2 nf2 2 2
2 b. xf2 ki . {2 =
x“ cosxdx=—~—2x(—cosx -2 | cosxdx=—-23i =——2,
j 4 10 (.’ll 4 I'U(I 0 4

€) BocnonkzyeMcs TpuroHoMeTpHueckoli moacTaHoekod x = sin £. Byxem
IONararh, 4YTo te[O;m‘Z]. Ecmut=0,Tox=0;ecan¢=n/2, rox= 1. To-
thadc=costdtu

) w2 /2
Hl ~x*dx= I J1-sin® ¢ costdt = ﬂcosr|costdt.
0

0 0
Tak Kak cost > Oupn te [0; m/ 2], 70 |cos{| = cost. [IpuMenas Tprro-
Houe‘rpnqeclcylo tbopmyny MOHMKEHHN CTENeHH, nonyqaeM

Hl xlde= j'cos tdt= j“coszt r——r|"”2+ jcosZrdZt—

n

I(. )
Zeibin2d™)=Z. »
7 Sin lo 2
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BeIMHCITHTE ONPEACICHHBIC HHTErpabl:

11.2,

11.5.

11.8.

11.11.

11.14.

11,17,

11.20.

11.23. |

11.26. |

11.29,

5

-xv'xz ~16 dx.

Q'J;dx
;\/;—l-

.xz\ll—xadx.

=2

xInxdx.

2o d.

—n
nf2

Isin3 xd.
0

4

[ dx
: 3+2¢cosx

F dx

;x2+2x

3
29— x%dx.

xsin xcos x dx.

% xdx

'Jl+3x.

113,

ei‘2 Inx+1

11.6. dvx.

L X
4

In8

11.9. I
mve +1

1012, jlnzxdx.

"

11.15. |e“sinxdrx.

11.18.

In2
I e —ldx

1]

1121,
11.24. J'
11.27.

']- dx
_|1+3x+1'

292

/2
Icos3 xsin x dx.
0

'\Ix +5x+1 ‘

2
11.4.

[
=
|

1L.7,

[—F T

1113, '_[arctgxdx.

¢

=2

1116, f(x+3)sinxdx.
0 .

4
11.19. j'x

11.22.

11 .25.

w4
11.28. Itg3xdx.



11.2. I'eoMeTpHuecKne NPHIOKEHNA
omnpeaeIeHHOro HHTErpaia

Cnpasounbiii MaTepuan

aowagu mockux puryp

1. Ecniu dyurums f(x) HeoTpHuaTensHa Ha oTpeske [a, b, To rnowans
S noa kpuBoit ¥ = f(x) ha [a, b] (nnowadb KpHBCIHHEHHOH TpaneLnH, or-

i y=Ax

Puc.11.2

5= j'(fz flx)aﬁt(lllﬁj

4 Ecau Bepxrma OrpaHH-
YHBAOIAR AMHHA QUTYPE! (CM.
puc. 11.1) 3amaHa napameTph-
Yeckn: x = @(f), ¥y = (¥, rae
refo;B], o(a) = a, o(B) = b, 10
nrowane S 3toit GUrypel Bhi-
YHcageTca mo gopmyne

paHndeHHON KpuBoit ¥ = f(x) 1 DpAMBIM#
x=a,x=b,y=0) (cm. puc. 11.1) unc-
TIEHHO paBHa OMPENENCHHOMY HHTErpany
ot f(x} Ha JlaHHOM oTpeske:

s=j‘fx ) dx (11.14)

{ceomempuueckiii CMbICT ONPEOEIERHOZ0
unmezpana).

2. Ecnu dyHKuma y = f (x) — Henono-
JKHTENBHA Ka OTpeske [a, ], To wiowane S
Hay1 Kpusoit y = f(x) Ha [a, ] (cM. puc. 11.2)
paBHa onpeaeNeHHOMY RHTerpay ot f(x) Ha
[a, b], B3aTOMY CO IHAKOM (MHHYCH!

§= -bj flx)dr. (11.15)

3. Eemn f(x) 2 fi(x) Ha otpeske [a, 6], TO
mnowans S GUrypsl, 3aITHOYEHHOH MeKITY
KPHBBIMH ¥ = f>(X) 1 y = fj(x) Ha 3TOM OTpe3-
Ke (cM. puc. 11.3) onpegenserca dhopmyrnoh

Y &

¥ =£x)

¢
S = [wye'(dr. (11.17)
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Anuna ayru xpusoi

5. Onuna s gyTu kpueoit y = f{x), 3axmoueHHol Mexay Toukamu ¢ abe-
MMCCAMHA X = g W x = b, onpedenserca mo dopmyne

b
s=j 1+(f) dv. (11.18)

IMnomwans MOBEPXHOCTH BpallleHHA

6. [nomans mopepxHOCTH, obpazoBsaHHOl BpalleHHeM BOKPYT ocH Ox
KpHBOH ¥ = f(x), 3aKTIOYEHHON MEXIY TOYKaMH C abCIHccaMH x =g U X =
b, onpezensgercs 1o gopmyne

)
S, =2m [f{l+(f) ax. (11.19)

O6bembl Tea BpALICHHA

- 7. Ecnn dyHKIHA y = y (x) 3HAKOMOCTOSH-
Ha Ha otpeske [a, b, 10 6bwem V, Tena, obpa-
30BAHHOTO BpallieHHeM BOKpYT ocH Ox dury-
PBL, OTPAHHYCHHOR THHAAMK ¥ =¥ (X), x =a, X

Puc. 11.4 = p, y = 0 {cM. puc. 11.4), BRIUNCIRETCH 1O
dopmyre
&
V, =n[y* (x)ds. (11.20)

AHanornuso, oGvem V), Tena, obpaso-
BaHHOTO NPH BpalllcHHK BOKPYr ocH Oy
nnockoif GHrypel, orpaHH4eHAOH THHUR-
MEy=c¢c,y=d x=x (), x=0 (cMm
puc. 11.5), semucnaerca no GopMyne

o
v, =n[x*(y)dy. (11.21)

¥
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11.30. Haiiti mnomwany mnockux GUryp, orpaHiueHHbIX THHHAMU:

L

A=, y=s,x=3,y=0,6)y=2—x,y=0,x=36) y=r,y=
X X

4
X

y=dx, ¥ =%x {durypa pacnonoxena yt . !

B Nepeoil uetBepth); &)y = x,y=In{x +
+)y=1y=-1L

Pemenwue:

a) Uckomaa miowans S = Spqac —
370 MroWagk mof «kpueoi» OAB (cMm. 11
puc. 11.6) Ha oTpeake {0; 3]. i

Jlunus OAB cocToHT M3 yactu OA 5 s ic
napabonsl ¥ = x*u wactu AB runepGo- 23
abl 'y = 1/x. COOTBETCTBEHHO, MNOIIANL Puc. 11.6
S HalpeM Kak cyMMy OByX maowapeit: S = Sg4p+ Siscp, KSKIYIO H3 KOTO-
pPHIX BLIUMCTMM, ONMHPAACE HA TEOMETPHUECKHEH CMBICH OMpefeReHHOro
HHTerpana (cM. gpopMyny (11.14)). Peinas cuctemy

y=x2’
y:]/x, ¥y

HaXOhHM KOOpAHHATEI ToukH 4: (1, 1).

] 2 x3 1 o
Torma Sep = Ix =Tl =z, 0
0

3
dx
S 5ep = J'? =Injs’ =In3
1

6) durypa uckomoll miowany S cOCTONT H3 ABYX KPHBORHHEHHBIX
TpeyronbHUKOB: OAB u BCD, pacrnonoxkeHHuX (COOTRBETCTBEHHO) BRILUC H
Hike ocH Ox (cM, puc, 11,7), Tlnowaau 3THX TPeyronkHHKOB HaiineM mo
dopmynam (11,14) u (11.15):

2 1
Soun = I(Zx—xz)dx =(x2 —%J
0

2

3 R 3
Secp =_I(2x—x2)dx= —x? +I_ =i'
2 3 3
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Torna S=Sp45 +Sgcp = §»+-3— -8 (en?).

3

¢) HailzeM XoopAHHATH! TOUEK NEPECCUCHUA 3JANAHHBIX AWHHH (CM.

y=4x,

Pemas cucreMy { 1 mo-

1

X
mydaeMm A(1/72, 2). AHanorMyHO
B(1; &), DX4; 1), E(2; 1/2). Hcko-
MOH B NAHHOM Clyyae ABIAETCA
nnowaas S KpHBOAHKElHOM Tpa-
neuid ABDE. Bumoneda mpo-
SLHPOBAHHE «YTJIOBBIX» TOYEK
3TOl Tpameumn Ha ock Ox, paso-
OBEM €¢ HA YACTH, IWIOWAAEL KaXkK-
Jioit U3 KoTopHIX HalifeM mo dop-
Mmyne (11.16):

1 2 '
Sar = J{4x——}a’x= 4x——ln|x| =15-In2;
X 2 2

4
=4In2-1,5,
2

QKOH'-[&T&IILHO NOTYYacM:
S=(1,5-m2)+3mn2+
+@In2-15=6m2~

=42 (end).

puc. 11.8).
)
y=4x
By
) c y=4ix y=%x
X D
: y=1/x
1y o2 4 x
2
Pnc. 11.8
§ = Sapr + Spcer + Scoe;
]
/2
Spcer = I(i-i)m =3Inj =3In2;
4
4 x 1x*
Sene = | === |dx=| 4In|x] ~——
CDE J(x 4] [ i 42}
ya y=hix+1)
y=lInx
y=1 A___________/
B
1]

=¥

y=-1

T—
]
s
[

-

Puc. 11.9
296

2} Wckomoit 3mech (cM.
puc. 11.9) apnserca mwromwans
S KpHECIHHeHHOH TpamneluHH
ABCD. B pannoM cmyuae
6yner ynobno ncmonnioBath
npoeuypoBatne QUrypsl Ha
ock Oy, T.e. NOMEHATH MeCTa-
MH GYHKUMIO ¥ B apryMeHT X.



Henonbsys dopmyny (11.16) (¢ yuerom nocaeaHero 3aMevyaHun), noayya-
em:

1 !
S= I(e" ~(e* ~D)dy = Iaﬁv =, =2 @ead.
| -1

3aMeTHM, 4T0 HCIONB30BAHME TPAIHUHOHHOTO NpPOeLHpOBanna ¢ury-
pbl Ha ocb Ox NMPUBEAET K CYyIUCCTBEeHHO (onee TPYZOEMKOMY pelleHHIo
(npeiaracM YHTATENIO B KaUeCcTBe YOPAKHEHHA YOSANTHCA B 3TOM CaMoO-
CTOATEARHO). P

11,31, Haiiry nnowass Gurypet,
OFPAHHYEHHOH OCBI0 O M UMKNOHAOH
x = t—sint, y = | — cost Ha oTpeske /
[0; 2] (cm. puc. 11,18).

Pemenne Henomays dop- 0l :
My.rry (11 17}, no.rlyqaem

2y Pmc 1110
S= I(l cost) df = j-(l 2cost +cos’ H)df = I[%—Zcost+;0052t}dr—
0

2x

=[3:-2sin:+lsin2: =3n%=94 (en’). P

2 4 0

11.32. Haiity anuHy OyrH noaykyGHdeckoi mapabonsl y2 = x’ ot Haua-
N3 KOOPAMHAT A0 TOUKH ¢ KoopauHatamu (4/3, 83 / 9).

PemeHHe YkazsaHHBI y4acTOK KPHEBOH pacnojioeH B mepBoi
YeTBEPTH U 33aeTCA YPaBHEHHEM ) =

TaK Kak B 310M cayuae £7(x) = 1,5x'2, TO, npHMeHss popmyny (11.18),
nomy4aem

4 4

s= I L+ (fY e = I l+%xd‘x=
o 0
2 4/3
8 9 8 56
1+ =—[4 _1)==(en). »
2?[ 4xJ i 27( ) 77 4
11.33. Haiitu nnomaje noBepXHOCTH, 06pa3OBaHHOM BpalleHHEM
LMKJIOHR X = £ — §in#, y = 1 — ¢0s¢ Npn te[O 21:] (cm. pruc, 11,10) Bo-
KpyT och Ox.

Pe we n ¥ e na nonyyenus GopMybi MIOLIAAM TOBSPXHOCTH Bpa-
IIeHHA B CTydae NapaMeTPHUYECKOTO 3a1aHNS KPUBOH HOCTATOMHO NPOH3Be-
CTH COOTBETCTBYIOLIYIO 38MEHY TICPEMEeHHOH B ucxomHoit dopmyne (11.19).
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Bonee TouHO, ecu AnA KpUBOit ¥ = f(x), rEe x € [a b] HMEEM X = @ (r), y=
w(®), t<lo, B] n ¢(a)=a, ()= 5,10

= 2njw)\/ (@O + (W O)d.

Honaras tenepr o{t) = r —sint, y(t) = 1 — cost, o =0, f = 2x, nomyua-
€M BhIpaxkeHHe AN HCKOMO#M IUIOHIZIN NOBEPXHOCTH;

20 2n
S, =21 [(1-cos)y(1-cost)? +sin7 = 2t (1~ cosr)2sins/2dr =
0 [

2n
=-16m 6[(1 —cos’ t/2)d costf2 = -1 ﬁn{cos l/2|:’t - %00531/2|3HJ =

=64n/3~67 (en?). P

11,34, Haiit obneMbr Te, 00pa3oBaHHBEIX BPALIGHHEM BOXPYT KOOp-
JARHATHBIX OCEH M MpAMOil ¥ = 2 NNOCKOH (QHUryphl, OTpaHIM4YEHHOH THHHA-

2
Hy=——>,x=0,x=1,y=0.
d x+1 .y

Pemenne Ob6nem V, HaxoanM HenocpeacTBeHHO Mo dopMyne
(11.20) (prc. 11,11);

1 2
szﬂj[lede 4nI(X+1) 2d(x+1)= —47':(x+l)‘I =2m.
1]

A
y
' \ Obnem V), paeH CyMMe ABYX 00LEMOB:

Vy=Visc+ Vepoc,

o} \:—: rae Vise , Vepoc — OOBEMBI TEN, NOTyYeH-

0 b . HbIX TMIpPH BpalueHHH BOKPYr ocu Oy cooT-
-1 ! x  BETCTBEHHO KDHBOJNMHEHHOTO TPEYTONIbHH-
ka ABC n ksappata BDOC (cm. puc. 11.11).

Puc, 11.11 [Mpumensa (11.21), nonyvaem:

2 2 -2
V ac =nj(2;y] dy=rrj[4y‘2 ——1+l}dy=
1 Y | Y

= -4y~ amlpf+y)[ =23 -4In2);
1

Vanoc =n.[12dy=fry|:, =T
0
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(nocnenHuii ofbeM HE UTO HHOE, KaK o0BpeM NMAHHIApPA ¢ PAIHYCOM OCHO-
paHuA R = | u BricoToit H=1).
OKOHYATENLHO HMeeM:

I Vy=n(3-4In2)+n= 41t(l—ln2)~
x=-1 IR ™ 2386(611 )
AR I Y
DA )' “r- BhinmonnAs napannenbHLI nepeHoc
0, -1 ‘,‘M ocH Ox Ha 2 eAWHULOLI BBEPX, NONy4a-
A SR '3 > €M HOBLIE YpaBHEHHSA JIHHHIl, orpaHH-
T 1\iripg -2r  YMBAIOLIMX MNOCKYIO PHIYPY:
I I L= 2 2x
y=72 N 7.8 y=——--2=""Tx=0,x=1,
B, C, x+1 Cx+1

= —2. Toraa uckoMeiit 00seM — 310
Puc. 11.12 obteM Tena, nony4eHHOrO NpY Bpale-
HuH ourypnl 8,C D0 (puc. 11.12) pokpyr ocu Ox. Jt1oT 0OBEM paBeH
Pa3HOCTH ABYX OGhLEeMOoB!
V,= VA,C,D,O - VA,B,O‘
['[p'umeﬂaa (11.20), nonyuaem:

g _nj'zzdx nj'( 2x J et —dx.
H x+1 (x+l)

Bocnonbayemcﬂ saMeHoit nepeMernoii f=x+ 1. Tornax=¢- 1, dx =4t
H, eClIH X = 0 T0t=1,M, ecmlx-— 1, 10t = 2. Torna uMeem

2 v
V‘=4“'4“I(rtl) dt =4m—4n j#dt 4n 4nj[1——§+t_2}dt=
1 | 1

=4m—4nft -2 ln|t| - l/r)||2 =2n(4In2-) =111 (ex®). P

11.35. Haiith ofwem Tema, 00pazoBaHHOrO
BpalleHUeM BOKpYT ocH Ox Kpyra enMHHYHOIO
paauyca ¢ ueHTpoM B Touke (0; 2)

P e w ¢ H 1 e. OTMETHM, YTO TENIO YKA3AHHOIO
BUJ]a B TEOMETPHH HA3LIBACTCA mopom. Mckomblii
obvem V. = Vcer — Vipcern 1€ Viscsr,
Vipcer — 0OBEMbl, TIONYYEHHBIE NMpPH BPalliCHAA
BOKpYT ocH Ox duryp, orpaHHYeHHBIX COOTBETCT-
BeHHO MHUAMN ABCEF n ADCEF (puc. 11.13), I

YpaBueHKA nonyoxpyxmocmﬁ ABC u ADC Pac. 11.13

HMEIOT BHA:
y=2t4f1-x°
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(cooTeeTcTBEHHO). Henonesyz (11.20), (11. 4), nonyqaeu'
1

Vx=n]l(2+ﬁ)2dx—nj.[2— I-x )dx an\/l_——dx

l'lpumeHaa (11.9) 1 pezynsrar npuMepa 11.1, e, OKOHYATENEHO UMeEM

~161t l—x'dx=16n-2=4n ~39,5 (ex’). P
o

HaiiTu moann GHryp, crpaHHYeHHBIX AHHHAMM:
11.36.y=¢',y=€&", p=¢". 11.37. y=x'-2¢", y=0.
H38.y=3+2c~x, y=x+1. 1139. y=x*+3, xy=4, y=2, x=0.
11.40. y = x°, p = —2x + 3x ($pUrypa pacnonoxena p nepeoii YETBEPTH).
1141, y=+1-x, y=x+1,y=0. 11.42. y =cos 2x, y =0,x =0, x = n/4.
1143.y=2-%", y=x 1Ndd.xy=1,y=x"x=3,y=0.
1145.x=0, x=2, y=2", y=2x-x". -
11.46. y = arcsin 2x, x =0, y=-n/2,
1147.y=x"+1, x= y', Ix+2y—-16=0, x= 0
1148, y= (x+1)‘ P=x+1.
1149.y=4-x, y x2 2x, y =0 ($Urypa pacronoxeHa Bo BTOPOit YETBEPTH).

11.50. y = —%xz+ 2, x+2y-4=0, y=0 {durypa pactionoxeHa B nep-

Boi quBep‘rH); _
11.51. x = 0, y = 4x — x° 1 kacare/bHOM K rpadHky >TOH DYHKUNH B TOUKE
¢ abenuccoii x=3.

11.52. x=cos {, y=2siny, fe [0; 21;]. 11.53. x = cos’ tLy= sin® f,
te [0; 21:].

HaiiTi anunbl AYT CIeAyIOWHX KPHBBIX:
ll.54.y=2J; orx=0pox=1. '

ll.SS.y—lnxcrrx V3 10 x=48.

11.56. y=arcsine” oTx=0pox=1.
1L.57. x —r—smty—l—costorr—Onot—21t

Haiimi nnomaan noBepxHOCTEH BpALICHHA, MOJTYHEHHBIX MK Bpatlie-
HHH Boxpyr ocH Ox cleAyIoMHX KPUBBIX:

11.58.y=x"npu xe[0; 41/3]. 11.59.9=x (3 —xYnpn x[0; 3).
11.60. x* +y2 =9 mpH xe[—2; l]. 11.61. x = coth,y = sin’¢ npH
tefo; n/2).
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Hafiti o0veMel Ten, o6pazopaHHBIX MPH BPaUICHAH BOKPYT oceit Ox u
Oy nnockux HUryp, orpaHHYEHHLIX THHAAMH
11.62.y=x°, y=4x. 11.63. y=sinx,y=0npu 0 <x < 7,

11.64. y=4/x, x=1,x=4,y=0. 11.65. y=%x2—2x,y=0.

11.66. y=x’, xy=8,y=0,x=4. 11.67. x=,Jy—1, x=0, y=5.

11.68.y=Inx,y=0,x=e¢. 1169,y =—x"+4, y=x* x=0.
1170, y=+6x, y=v16-x>, 1LTLy=x*+l,x=)+1,3=0,
x=0. x=0,x=2.

11.72. Haiity o65eM Tena, HOMYYEHHOTO MPH BpameHid GUrypsl, orpa-
HHYEHHOH IMAHAMHA ¥ = 2x —~ <, y=080Kpyr npaMeix: a) x=-1;6) y= 1.

11.3. HecoOcTBeHHbIE HHTETPAJILI

A. HecoleTBeHHbIE HATETPANL] ¢ GecKOHEYHBLIMH HMpelelaMH HH-
TErpupoBaAHHSA

Cnpasounsiii MmaTepua

[Tycte dyHKuHA ¥ = f (X) HHTErpHpYyeMa Ha MPON3BOIBHOM OTpeske [a, #].

+oz

Hecobcmeenuvim unmezpanom (nepso2o poda) I J{(x}dx naseIBaeTcs npe-
[

t
aen hbyHKUHH If(x)dx npH { > © , T.L.

Tf (x)dx = lim ]f(x)dr. (11.22)

Ecnu npegen, croswmii B npasoit yacTH pasenctea (11.22), cymectsy-
€T H KOHEUCH, TO COOTBETCTRYIOLMI HecofcTBeHHLIR UHTErpan Halbipaer-
CA CX00AWUMCA; B IPOTHBHOM CITYUae — pacxoO0Rigumcs.

AHAJIOFHYHO, N0 ONPEICIICHHIO,

b b
f fixyde= lim [f(x)dx, (11.23)
[rxyax= [ foyax+ [f(x)dx, (11.24)

rie @ — HeKOTOpoe YHeno. Ilpu aToM HecoGCTBEHHEIH HHTETPan, CTORIIH
B nesoli yacTu papeHcTBa (11.24), RazpBaeTCH CXOIAWUMCA, CCIU CXONAT-
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cf ofa HecoOCTBEHHBIX HHTErpaia H3 NpaBoil 4acTH 3TOro pPaBeHCTBA; B
TIPOTHBHOM CITyd4ae — pacxooRyumMcs. :

11.73. BEMHCIHTE HHTErPalEBL:
+X + +a0 +a
a [ 0 [ o (£ g e
x —
2

1 ]
xnx 1+x?
2 -0 1]

€C/TH OHH CXOAATCA.
Pewmenmne:
a) Ilo onpepenenuio (11.22), nomyyaeM

T . U fxe=tf 1. (-1 1
J- = lim = lim —In =— lim| In —-ln—|=
x -1 1t d x -1 2 x+1f, ol |f+1 3

—-l-(ln lim -t—_—l—ln—l-J=-!-(ln1+ln3)=0,S In3,
t4o0 4] 3) 2

8) Tlo onpeaeneHHio,

+o0 ' ¢
l‘dxz- f‘tf:. _dlnx=, . _
Fri = i =t = e,

= lim (Inin#—1nin2) = +oo,

=+

T.€. JAHHBIA HHTEIPaN PacxoAnTCH,
¢) [onaraa B onpenencuny (11.24), uto a =, yUHTHIEaA IETHOCTE MO~

JBIHTErpansHoil HYHKIHH, HMeeM
T Ta T JPa L. &
2 2t 2=2j 7 =2 lim 7=
N+x ol+x |]l+x o1+J|c r—*+w°l+x

=2 lim (arctgt — arctg0) = 2(n/2-0)=n.
=400

+i f

2) Ixe"‘*ldx: lim |xe™"dx.
=0
4] )]

Bocnonesyemca popMynoil uHTErpupoBatua no vacram (11.13): mycts
u=x, e dx=dv. Tormadu=dx, v= Je‘”'dx =—* y

a0 . t
Ixe'”'dx= lim [—- xe ¥ Lt Ie_“'afr =
0

¥ +an|
0

= {im (— te~t — o't +e)=e. >
F=s 40

302



I'eomerpuueckn, ecnd f(x)20 Ha nonywHrepsane [g4., +o0), TO
20
I f{x)dx uncneHHo paBeH MICMAAH NOA KPHBOK ¥ = f (X} Ha [a, +oo).

B 3TOM cMBICTE, B HACTHOCTH, pesyabpTarsl NpuMepa 11.73, 6, 2 osHavaloT,

qro IIolaas MOA KpHBoH y = 5
1+x
+1

(- o + 00) paeHa 1 (en.z) {puc. 11.14), ¥ nnowane noa KpHBOA y =xe ™~ Ha
HONYUHTEPRane [0, + ) pasHa e (en.?) (puc. 11.15),

Puc. 11.14 Puc. 11.15

b. HecoGcTBeRHLIE HETErPAb! 0T HEGrPAHHYEHHBIX PYHKIMH
CnpasouHntii MaTepHan

[Tyctp pyHKLHA ¥ = f (x) — HenpepbIBHA, HO HE OrPaHHYCHA HA NONY-
b

uHTepeane [a, b). B 3rom cayyae nHTerpan j f (x)dx. uasbIRaeTCA HeCOD-

cmgenHbiM (8MOpo2o poda) H, 0 onpenenenmo
j f(xydx = lim j f(x)dx. (11.25)

Ecau mpepen, cro:mmﬁ B NpaBoif 4acTH noc.nenﬂero PaBEHCTEA, Cylle-
CTBYET H KOHEYEH, TO 3TOT MHTCTPANT HA3RIBACTCH cxodfiyumcs; B NpOTHUB-
HOM CJIYHae —— pacXooaujiMcA.

AHanoruuHo, ecid QyHKUHA ¥ = f(x) HenpepeIBHA%, HO HEOTPAHHYCH-
Has Ha NOJNYHATEPRANE (a b], 10, mo orlpe,ueﬂenmo,

[ fl)de= lim jf(x)atx . (11.26)
a+8
T'eomerpuueckn Hecoﬁcmuﬂue HHTETPANE! BTOPOTO poja oT HEOTPK-
IaTenbHBIX (QYHKUHIA YMCIEHHO paBHEI MAOIIALAM N0 rpadHKaMH 3THX
(QYHKUHIH Ha pacCMaTPHBaeMBbIX POMEKYTKAX.
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Ecav pynkums He spnsercs HenmpephIBHOH B HEKOTOPOil BHYTpeHHEi
TOYKEe X = ¢ OTpe3Ka MHTErpHpOBaHmA [4, ], TO UHTerpaiWl OT TAKHX
GYHKUMA Ha OaHHOM OTpe3KE CBOJATCS K HEcOOCTBEHHBIM HHTErpanam
(11.25), (11.26}) c nomowsio ceoiicTea (11.7) onpeaeneHHOro UHTErPANA,

11.74. BLINHCIHTE HHTETpANE!:

a) IL 6) ‘[.___‘ix___.
. Ji-x? “7%/(x -1
eClIi OHH CXOIATCH.
Pemeunne:

a) [oasiHTerpanstans GyHKUHA y = He orpaHuueHa BGin3u
I-x

Toukn x = 1. CornmacHo {1 1.25), HmeeM

dx .
fjlm";“ I T‘:’*JL’}P“““’ =

= lim arcsin(l - 8) = arcsinl = /2.

-0+

TeoMEeTPHYECKHH CMBICT TIOMYYEHHOTO Pe3yJbTaTa: IoWaib 1o KpH-

1
Ny

6) lloapinTerpaneHad GYHKLHA ¥ :-—-L— HE ONpeaencHa BO
Y-ty

BHyTpeHHe# Touke x = | oTpe3ka HHTErpHpo-

BaHMA [-7, 2] W He orpannueHa BOMMIH rofi

Toukn. HMcnonesya ceodicrso (11.7) onpene-

JIEHHOTO KHTerpasa, 3aniiieM HCXOAHBIH HH-

Terpain B BHAE cyMMm ABYX c.uaraemux

poit y = Ha nonyuntepsane [0, 1) pasna n/2 {en.?) (puc. 11.16).

Puc. 1116 _‘IV(P I{((x 1y2 I{/(x -1

IJIA BRIYHC/IEHHA KOTOpBIX NpHMeHHM onpenenctus (11.25), (11.26) (co-
OTBeTCTBeHHo) Toraa nonyqaeM'

I{/(IT _51_'{{}1)' _‘.(x 1y Pdx+ hm I;L(x 1y ¥y =

- 2] b . o 1;3 -
611)1&3(3: 1) . + hm 3(x )

= Jim 35" 4+ 643- llm 3(-5}'f3 = 9 b
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BBIMHCINTh HHTETPANBI (€CH OHY CXOOATCA):
+ac

dx N dx

1175, J' . 11.76. I—
J(x+ 1! ~Yex+?
+a +a

11.77. ]“—chﬁc. 178 [—%
;X ox +4x+9
e +ic

11.79. Ie_x sin x dx. 11.80. Iarctgxdx.
0 Q0

11.81. jxezxdx. 11.82. Ixe_xz .
3 5

11.83. j' & 11.84. J' &
Q d 0

s [ 11.86. finxar

(x+1) ;

-1
I
dx
11.87. |-—/—.
3
JJl—x

11.88. Haiity niowaas QHrypel, 3aKMOYEHHOH MeEXIY KpHBOH

y=— > H €¢ TOPH3OHTANEHOH acamiiToTol npu x 2 1.
X" +2x

11.89. Haiith ofreM Tena, MOMYYEHHOro NpH BpalleHHH BOKPYT OCH

Ox nnockoit Gurypel, 3aKmouedHol Mexay KpHBOH y = , €€ Bep-
4-x
THKaNbHOH acMMITOTOH H ocklo Ox Ha otpezke [2; 6].
11.90. Haiith ofveM Tena, NOAYUEHHOrO TIpH BpAalUeHHH BOKpYT OCH
Ox durypsl, 3aKIoYeHHOH MEXAY TUHUAMH ¥ = Inx B y = 0 Ha nonyuH-

Tepeane (0; 1].
11.4. Ipnéam:kennoe BhYHCICHHE
ONpeneICHHOTO HHTErpaja
CnpaBo4HbIfi MATEpHAN

[ycts QyHKkuus y = £ (x) 3anaHa Ha oTpe3ke [g, ] ¥ 3TOT OTpez0K pas-
GUT Ha » paBHBIX YacTeil TOUKaMH a = Xp <X) <...<x,=b,
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X=X tih,

a .
rae h= L,i=12 ..., n

n
Toraa npaGminkeHHOE 3HaUYeHHe ONpeleieHHOro HHTerpana or (PyHk-
un y = flx) Ha [a, b] Moxet GuiTh Hatifeso oo ghopmyre mpaneyuii

[}
If(x)drzh[f(x“);f(x Dy e )+ . +f(x,,_,)} (11.27)

[orpewHnocTs A 0T NpuMeHeHus GOPMYIIEI Tpaneukii OLEHHBAETCS MO
dopmyne:
b-a)

AS—=

M., 11.28
12# 2 ( )

rae M, -— MakCHMalLHOe 3HAYEHHE MOAYNs BTOpo# MpoM3BogHOi dyHk-
IMH ¥ = f(x) Ha oTpe3ke [a, b], T.e.

M, = max, £7(x)|
T dx
11.91. BorncmTs L 5 1o HopMyIie TpareLHH ¢ TouHocTso Ao 0,01.
+x
0

Pemenne. HspectHo, wutro 42 npowssomHas  ¢GyHKUHK

F)=—

1+x

3 MOXET OBbITE NpeacTaBJICHa B BHAS.

f(i}(x) = k!cOsk+1 u sm((k + l)(ﬂ' +g)],

TAe u = arctg x.
Tak kak {sin o] < 1, |cos o| < | mpu moGom apryMente a, To

I (ol < &!
Torma Jf”(x)| < 2! =2 n (cm. (11.28))
o
PPLLE P
12n~ 6n

3 ycnoeng A < 0,01 waxomum r = 4,08, T.e. u1a JocTHREHAR Tpedye-
Mot TouHOCTH B Qopmyne (11.27) moctatoudHo nonoxuts n = 5. Torda

h=%=0,2 Hx=0, =02, x»=04, x;=0,6, x,=0,8, x;=1. Coor-

i 1
_=1, f(x)=~——=096154,
1407 / ‘.) 1+0,22

306

BETCTBEHHO, [f(Xy)=



1

1+0,4°

1
Xy )= =0,86207, =——=1,73529,
£x) 86207, /(x3) = —

b

1 11
X;)=———==0,60976, f(x.)= — =,
S ) 1+ 0,82 J(xs) 1+ 2

[Moactapass Teneps 311 3HaYenus B (11.27), okoHYATENBHO NONYYaEM:
o 140,5
6' 1+x 2

720,2 ( +0,96154+0,86207+0,73529+ 0,60976) = 0,78373.

e dopmyne Hutorona—Jlefidanua I l i 5= .:_ , TIOITOMY NPUMCHE-
+x '
0

Hpe GOpPMYIIEl Tpanenuii A AaHHOro OMPEeAEHEHHOTO HHTErpana no3go-
JI9ET, B YACTHOCTH, BBIYHCNHTD YHCIO T ¢ TpeSyeMoil TouRoCThIO. P

11.92. Beruneants In 2 ¢ ToyroceTsio go 0,01.

2
dx "
Vkasanue: BOCHONLIOBAaTHECH paBeHCTBOM In2= |—u dopmynoit
x
|

Tpanenui.
11.93. Briuucants no ¢opuyne tpaneunit nng n» = 10 uHTerpan

4 .
sza!r. HaiiTd 3H49€HHE IOTPELIHOCTH NOAYYEHHOTO Pe3YNLTATA,
L]

11.94. Beumcaute no QopMyne Tpameumid angd n = 8 uHTerpan
9 :
H 6x — 5 dx . HaltTi 3HaYenHe NOTPEIHOCTH MONY4EHHOrO Ppe3yNLTaTa.
|

11.95. IIpn KakoM 3HAUCHHM 1 CHELYET MPHMEHUTL (hopmyny Tpane-

1
UM 218 BRIMHCIICHHAS HATETpana Ie"' dx ¢ To4HocTsio e 0,001?
0

11.5. HenosmaoBanne NOHATHA OHPEXeIeHHOTO
HHATErpajia B JKOHOMHUKe
[lycts byHKUNA z = f(x) ONHCHIBAET H3IMCHEHHE IPONIBOIHTENEHOCTH
HEKOTOPOTO MPOHIBOACTRA ¢ TeUeHHEM BpeMeHH. Toraa obreM NpoayKHHH

Q(r, 1), npoH3BeAcHHOI 33 MPOMEXKYTOK BpeMeHH [fy, f2], BRIUMCIACTCS
no crepyiomei popmye:

ot 1)) = jf (0) dt. : (11.29)

f
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11.96. Hamenende NPOM3BOAHTEILHOCTH [POU3BOACTBA C TEYEHHEM
BPEMCHH OT Hauana BHEIPEHHA HOBOTO TEXHONIOMHHYECKOTO MPOLeCca 3a/1a-
eTca dyHkumeit z = 32 — 27°°"°, rge ¢ — Bpems B mecanax. Haiitn ofvem
APOAYKLMH, POHIBEACHHAOI: a) 33 MEPBHI MecALl; 6) 3a TPEeTHH Mecal;
§) 3a IWecToN Mecall; 2) 3a NOocJHeqHHI MecAll roja, CYHTas OT HAYana BHe-
OpeHUs paccMaTPHBAEMOT0 TEXHONOMYESCKOrO IPoHecea.

P e wm ¢ ¥ e [To dopmyne (11.29), nonyvaem:

I
oy, )= 1(32 270313 ) dt= 32(r, —1)) + _._2.(2'0 WSty _ 90,54 ).
4l

Torna:
0(0; 1) =32(1-0) Jr%(z—"-s ~-2% = 4,95;
n

0(2;3) =32(3-2) +ﬁ(2'°'5'3-2‘°'5‘2) =18,48;
0(5,6) =32(5-6) 1o (2-““ 27035y =272

Q(11; 12)=32(12-11) + ﬁ(z"""s'I2 -27%%1h =314,
n

CpasruBas Mexay cofolf NonyyeHHbie pe3yNLTaThl, MOXHO 3aMETHTD,
4TO OCHOBHasA paboTa 0O BHEAPEHHIO NAHHOTO TEXHONOIUYECKOTO NpoLec-
Ca IPUXOIATCA, B OCHOBHOM, Ha NIEPBYIO NONOBHHY roxa. P

BoamoxHocTb ydeTa BIHAHMA pasIu4HBIX (PaKTOPOB Ha H3MEHEeHHe
NPOM3BOAMTENRHOCTH NPOM3BOACTRA CBA3AHA ¢ HCOOMB3OBAHHEM, HAIDH-
Mep, TaKk HasblBaeMbIX gvniyuit Kobba—venaca. B 3ToM ciywyae mpous-
BOAMTENBHOCTE f{f) NPeAcTaBNAEeTCA B BHAE TPOH3BEHEHNA TPEX COMHOKA-
TENEH:

FO=ad L K (),

rae gyHkoun A, L(1), K(f) ecTh BeJIMUKHEL 3a8TPaT NPUPOAHLIX PECYPCOB,
TpyJa N KanuTana (CoOTBETCTBEHHO), dg, o, B, ¥ — HEKOTOPHIC 4HCNA.

11.97. Haiita ofneM anycxaemon npo,uylcunn 33 IATh JIET, €C/MM B
dynxuun Koboa—Jyrnaca A() =e’, L{H = (t + 1% K(H) = (100 -3% ap = 1,
a=1,p=y=0,5, (t— ppema B rogax).
Peuwe s ue Tloactapnas dyuxmuio npoussoauredsHoctn ff) B
dopmMyny (11.29), nonyqaem

o(0; 5) = je (¢ +1)100~ 3r)d:-je( ~3¢2 +97¢ +100) 4.
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IMpuMersaa ABX/bL NOCIEAOBATERRHO (OPMYNY WHTETPHPOBAHHA IO
yacTam (11.13), umeeM:
O(0: 5) = (=31 +97¢ +100)e’ : —(97- 6r)e'|z - 6e’|; = 64825.
Paccmotpum dyaknmio y = fix), XapakTepH-
3YIOIYK) HEPABHOMEPHOCTb PACTIPEACTEHAS J0X0-
OB CPERH HACeNeHHs, Tae ¥ -—— A0A3 COBOKYITHOIO
ZAoxoja, IoaydaeMoro aodeii x GegHelimero Hace-
neund, [padux 310 QYHKUKYN HA3RIBACTCA KPUBOH
Jopenya  (pme.  11.17).  OueBnngHo, 91O
0<f(x)<xmpn xe [0, 1], H HepaBHOMEPHOCTD
pacnpeneseHis J0X0A0B TeM Gonbure, uem Goneie
Puc. 11.17 mnowans purypst OAB (cM. puc. 11.17). TToaTomy
B KA4Y€CTBE MEpbl YKA3aHHOH HEPABHOMEPHOCTH HCHONbB3YIOT TAK HA3bI-
BaeMBlil koaduyuenm Howuny k, paBHbli OTHOWIEHHIO MIOMAAN GHTYDBI
OAB k nnowaay TpeyroabsEuka OAC.

11.98. ITo nannbiM HCcCReNOBaHAN O PACTIPENCACHHN AOXOA0B B OAHOH

W3 cTpaH kpuBas Jlopenua MoxeT OBITb ONHCAHA YPAaBHEHHEM y = 3-25"
-2x

The X [0,_ l]. Boruncmuts koaddumment Jixnnu £
P e w e # u e. o dopmyne (11.16) nonyuaem
1 [

1
x x=1,5+1,3 131
Soaz=|[x— do= f| x4— " |dv= || x+=+= dx =
o4 ﬁx 3—2xJ J{x 7x-3 J Oj{x 2 22x—3}

|
+l,| +%ln|2x-3||:] =1-0,75In3 = 0,176.
0

l

2], 2

Toraa
k=S‘—’A=M=0,352. 4
Ssoac O

IMycts p = f(x) — kpneaa copoca D ?a
Ha HeKOTOpLIA ToBap W p = g (x) — Kpu- 25 )
Bas mpeiOKEeHHA S, TAe p — UEHA Ha
TOBap, X — BEAWYHHA cnpoca (penno- o K
kenun). O0e3nauuM yepes (xg, po) TOY-
KY  PLIHOYHOTO  paBHOBECHA  (CM. 0 g
puc. 11.18).

JIoXOR OT peanusallip KONHYECTBA Puc. 1118
TOBapa Xxp 10 PABHOBECHON LIEHE Py PABEH MPOM3BEAEKHIO Xg Po. ECiu mpex-
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NORArate HENpepHBHOE CHIEHHE HEHB! OT MAaKCHMANSHON pp = f{0) ao
PABHOBECHOH ppNO Mepe YAOBIETBOPEeHHA CIpoca, TO AOXOJ COCTABHT

Xy X .
_[ J(x)dx. Benuunna geHewHuix cpencte C = I J(x)dx— pyx, cbepera-
0 0

eTca NOTpeONTENaMY, ECAN NPEATIONAraTh NpoAaXy TOBapa MO PaBHOBEC-
HOH neHe py, No3ToMy C HAILIBACTCA TAKKE Gbluzpbliiem nompebumeneii.
AHANOrHYHO,

X 1
P=po%o - |o(x)de
o
HA3WMBACTCA GLIUZPLINIEM NOCMAGH{UKOE.
Benmunnasl C # P 4yHCNEHHO DaBHB MUIOINARAM COOTBETCTBYKOLIHX
KpHBONTHHEHHEIX TpeyroibHnioB (puc. 11.18). :

11,99, Haiiti BRIMrpuinm noTpebuTeneii H NOCTABIHKOR B IPSIAOKe-
HHH YCTAHOBNIEHHA PHIHOYHOIO PABHOBECHA, €CNIM 3AKOHE CIPOCa M NIped-
JOKCHHA HMCKOT BHI:

p=186 -1, p=20+%x..
P ¢ m ¢ H # e. Pewnag cucteMy

p=186—x2,

11
=204+—1x,
i 6

HalileM TOUKY PHIHOYHOTO paBHOBECHA: Xy = 12, pp =42.
Torna
12

12 3

C= I(186—x2)dx—12-42=186x|L2 -%‘ -504=1152,
0 0

512

%xz— =132 (zen. en.).p

12
1
P=12.42- !(20+?x)dx=504—20x|:]2 -
1]

11.100. Onpepests 065eM BRIMyCKa TIPOJYKUWH 32 NEPBLIC NATH HacoB
pabotsl pu npomsBoauTensHOCTH () = 113 € _“"7 , e  — BpEMa B Hacax.

11.101. Hafitn ofbeM NpoAyKUHH, BHIMYIIEHHOR TpEANPHATHEM 34
rog (258 pabouux mHeil), ecn exeAHeBHad MPOM3BOIUTENBHOCTE ITOTO
MPeANpHATHA 3apana Qyaruuedt f{7) = —0,0033 £ - 0,089 ¢ + 20,96, rae
1<t <8, s— Bpema B Hacax.

11.102, TlpH HenpepeslBHOM TNPOH3BOACTRE XHMHMECKOTO BOJIOKHA
TPOM3BOAAUTENBHOCTE f{f) (T/4) pacreT ¢ MOMERTa 3anycka 10 yacos, a 3a-
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TeM OCTAETCA NOCTONHHON. CKONBKO BOJNOKHA JAET AlNapaT B NepBbIE Cy-
TKH MOCTe 3aMycka, ecnn iy =e'° — 1 npu t € [0 10]

11.193, Haiith o0neM BhInycKa POAYKUHK 32 YETLIPE TOfa, ECIIH B
Pynrkunn Kobba—/lyrnaca A(r) = ECLN=0+ 1), KH=10,a0=0a=
=p=y=1

11.104. Kpuesie JlopeHua pacripedeneHud JOX0Aa B HEKOTOPHIX CTpa-
HaX MOTYT OLITh 33/1aHB1 YPABHEHUAMH!

a)y=085x+0,15x; 6)y=2"-1; &) y=0,7¢ +0,3x".

Kakyic uacte moxoga nonyuaiot 10 % Hanbonee HM3KoOIMIAYHBaEMO-
ro HaceneHna? Berauenuts xoagipumments! JKMAK 1019 3THX CTPaH.

11.105. YpasHenwe cHpoca Ha HEKOTOPBIH TOBAP HMeeT BHA p = 134 — X7,
Hajity BRIMrpbity moTpebuTeneil, ecny pasHoBeCHas 1eHa pasHa 70.
100

: x+15°
Haiftit BEIMMpEI NoTpeOKTeneli, ecan paBHOBECHOE KOMUMMECTRO TOBAPA pan-
Ho 10.

11.107, Ha#itn Bemarpsiur notpefutencii W nocTaBIIMKOB TOBapa, 3a-
KOHBI CIPOCA M NPEANONEHHS HA KOTOPhiil HMEOT ClefyIoumi BUa:

a)p=250—x2, p=lx+20;
6) p=240—x", p=x"+2x+20.

11.106. YpaBHEHHE CTIPOCA HA HEKOTOPLIA TOBAP HMEET BHI, p =

3agaum JIA NOBTOpPeRNA

BeMACKHTE ONIPEASIEHHBIC HATET PAILL:

-1
11109, [-$x+Dex

r
11.108. Jm i om.

2 ni6 .
1o, [ ERTENN P
JVx 41 ) cos’x
13 nf2

dx
ll' L] Y ol ] - -
112 J&+;‘/§ 11113 Jxe sinx d.

2
11.114. Ixarcsin [l) dx.
x
i
Haiitu nnowans ¢uryp, orpaddueHHBIX THHHAMH:

1L115, y =%, y=x*/4, y=1.
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11116, y=2/x, y=x/2, y=2.

11,117, y=x2+1, y=x+1, y=2.

11118, y=x>-2x, y=0, x=1, x=3.

HaiiTh 1IHHE! ZyT CNENYIONIHX KPHBLIX!

11.119. y=2¢""? or x=In3 no x=In8.

11120, y=x*/2 ot x=0 no x=1. .

11.121. HafiTu nnomans MOBEPXHOCTH BpalleHUn, NOAYYEHHON NpH

BPALLEHHH BOKPYT OCH Ox kpHBoil y = 2Jx npu xe[l; 3].

Haiitu o6BeMBbI Te, 00pa30BaHHBIX MPH BpPALIEHHH BOKPYT oceif Ox u

Oy NRocKHX QUTYp, OrPaHHYCHHBIX THHHAMH:

1L122. y=¢5, p=¢'%, y=¢".
11123, y=x, y=1/x, x=2.
BerMHCAHTE HATErpanel (eclny OHH cxonsrrcs):

11.124. j—‘b‘—z 11125, I s
5 (2x-3) %x +8
o uz
1-Inx dx
11126, d. 127, | .
J X : Vv1-2x
11.128. jw—z—x—dx 11129, [FoXRxC]
: (x +3)° x(x-1)
0
o, %
X +3x+2

Rontpoanabie 3axanuA no raase 11
«OnpeneneHHLIH HHTETPAT»

Bapuanm 11.] |  Bapuawm 11.2 |  Bapuawm 11.3

Brrancnnrs ONpeAcNeHHEIE HHTETPATBL:

I = |z [
—e'dx dx

In? x Jx? JV7+x?

In05 2x ]

I 1-e**dx Ixz cos x dx. I(xlnx)zdx

0 1
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Oxonuarnsie KOHMPOTLHLIX 30K

No Bapuanm 11.1 Bapuanm 11,2 Bapuaum 11.3
|3 9 J8
xle P dx x¥1—x dx &
0 1 3 xvl+x?
0.5 5 Inl
4 3-2x . I dx I e dx
2 2 3x
g x -1 | 7% -3 Jl+e
5 Haiitu nmnomans GUrypel, orpaHHYeHHOH THHHAMMN:

y=x2 -2, y=-1,
y=2

| y=lnx, y=¢,
x=2 x=0, y=0

y=3x"-x, y=2x

1

6 Haiity 0OneM Tena, NOXyYeHHOTo NPY BpallleHHH TTockol GHIyphL,
OTPaHHYEHHOH THHNAMH:
= x? = . =0, = ls =0,
y=x', x=8 ;);06 x=hx=6 y=x%, y=a, x=2
x=0, y=8 {BoKpYT OCH Ox) -
(BoKpyT ocH Q) (BOXpYT ocH Oy)
7 Burncnute HecoBCTBEHHEIH HHTErPAN (€CIIH OH CXOAMTCH):
+0 +au t
Joax [ao7 =
; Gx+7 Y-x

-7




Teer 11

1. Haﬁ'm MaKCHMANBHOS 3HAYCHHE HHTErPANBHOH CYMMH (YHKIHH
y = x” Ha otpeske [0, 1], ecnu uncio OTpe3KkoB pazbueHus paeHo 4.
Omeem: alb,roea= ..., b= ... (a U b — NOIOKHTEILHBIE UEITHIC YHC-
na, apole a/b — Hecoxpa'mua).

2. an KaKHX 3HAUCHHAX NapaMeETPOB g H b CIpaBEAHBO PaBEHCTBO
1
2
I ex-l-ltix:eﬂ'_!eb?
1]

3. Haitra Taxve 3HaueHNA @ ¥ b, IPA KOTOPBIX CIIPABEINBO PABEHCTBO!
e-1

Iln(x+l)dx=a—2lnb.
i

4, BruHCIMTE OnpeaeneHHbIH HHTErPan
2

J‘ dx
lx2+7x.

1,9
Omesem: ——ln-b-, rae a=..., b=..(aub—uenme uucna),
. a

3
ax
5. IIpu xakoM 3HAYEHHH NapaMeTpa g WHTerpan |——dx paBeH mno-

x+1
0
maan S QHrypsl, OrpaHUdcHHON JTMHHAMA ¥ = x _? sy =-2,x=3.
x+
Hafitn >ty nnowaap S.
Omeem: a=...,85=9—-Inb,rue b= ... (an b — uensie uucna).

6. Haittu pansy Ryru Kpuso# y =% (x - l)3 Ha oTpeske [1, 4].
Omeem: alb,tae a= ..., b= ... (a ¥ b — NOMOXUTENLHEIE 1ENBIE HHC-
na, apobk a/h — HecokpaTHMa),

7. Halitu ofveM Tena, moMyueHHOTO NIPH BpallicHUK BOKDYT OCH abe-
IUCC [IOCKOH GHUIYpH, OTPaHHYCHHON NHHHAME X = y x=4y - y2 x=
0.

Omeeny: an/3,raea=....




8. IIpn xakoM MUHUMANLHOM 3HaucHAH # GopMyna Tpaneumii ofecme-

5

HHBAST BEIYHCNICHHE ONpPEIeNICHHOTO HHTEIpaIa j'ln Xxdx € TOYHOCTBIO
Vo

zo $,001?

9. Haiitn nnowmans GUryphl, 3aKMOHSHHON MEXAY KpHBOH v = 4xe*u
&€ rOpH3OHTaNLHOH ACHMIOTOTOH Ha MPOMENKYTKE [0; + oo).

7 €CJIH OH CXOOHTCA.

" T o
10. BeraucnTE OnpeneneHHEIH HHTerpan eV
xln” x
¢




I'nrasa l 2 '

Huddepenunanbible ypaBHeHUA

12.1. OcHOBHBIC MOHATHA

CnpaBouHblii MaTepnan

Lubpepenyuaronviv  yposHenuerm Ha3biBaeTCs YpaBHEHHe, CBA3bI-
BAIOMICE HCKOMYHO (DYHKIHIO HEKOTOPOH MEPEMEHHOMN, 3TY MEPEMEHHYIO H
TPOH3BOIHBIE PA3THYHBLIX NOPAIKOR AAHHOH DYHKLHM:

Gx, 3,55 s ) =0.

IMopaaok r crapued NpoH3BOAHOH, BXOAANEH B yPaBHEHME, HA3bIBA-
erca #opaoxoM ITOro AudipepeHIUansHOTO YPaBHEHHA.

Jhobaa ¢yHkuma y = y(x), KoTOpas MpH NOACTAHOBKE B YpPaBHEHHE 00-
pAIlIAET Er0 B TOMIECTBO, HA3KIBAETCA peuienuer ITOro aupdepeHunans-
HOro ypaBsHeHHA. PellieHne, 3a1aHHoe B HesBHOM BHAE f{x, ¥) = 0, Ha3biBaeT-
ca unmezpatom MM HEePEHIMAIIEHONO YPABHEHHA.

I'padux peltenna (nuterpana) aaddepeHUHATEHOTO YPABHEHHA HA3EI-
BAETCHA HHMEZPATbHON KPUBOT YTOTO YpaBHERHUA.

Pewerine (uHTerpan) anddepeHnnansioro ypasHeHHA K-TO OPAZKA,
3aBHCAllEe OT 7 MPOU3BOJIBHBIX HE3ABHCHMBIX MOCTOAHHBIX, HA3bIBAETCA
obugum pewennem (urnmezpaiom) 3TOre ypaeHeHua. PeweHue (uHTerpan),
MOJYYEHHOE TPH KOHKPETHEIX YHCIOBBIX 3HAYCHHAX HTUX MOCTOAHHBIX,
Ha3LIBAETCA YACMHbLM peutenues (vacmuoim unmezpatom) nudpepeHun-
aNLHOTO YPaBHEHHA.

12.1. JokasaTe, uTo $yHKLHA
y=Ce + Cre™ (12.1)
ABJISETCA pelleHHeM YpapHEHHA
Y -3y +2y=0. (i2.2)

P ¢ w ¢ H u ¢. [locnenopatensHo guddeperunpya (12.1), npuxoanm
paBeHcTRaM:

V=Ce"+2Ce”,
V' =Cie” +4Ce ™.
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Petuas 3Ty cHCTeMy 0THOCHTEBHO Cie™ 1 Coe™, onyuaem:
Cie' =2y -y",
1
- Czelr = E (yn _yr).
[Moncrasaas 311 peipaxkenna B (12.1), npuxoanm k (12.2). P
12.2. IIpoeepHTE, YTO $YHKLIHA ' '

YO +3xy=0 (12.3)
ABNACTCA HHTETPANTOM ypaBHeHHﬂ . )
¥ -+ Xy y+ 2y =0. (12.4)

PeweH ne JQupdepenunpys (12.3) no x B NpeanoNoxeHHH, YTO
y = y(x), IPHXONMM K PABEHCTBY

Yy —C+y+xy =0,

CE=0 +x)y+y.
[NoacTaBnAs BBIpAXEHHE ANA iz nmocnenHero paseHcTsa B (12.3),
HMEeeM:

OTKYAA

P -0y +xy +yyx+3xy=0,
4T0 paBHOCHABHO (12.4).0>

12.3. Haitth anddeperunanbHOe ypaBHeHHe ceMeiicTBa KpUBbIX

y=C@x-CY. (12.5)
P e m ¢ 1 H e. Tuddepenumpys (12.5) no nepeMeHHoit X, oOMydaeM
Y =2C(x-0C), (12.6)
OTKYZa
C?=Cx-0,5". 12.7)

C nomomusio pasexctpa {(12.7) npeoGpaszyeM (12.5) Tak, YTO MOCTOAH-
Had C §yneT BXOOHTL B 3aMHCH CNAraeMblX MONYYeHHOrO BHIPAXKEHHA B
CTeneHAX He Dosiee nepuoi:

y=0,51/-0,5Cy.
CneaoBaTensHO,
: Cy' =xy' -2y (12.8)
Yuuoxas (12.6) Ha (y')z, nomy4yaem
o) =207 (C¥) - 2CYY.
Hcxnroyas u3 nomyuenroro paeeHctsa Cy' ¢ momomeio (12.8), okon-
HaTebHO HMeeM:

0 =4y -8 B
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12.4. Haiitu peufeiie ypaBHeHHN
. y' = 2xe™ s

YAOBNETBOPAICILME HAYANBHOMY ycroBHio y (0) = 1.
Peuw e Hu e H3 onpencieHna HeONpeOeNeHHOTO HHTErpana (CM.
ri.10), cnepyer, uto ofuiee peluenne 3a0aHHOTC YpaBHERNA HMEET BHI:

y= j2xe*:d§c. '

Hcnonk3ys npeobpaszoBaHHe nepeMeHHoil MoA 2HakoM auddepenima-
5ia, MoJyvaem
2 2
y= Ie’ dil=e" +C.
VunTHIBaA HayanbHoE YCNOBH#eE, IPUXOJHM K paBeHcTBy 1 =1 + C, ot-
kyaa C = 0. Taxnm 00pazom, HCKOMOE HaCTHOE PEUICHHE HMEET BHI!
y=e" .
TeomeTpuuecky HaiigenHan $HYHKUMA MPeICTaBNAET HHTETPAIBHYH) KpH-
BY10 AHdpEpeHIMaANEHOTO YPaBHEHNS, [POXOASLIYI0 Yepes Touky (0, 1).»

[lpoBepuTh, 4To cnefyiolmue GyHKIHH ABIAIOTCA HHTErpanaMu nud-
depeHUHANLHEX YPaBHEHHA! :

8. -ty =0, (x=20)y =2x-y.
12.6. xyJ1+ % =y, v -y=y.
12.7.° - 2 = Ce'”, 2y +y =2,

128.y=Cilnx — x4+ Co, x(/" +1)+y =0.

TIpn KakKX 3HAYEHHAX TapaMeTpa ¢ CrcaylolHe HYHKIMH ABNAIOTCA
pelieHIAMH (HHTerpanamu) audepeHUHATBHLX YpaBHEHHI:

129.x =G/ -, V- (2xy+3)y =0.
12.10. y = ax* + Ci°, V+2hk=x.
CocTtaBuTe AHQDEpEHIHANLHEEIE YPaBHEHHA CEMEHCTB KPHBBIX:
12.11. y = Ce’. 12.12. 5 + Cy* = 2y.
- 12.13. Cy =sin Cx. 12.14. y = C\(x + Co).
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12.2. InddepenupanbHbie yPaBHEHRA
¢ PasIeAIIUMECH NepeMeHHBIMA

JupbdepeHimansHoe ypaBHEHHEe NepBOTO NOPAAKA HA3LIBAETCA ypap-
HEHHEM € pa30ensiromuMucs NEPEMENHbIMY, ECH OHO MOXET ObITh Hpes-
CTARJIEHO B BHAE:

Ax) dx = g(y) ay. (12.9)

Pemaercs Taxoe YpaBHEHHE MOYJICHHBM HHTETPHPOBAHHEM pPaBEHCTBA
(12.9).

12.15. PelunTh ypaBHeHHE!

yxldy —Inx dx =0, (12.10)
P e e 1 e, Ucxonnoe ypasHEHHE NEPENHLIEM B BHAE
yay= '“"d” (12.11)

Taxum obpasom, HMeeM YPABHCHUE C PA3ACMAIOIIMMHCA MepeMeHHR-
MH M H3 (12.11) creayer:
lnx
[yar=

Hurerpan nesoii qacth — Taﬁnnrmmﬁ. JnA HaxoxICHHA UHTErpasa
TNpaBoii YacT® BOCMOAB3yeMca GopMynoil HHTErPHPOBAHNA IO HacTAM (CM.

i, 10), roe # = Inx, dv=£,:
e

v /2=-x"Inx+ Ix'zdx.
OxonyarenbHO HHTErpan ypasHeHus (12,10) umeert sun;
y[2=- l(lnx +1)+C. P
x

VYpapHeRHE BUIA

¥y =flax+by),

Fie @ 1 b — HEKOTOPbIE YHCIIE, FIPUBOAATCA K YPABHEHHAM C pa3felfio-
WHMHCS [IEPEMEHHBIMH ¢ NIOMOIIBIO 3aMEHBl 2 = ax + by WIH 3aMEHEB z =
= ax + by + ¢, The ¢ — HEKOTOPOE YHCIIO.

12,16, PelouTh ypapHeHHE

y'+l=1/x+y+l.
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P e wm ¢ # u e. Boconesyemca 3aMenoil z =x + y + 1, rie z = z(x).
Torpa z' =y’ + 1 1 UCXOAHOE YpaBHEHHE IPHHUMAET BI:

2=z,
HIH

£=dx,

Jz

T.e. CTAHOBHTCA YPaBHEHHEM C PasfeAIOMUAMHCSE MEPEMEHHRIMH OTHOCH-
TEIBHO HEPEMEHHOM Z, Pemasn 3T0 ypaBHeHHAE, NIOMyJdaeM:

j'z_mdz = jdr .

¥
2P =x+C.
Bosnpamaaca K HCXO.E[HOﬁ nepemeHHoﬁ, OKOHYATEIbHO HMEEM
2-Jyx+y+l=x+C,

y=025(x+CF-x-1l,raex=-C. W

Pemuts quddepeHLHAIBHER YDABHCHHA!
1217. (3x - 1) dy + y'dx=0.  12.18. 3x’ydx + zmay =0.
12.19. xy' + 2y =2x). 12.20. & 2 (' - N dy —dx = 0.
12.21. X5/ - 1) =2y 12.22. € dx + ydy = 0.
12.23. ¢ = (x + y)*.
12.24. (2x + 3y — 1) dx + (4x + 6y — 5) dy=0.

12,25, y' = J4x+2y 1. 12.26.) e ¥ =x - 1.

Haitry pemenus andhepeHtiHanbHbIX YpaBHEHHH, YIOBNETBOPAIOMINX
yKa3aHHBIM HauansHBIM YCIOBHAM:

12.27. (1+%) ylde = (P - 1) ¥dy = 0; (1) = -1.
1228.(fry +x - y=0; 1) = 1.

12.29. 2y - 1)=1; y(1)=0.

1230. ydx +ctg x dx = 0; }{%] =-1.

320



12.3. Opnopognbie nudrpepenuaabubie
YPABHCHMSA NEPBOTO NOPANKA

CnpaBo4HbIit MaTepHa

JduddepeHupantHoe ypaBHeRHE NepBOTO NOPANKA HA3BIBACTCA aduo-
GOHBIM,
poo €C/IH OHO MOXET OBITh NPEACTABNEHO B BHAE

y'=g (k)
JUIA HEKOTOpOH PYHKLHH g. YparHeHHe

y=f(xy
ABNSETCH OOHOPOIHELIM, ecni GryHEUMA X, ¥) ONHOPOAHA CTENIEHH HONL N0
nepeMeHHEIM X, ¥, T.€. o0nanaet CEOHCTBOM

RAex, ay) =Ax, )
IS BPOH3IBOILHOIO YHCAA O,
3ameHa nepeMenHoM z = y/x, £ae z = z(x), CBOAUT SaHOpoAHBIE JHpde-
PEHLHANLHBIC YPEBHEHHA K YPABHCHHAM ¢ Pa3JeiAOMHAMHCH TEPEMEHHEI-
MH.
YpapHerHe BHAa

ye ;{m] )
a,x+b,y+c,

NPHBOAMTCA K OAHOPONHOMY B TOM Cyag, eclM NpAMBIe ayx + by + ¢ =0
aax + by + ¢; = 0 nepeceKaloTCA: AOCTATOYHO MEPEHECTH HAYalIo KOOpIH-
HAT B TOUYKY TEPECEUECHHA THX TpAMEIX. B criyuvae, ecnd ykasaHHble nps-
MEIE He TIepecekaloTcs, TO BuipaxeHHda (a,x + b\y) U {a:x + byy) nponop-
UHOHANBLHH, U ypaBHeHHe (12.12) pelaerc ¢ NOMOLIBIO 3aMeHBI nepe-
MeHHOM z = a\x + by (cm. § 12.2).

12,31, Peuvts yparHeHue

2,2
x“+y
= 12.13
" ( )
x* +3?
Pewenue Ipasas uacts f(x,y)= ~ ypasHeHus (12.13)
X

ABNIAETCA OOHOPOOHOH QyHKuUMeHd crenedH 0 Mo NepeMeHHBIM X H ¥, TAK
KaK

= f(x, ).

2 2 2
f(ax,u.y)= ((ng' +((Iy)2 - Xty

(ax)2 2x?
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[Toatromy camo ypaeHesne (12.13) — oaHopoanoe. [nd ero peuieHns
BOCHOIR3YEMCH 3aMeHOH nepeMeHHolR z = y/x, TAe z = z (x). Torna y = zx,
y’=z% + z, n ypasHexue (12.13) npuHHMaeT BHA:

z'x+z=l+—zz,
2

WK

YTO PABHOCHNEHO
2dz  dx
===
(-1 =
T.€. MPHXOAHM K YPABHCHHIO ¢ PA3ACTAOLIMMHCA NIEPEMEHHEIMU. Brinon-
HAA NOYWIEHHOE HHTETPHpPOBaHYe TIOCIIEAHETO PAaBEHCTBA, IOMyYaeM

-2 In|x|+C.
z-1
Bosspattasck kK HCXOOHOA NepeMeHHOH, mocie mpeobpa3oBaHua NMeeM:
2x
Y= ]+ €
12.32. PeunTh ypaBHEHHE
2
y.=x+y+(y—l) . (12.14)
x+1 Lx+l

y—1 _x+y—(x+l)_ x+y
x+1 x+1 x+1

P e w e u u e. [Mockonpky -1, 1o mpa-

pas 4acTk ypasHeHHA (12.14) sBnserca QyHKUHe# OT BbIPAKEHHA x-:-); .
x

fpamute x + y = 0 ¥ x + | = 0 nepecekatorca B Touke (—1; 1), mosTomy mne-
peiineM k HOBHIM MEPEMEHHBIM, BRITONHAA MAPAINEALHBIA MEPEHOC KOOp-
JAMHATHBIX Oceil B 3Ty TOUKY: # = x + 1, z =y — 1. Hekomolt dyHKkuRedt cTa-

dz dzdx dy
oBHTCH Z = (7). Ta = —=——=*=9" T0 HCXOIHOE YpaB-
HOBHTCA Z = z(7). Tak xak z o hd & y OHOE YD
HEHHEe MPHHAMAET BHI:
2
z'=1+§+(§) : (12.15)
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JAnA peilleHAs NOMYYEHHOTO OTHOPORHONO YP3BHEHHS BOCMONGIYEMCH
3aMeHOH riepeMenHoil u =z, rae u = u {f}. Torna z = ut, ' = u't + u W ypae-
genne (12.15) npuHAMaeT BHA:

wt=1+1i,
HIH

du =£

1+

T.¢. ABNACTCA YPaBHEHHEM ¢ PAACIMIOIAMHCA MepeMeHHBIME. Brimonuss
NOYIEHHOS HHTECTPHPOBAHHE MOCISIHErC PABEHCTEA, OTyJaeM

arctg u=In [f] +C,
HIIH
u=tg(nl+ )

z -1
Tak xak u=—=—l, To (mocne mpeoOpa3loBaHWA) OKOHYATENLHO
t x+

nmeeMy=1+(x+Dtg{lnjx+ 1+ ). P

Pemnte gudubepeniyansHele YpagHeHHA:

12.33. oy - X2}y =52 12.34. x30dy = (x° + y*) dx.
1235, 1’ = yln>. 12.36.y—xy' =x + /.
y

12.37. xdy - yde=+/x* +y*dv.
1238, (4% + 3xy + ) dx + (@ + 3y + ) dyp = 0.

12.39. y 12353y 1240. (y + 2) dx=(2x +y —4) dy.
l+x+y
1241 (y + D ZEE XX pagp o FF2 L G Xo2X
x+3 x+3 x+1 x+1

12,43. Haiitr xpuByio, ¥ KoTOpo#i ToUKa nepecevyeHHs moboi kaca-
TeNbHOH ¢ OcBio abcLMCcC OIHHAKOBO yAaneHa OT TOYKH KacaHHd H OT Ha-
Haja KOOPAKHAT.

12.44, Haiiti xpusy¥o, y kxotopoil paccrogHie moboit kacatenbnoil ot
Hayana KOOpAMHAT PaBHO abCcUMCCE TOUKH KACaHHA.
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12.4. Jluneiinnie nudppepeHnpaTbabIe
YPaBHEeHHA NEePBOro NOpH/IKa

CnpaBoYHbIA MaTEpHAT

JudbepenimanbHoe ypaBHEHHE MEPBOTO NMOPAIKA HA3LIBAETCA AuNet-
HBIM, €CJIH OHO HMEET BHA:

¥+ Ax)y = glx), (12.16)

rae fix), g(x) — HexkoTophie HenmpepbiBHbLE GYHKUMH nepemeHHoH x. Ecnu
Sy g(x) TOKASCTBEHHO paBHA Hymo, 1o ypaBHerwe (12,16) naseieaeTca
OGOHOPOOHBIM, B IPOTHEHOM CITYYAE — HEOOHOPOOHBIM.
Pewmenue y = y(x) ypasHenus (12.16) moxer OuiTe HalAeHO B BHAE
y =u-v,

rae v = v (x) — HeKOTOpOe pellieHUE Ypa_HEHHUA

v+ f{x)v=20, (12.17)
u = u (x) — pellleHKe YpaBHEHHA
vi' =g (x),

(oM. HIDKe mpumep 12.45),

YpasHerHe (12.16) MokeT OHITE TaloKe pelleHO Memodom eapuawuu
RPOUBOALKOU ROCMORHHON, TIPH KOTOPOM CHadala HaXCIAT peuleHHe v Of-
HOpoaHoro ypaeaens (12.17). 31o petienue {kKak u moboe odlIee petieHke
AuddepeHIHANEHONO YPaBHEH s TEPROrC NOPAAKA) 3aBHCHT OT MOCTOAHHOH
C (v=v(x, (). lpeanonarag 3atem, uro C apnaerca GyHKUHEH nepemeH-
HO#1 x, Haxoast 31y QyHKiHW C = C(x) u3 yeaosus, 4to v = vx, C(x)) yaos-
NEeTBOPALT UCXONHOMY ypaeHeHHK (12.16) (cM. npamMep 12.46).

HuddepenuranrsHoe ypaBHEHHe TTepPBOTO TOPANKA HA3HIBAETCH Ypag-
senuem Bepuyanu, eCny OHO HMEST BHR

Y +fx)y=gx)y",
rnien=0,n=1.

310 ypaBHEHME MPHBOAUTCA K JHHEeHHOMY ¢ TIOMOIIBI0 NOACTAHOBKH
z = p'™ b0 MOXeT GbITh HEMOCPEACTBEHHO PEMICHO JHOOBIM M3 JBYX
ORNHCAHHBIX BHIIIE CIIOCCOOB PEUICHHA MHHENHEIX YPaBHEHHH.

12.45, PeuinTs ypaBHeHHE

f+—1—=x{
x+1
P e w e H ¥ e. Byaem nckaTh peleHme 3TOr0 JMHEAROTO YPABHEHNA B BIIIE
y=u-v,
rfe v = v (x) — HeKoTopoe pelilecHUe ypaBHeHHA
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v+ =0, (12.18)
x+1
# = u {x) — pelleHHe YpaBHEeHHA
: v =X (12.19)
YpasHenue (12,18) — ¢ pa3aenAiOHMMHCA HEPEMEHHBIMK
&__ &
v x+1

BhinonHsa noyaeHROe HATEIPHPOBAHKE NIOCAEIHETO PaBEHCTEA, NIONY-
HaeM:

Injv=-Inx+1+C
Tlockonbky B JaHHOM Cly4Yae JOCTATOYHO HAlTH nexomopoe pellenne
ypaetenus (12.18), To ynoOHo nonarats C = 0, Torma
' 1
x+1

[loncrarnaa HafigeHAylo yukunio v B ypasaenne (12.19), npuxoanm
K YP4BHEHHIO

V=

du= (3" +x) dx.

B pesynbTate NO4NEHHOTO MHTETPHPOBAHHA NOCICAHETO PABEHCTBA
noMy4aem

P

u=—+—+C.
4 3

Taxum 06].)330&[, PeIIeHHE HCXOAHOTO YPaBHeHHA HMEET BHI:

4 1
y= X Z e L | 4
4 3

12.46. PelinTs ypaBHEHHE
3 '
0 -0y =1
Pemenue DBymeM Mckarh pellleHHe 3TOTO YpaBHEHHUA B BHIE
x = x(y) (T.e. cuuTan, 4YTO ¥y — HelaBHCHMAA [epeMeHHas, a x — GyHKLAA

1
ot y). Tak kak y' = % = (EJ = (x')_' » TC HCXOIHOE YPaBHEHHE JIHHEH-

HO OTHOCHTENEHO (PYHKLH X;
X txy=y", (12.20)
325



PeliiM COOTBETCTRYIOLIEE OAHOPOIHOE YPABHEHHE:

x' +xy=0. (12.21)
IMycrs x = 0. Toraa
P
—=-yd,
x
2
ln|:¢:|=—y—+Cl .
2

Tlocnenuee paBeHCTBO PABHOCHIIBHO

x =272,

 Yuureisas, yto x = 0 — pemende ypapxenus (12.21), nomyyaem, uro
oblee peileHHe 3TOr0 YpaBHCHHA HMEET BHA:

x=Cpe 2 (12.22)

MNonaraa, yre €5 = Cy(y), naifigem 3Ty GYHKUHIO H3 YCIOBHA, YTO
(12.22) — pewenne ypapHeHH (12.20). H3 (12.22) caemyer, wro

X =Ce " 4G (-y). (12.23)
[oacrasnas (12,22), (12.23) B (12.20), npuxoauM K ypaBHEHHIO

r ~p3iz 3
CZey =¥,

dc, = y*e’ " ay.
Toraa

. : 2
o e a2 e % )

TMpumenns GopMyny HHTSTPHPOBAHHA IO YACTAM, NOTYHaeM:
2 2
C, =yt =207 4 C.

Hoactasnan HaiifleHHoe BhIpakeHHe M Gynxmn C; = Cyy) B
(12.22), noayvaeM peineHHe ypaeHeHna (12.20):

x=y +Ce” " ~2. B
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12.47. Peunts ypapHeHHe
dy 2
—+—=—xy".
dx x »

Pe nienue [danHoe ypaBHeHHe ABIAETCA YpaBHeHHeM bepHyinnu
npu n = 2. Ormernm, 410 ¥ = () ABNAeTCA pelIerneM 3‘1‘0!"0 YPaBHEHHSA
l'lycrb y=0. Bocnom.syemca 3aMEHOM mepeMenHoli z = y' "

=y~ Torna
y= Iy ==z %2 1 HEXOHOR YpaBHEHHE NIPUHAMAET BHA;
& _z_,. (12.24)
dx x
PeritiM cHavana OHOPOAHOE YPaRHEHHS
dz z
—==, 12.2
ek (12.25)
Iycts z « 0. Torza
& _dx
z x’
Injz| = Injx| + InC,, (12.26)

rag Cz — [NPOH3BONLHOE MOJOKHTENBHOE YHCIIO
Papencteo (12.26) nepenuuieM B Buae:

2| = Cilx| e z=2Cx.

Yuursieas, yro z = () apnderca pemenHeM ypapHeHHA (12.25), nomyua-
€M, YTO NPOU3BOIBHOE PEINEHHE ITOMO YPABHEHHA HMEET BUA:

z=Cx, (12.27)
rae C) — moboe YHCIo.
TonoauM Teneps, yto C) =

Ci{x) v naitgem 31y dynkuno C) n3 yeno-
BHA, yto (12.27) — pemenne ypastenns (12.24). M3 (12.27) cneayer, uto

Z'=Cx+C,.

Torna, yauteinag (12.27), noayyaeM, uto ypasHenHe (12.24) npHHu-
MaeT BHI:

Cix+C, —-Cl-—x
X
HNH
ac, = dx,
H O3TOMY
Ci=x+C.
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HNoacrasnas 1o peipaxeHne B (12.27), uMeeM pelleHHe YDPABHEHHA
(12.24):

z=x+CO)x
Tak kak y= % , TO OKOHYATENbHO pellleHHe MCXOAHOro YpaBHEHWA
MMEET BHI
y+Cx)y=1,
2 1o
y=0.p
Petnte ypaBHeHuA:
1248, y' -2y =¥, 12.49. y' + L = 3",
x
' 2.]" x3 2 '
12.50. 4y'+ —=—.. 12.51. (y* +x)y'=1.
x+1 y
12.52. 1- 239’ = y°y'. 1253, =44 Xy
X

12.54. ny% -y* +x=0.

12.55. 3xdy = y(1 + xsin x - 33" sin x)dx.

12.56. xp' + 2y + X y’e* =0. 12.57. 2x’ylny-x)y = .

12.58. Halttr ypaBHeHHe KpHBOH, ¥ KOTOPOH OTPe3OK, OTCEKAeMBIN Kaca-
TEJIBHOK HA OCH afCIHCC, paBeH KRAAPATY OPAMHATE TOUKH KACAHUA,

12.59. HaifTi ypaBHeHHe KPHBOH, AN KOTOPOH OTPE30K KACATENbHOMA
paBeH PACcCTOAHMIO TOUKH MepecedeHys 3Toit KacaTensHoil ¢ ocklo abelmec
ot Touku M(0; 1).

12.5. Nndrdepenmanvabie ypaBHeHAA,
JonycKaue NOHMKeHNe NopAxKa

CnpasouHbIii MaTepHan
Ecnu guddepenunansHoe ypapHEHHE UMEET BHO
G(x,y",y") =0, ,
T.€. B 3aNUCh YPaBHEHHA He BXOAMT UCKOMas GyHKUHA ¥ = y (X), TO MOHH-

AHEHHE MOPAAKA JOCTHIACTCA ¢ NOMOHIBIO 3aMEHL Z =,
Ecmu ypaBHeHHe HMEET BHI

Gy, ¥,y =0,
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TO MCHONL3YETCA 3aMCHA z = V', NPHUEM Z PACCMATPHBACTCA KAK (QYHKIIHA
nepeMEEHOM y.

12.60. Pewunts ypasHeHue
' ¥ = y'eigx.

P e w e H u e. [lonoxnMm z ='. Toraa y" = (¥')'= 2z’ 1 HcxoAHOE ypap-
HeHHE NPUHHMAET BHA,

zZ'=zcigx (12.28)
Iycts z # 0, Toraa us (12.28) cneayer:
55_ _cosx dx
z sin x
HITH
dz _ dsinx
z  sinx

HuTerpupys nowieHHO NOCCAHSS PABEHCTRO, I10Ty4aeM
In|z| = In|sinx] + InC|,

rae C > 0, unn )
z==()sinx.

Tax kax z = { ApnseTcs pelleHHeM ypaBHeHHs (12.28), To mpou3BoNs-
HOE pEelIeHHEe 3TOTC YPaBHEHAS HMCET BHIL:

z=C,sinx, (12.29)

rae C | — MPOH3BOABHOS YHCIIO,

Tak kak z= % , To 13 (12.29) cnenyer:

dy = Cysin x dv.
HHTerpupys nociigiHee paBeHCTBO, OKOHYATENBHO MOTY4aeM
y=-Cicosx+ Cs. P
12.61. Pewnts ypasHeHHe
» =y +0N
Pewenwue Ilycts z = 3/, Torma y" =—=—-—=2"-z, e

= » W HCXONHOE YpaBHEHHE NPHHHAMAET BHA:

dy
yzz' = y z + 2%, (12.30)
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T.¢. CTRHOBHTCA YPABHEHHEM OTHOCUTENLHO QYHKUMH Z = 2(y). OueBHIHO,
z =0 — pemenne ypasrnenus (12.30), otkyaa y = C, rae C — npoH3ROIIk-
HOE YHCITO.

IIycte z # 0. Torna ua (12.30) cnenyer, uto

=yt +z (12.31)

— mHHeiHOe ypaBHeHHe nepeoro nopanka (cM. § 12.4). Pemenne 3toro
YPaBHEHNA OyIeM MCKATh B BHAE Z = wv, Ilie v = W))) — HEKOTOpoe pelle-
HHe YpaBHEHHS

w-v=0, (12.32)
# = u () — pelUCHHE YPaBHEHHA
wv=w (12.33)

Pemas (12.32), B8 yacTHocTH, UMeeM v = y. Toraa (12.33) npusoant Kk
ypasHeHHIO ¥’ = 1, oTKYyJa 4 =y + C), T.e. pewenrie (12.31) umMeeT Buxa:
2=y + Cy.
Tak Kax z = ¥', TO IPUXOANM K YPaBHEHHIO
&
dx
Ilycte C, = 0. Torna npu y # 0 AMeeM

dy _

~=dx
y

U, CIeNOBaTENLHO, X = —y" + Cs, HiIn

y=(C-xy". ' (12.34)

=y2+Cly‘

[ycts C; =0, Toraa
o [ _1 Q-LJ‘ dy
y2+C,y G Jy CJy+(

H NOCIIE HHTErpHPOBAHHA:

x=—-l—ln Y
G |y+C

OKOHYATENEHO pellieHHe HCXOOHOTO YPABHCHHA WMeeT BHA y = C HIH
(12.34), unn (12.35).0

+C;. (12.35)
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PeluHTE ypasHeHNA:
X

12.62. y"'=-—. 12.63. »"+y" =0,

Yy
12.64. 5" = y'In., 12.65. 3" — y'(1+3")=0.
' X
12.66. 3" = ()" 12,67, 4y’ +(y")* = 4xy".
12.68. y" =(3")°. 12.69. y" =2(y"-1) ctgx.

Haiitu pemwenne ypaBHeHUil, YAOBIETBOPAIOLIME YKA3AHHEIM HAYATL-
HBIM YCIIOBHAM:

12.70. ("x-y)y' =x",  y) =1, Yy =0.
1271 2p(y) +y" =0, y(0) =0, y'(0) = -3.

12.6. JIuneiinpie nudupepennnancabie ypaBHEHAA
BTOPOro NOPAIKA ¢ NOCTOAHHBIMH '

roxdpuupenTaMu

CnpaBounniii MaTepHan

Junetinoe oughpepenyuansroe ypaeuenue emopo2¢ nopaoxa ¢ nocmo-
RHHBIMU KO3@puyuenmariy HMeeT BUJ

Y+ py' +qy=r(x), (12.36)

Te p H § — HEKOTOpHIE AeHCTBATENBHbIE YHCNA, #(X) — HekoTopas QyHK-
und. Ecnn GyHKUNA 7{X} TOXIECTBEHHO PaBHA HYJNIO, TO COOTBETCTBYH)-
e YpaBHSHHE HA3BIBAETCH 0OHOPOOHLIM, B IPOTHBHOM ClIy4ae — Heoo-
HOPOOHBIM.

PaccmortpuM pereHne ognopontoro audidepeHIHATBHOTO YPaRHEHN

¥ +py'+qy=0. (12.37)
Huddepenunansomy ypasHenuo (12.37) cTaBHTCA B COOTBETCTBHE
XapakmepucmuuecKoe ypasHenRue. -
A +pht+g=0, (12.38)

TAE A — MEPEMEHHAA.
1. Ecan xapaktepHcTHdeckoe ypaeHedue (12.38) umeer melcTBuTens-

Hble KOPHM A U Xy, IPHYEM A £ Az, TO 06mee pemenne ypasnenns (12.37)
HMeEeT BHA:

y=Ce*™ +C e, (12.39)
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2. Ecnu xapakrepHucTiyeckoe ypasHerne (12.38) uMeeT 0ZHH KOpeHb A
(xpaTHOCTH 2}, T0 obinee pelncHue ypapHeHn# (12.37) uMeeT BuA;

y=CeM™ + Cyxe . (12.40)
3. Ecnu xapaktepuctudecioe ypaetenue (12.38) umeer KOMIUIEKCHBIE

KOpHH A =a £ if, tae a = —p/2, B = \}q - p*/4 , To obuee pemenue ypae-
Hennd (12.37) nmeer BUA:

y = Ce™ sinfx + Cre™ cospx. (12.41)

12.72. Pewunts auddepenHansHEe YpasHEHHA:
a)2y"'-y-y=0,6)4y"+4y'+y=0;6) y"+2y'+5y=0.
Peumrenne:
a) XapaKTepUCTHUECKOE YPABHEHHE
22-%-1=0
HMeeT pa3iMuHble KOpHA (A = 1, A; = —1/2), noatomy (cM. (12.39)) obuiee
peleAne AnddepeHHANLHOTO YPaBHEHHA HMEET BUL!

y= Cie' + Cze_xn.

6) B RaHHOM CIy4Yae XapaKTepHCTHYECKOE YPaBHEHHE UMEET OIUH KO-
peHs kpatHocTd 2 (A = —1/2), noatomy (cM. (12.40)) nckomoe obilee pe-
MEHHE eCTh

y= C]e—xﬂ + sz —x!Z.

&) XapakTepHCTHUECKOE ypaBHEHHE MMeeT KOMIUIEKCHbIE KOpHH (A =
=—] 4 2j), mozromy {cm. (12.41) npu o = -1, f = 2) obmee pemeHne aHd-
depeHuMaIbHOTC YPaBHEHHS HMEET BHJL

' y=Ce “sin 2x + Cye ™ cos 2x. P

PaccMOTpHM pellieHHe HEOMHOPOAHOTO AMGhEpeHLIMANBHOro ypaBHe-
Hua (12.36).

Ilepaviii cnocob. Memod sapuayuu npou3zecabHoll nOCMORRKOU,
I[lycte HafineHo obwee peleHne

Hx) = Ciyi(x) + Coyax) _ (12.42)

COOTBETCTBYIOLUErO OAHOpoaHOro ypasnenus (12.37). Torna ofmee pe-
lweHne uexoaHoro ypasHenna (12.36) umeer eug (12.42), rae Cin C; —
¢dynxuny nepemedHod x. 3TH GYHKLIHH MOTYT GBITh HalileHB! B PE3yNBTA-
TE€ PEILCHHUA CHCTEMBL;

Gy, +Cyy, =0,
i ol 12.43
{Clyl +Cyy=r. ( )
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12,73, Peiuuts ypaBHeHHE

Prys— (12.44)
: COSX
Pew e ue TOCKONBKY KOPHH XapaKTCPUCTHYECKOTQ YDABHEHWA
A%+ 1 =0 xommekcHsie (A = £ i}, To obluee peleHne OAHOPOIHOTO YPaB-
HEHHA
. y'ty=0
HMEeT BHA
_ y=Csinx+ Cycos x (12.45)
(cm. (12.41) npu a = 0, § = 1). O6uwee pemenne ypaeuenus (12.44) 6yaem
Hckath B Bage (12.45), monarad, yro C| u C; — QYHKUHH nepeMeHHOH Xx.
i dyukuun Cyn C; Haiinem, omupascs ka cucremy (12.43), koropas B
JAHHOM CYYae HMEET BHL:

Cysinx+Cicosx =0,
(12.46)

Cicosx—Cysinx =
cos X

Pemas (12.46), nonysaem C) =1, 5 =—tgx, Torna Ci=x+C5 u
C, = I(—- tg x)dx = Id 8. ln|cosx' +C,.
cosx

Takum obpasom, olmiee pemieHre ypapaesua (12.44) :

y=(x+ C3)sin x + (In |cos x| + Cy¢) cos x,
rae C, C, — npon3BoAbHEE MOCTOAHHLIE. P

Bmopoii cnocob pemenns ypasnenua (12.36) ocHoBaH Ha TOM, 4TO 06-
ufee pewertie HeeOHopodHoz0 dughdepenyuarcno2o ypaenenun (12.36) pas-
HO cyMMe o6wez0 PeweHus COTMBEMCcmayioue20 0OHOPOOHD20 YDAGHEHUR
(12.37) u vacmnozo pewenun ucxodrnozo oonopodnozo ypaenenus (12.36).

ITycTe npaBas yacTs {(HeODHOPOAHOCTS) YpaBHeHHA (12.36) nMeer BuA:

r(x) = €” (P(x) cos bx + Q(x) sin bx), (12.47)

rae a, b — HexoToOpbie AeliCTEHTENBHEBIE UHCcha; Pix), ((x) — MHOFOUNEHbI
oT nepemeruol x. Uepes A, 0003HaYHM (KOMMIEKCHOE) YHCID, ACCOLHHPO-
BAHHOE ¢ HEOAHOPOAHOCTRIO BHAA (12.47): A, =a + ib.

TTycrs & = k(A,) — KPaTHOCTL YKC/IA A, KAK KOPHA XapaKTepUCTHYECKO-
ro MHorounena (12.38) penraemoro ypasaesus (12.36).

Torpa vactHoe pemenne u = u(x) ypasHenns (12.36) MokeT ObiTh
Haiineno B BUIE

u = x'¢” {R(x) cos bx + S(x) sin bx),

roe R(x), $(x) MHOTOWIEHE], CTENEHbL M KOTOPLIX paBHa Haubonemeid m3
CTeneneii muorowneson Px), G(x) (cM. (12.47)).
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Muorounesn R(x), S{x)} HaxonaTcA Memodom neonpedencHubix Xo3P-
duyuenmoé (W3 ycIoBAA, 4TO ¥ — pellieHHe ypaBHenus (12.36)).
Ecnn HeonHopomHocTs #{x) ucxomHoro yparHennsn (12.36) uMeer sna;

Hx) =r(x) + rax) + ... + r;(x),

A #; = 1;(x) — 4acTHOE pellicHHe YPABHCHNA

Y +py' +qy=rx),
roei=1,2,....5, 10

u=thtut.. tw
— gYacTHoe pemieHHe ypapHeHnd (12.36).

12.74. HaiiTn qacTHBIe pellleHHA HEOTHOPOJHEIX YpaBHEHHIi:

a) ¥ +2y -3y = xe*; 6) ¥ +3y' —dy=(x+1)e*.

Pemenne:

a) Tak kak &, =2 {a = 2, b = 0) 1 He ABMACTCA KOPHEM XAPAKTEPUCTH-
YeCKOTO MHOTOYNEHa

A+24-3=0,

To & = 0. Tax xak P(x} = x B, MOXHO [tONarats, (Xx) =1, To m = 1. [loaTo-
MY YacTHOe perueHHe GyaeM HCKATh B BHIE

u=(Ax+ B)e~.
TMoactaenag 3ty HYHKUHIO B HCXOAHOE YPAaBHEHHE, NTOCNE NIPHBEACHNUA
HO,[[OGHHK Cllara€Melx H COKpalllcHHA Ha € IIPHXCOHM K PABEHCTRY

5Ax+ 64+ 5B =x,
KOTOpOE YIO0BNIeTBOPAETCA TOXAECTBEHHO (TIPH BCEX X), ClH

54=1,
64+35B=0.
Otkyna A = 1/5, B =—6/25 1 HCKOMOE YaCTHOE PeLICHHE HMEET BHA!

u=(1/5x — 6/25) ™.

6) Tlpapas vacTh ypaBHeHnz umeer Bun (1247) npu a = 1, b = 0,
P(x) =x+ | u, MoxHO cunrath, G(x) = 1, Mosromy A, =1 um =1, Tak xak
4, = 1 gEngeTcA KOpHEM KpaTHOCTH | XapaKTepHCTHYECKOTO MHOTOWIEHA

A +30-4=0,
TO k = 1 ¥ 4ACTHOE pelleHHE YpaBHeHNA OyAeM MCKaTh B BHAE
u=x{Ax+ B) & ={Ax’ + Bx) €.
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Togcrasmss 3Ty QYHKUKIO B MCXOQHOE YPABHEHHE, NPHXOAHM K pa-
BEHCTBY :

104x+24+58B=x+1,
KOTOPO€E BHIONHACTCA TOXAECTBEHHO, €CITN

104 =1,
2A+5B=1.

Peinag a1y cucreMy, nonydaem 4 = 0,1, B = 0,16, u, cnenosarenbHo,
HCKOMOE Y8CTHOES PEIICHHE HMECT BHJ:
u=(0,1x* +0,16x) &". P

12.75. HatiTh yacTHOE pelicHUE YpaBHEHNA
Y-+ y=(x-1)e, {12.48)

YAOBNETBOPAIOILEEe HAYANBHBIM ycnosHaM y (0) =0, y'(0) = 1.
P e m e 1 n e. Hafinem cHauana obutee pemenne ypastenus (12.48).
XapaKTepHCTHYECKOE ypaBHEHHKE

M- +1=0
OIHOPOIHOTO YPpaBHEHHA
y'—2y'+y=0 (12.49)

HMeeT eHHCTBEHHBIH KopeHb A = 1 (KpaTHOCTH 2), W nOTOMY ODIIee pe-
weHKe ypapHeHus (12.49) umeer puA:

y=Cle™+ Cyxe’.
Mpaeas uacte ypaeuennsn (12.48) wmeer sun (1247), rne a =1, b =0,
P(x) = x -1 n, MOXHO cumtars, {x) = 1, Torma &, = 1, m = 1, Tockonsxy

A= 1 ABNgETCA KOPHEM KPaTHOCTH 2 XapaKTePUCTHYECKOTO YPaBHEHHS, TO
k =2, w vuacTHoe pelteHue ypapHenud (12.48) 6yneM uckatk B BHAS

u=xHAx+ B) & = (4%’ + Bx?) &,
Honcrasnan sty pyuruuo B (12.48) npuxoIHM K paBeHCTBY
6Ax+2B=x-1,

oTkyna A = 1/6, B=-1/2.
Ob6henuHAs NoNny4eHHbe Pe3ylbTaThl, MPHXOOHM K BHIBOAY, MTO O0-
uiee pewienre ypaeHenns (12.48) nmeer sua:

y=Ce* +Coxe* +(x*f6-x*[2)e".
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H3 yenosus y (0) = 0, nonywaem C; =0, a uz y'(0) = 1, C; = 1. Oxkon-
YaTeNBHO, HCKOMOE YaCTHOE peLlIeHHe 3a19eTC hYHKUHER

y=xé + (16 —x*/2) € = (x*/6 - X2 + x) &,
12.76. Pelmts yparHeHHe
Y -2y +5y=e"cosx (12.50)
P e w e B # e. KOpHAMH XapaKTepHCTHYECKOTO YpaBHEHHUS
AT -24+5=0

ABAIAIOTCA KOMNNEKCHBE aucna A = 1 * 2i, noyroMy ofuiee peuieHHe oa-
HOPOJAHOTO YPAaBHEHHA HMECT BUJL:

y= C|exsin2x+ Czex sin 2x (12.51)

(eM. (124D npu =0, = 1).

Hajinem uactHOe pelneHHe HeoMHopomnoro ypasHeHns (12.50), Ipa-
BafA YacTh 3TOro ypapHeHNs nMeeT Bug (12.47), rtaea=1,b=1, P{x)=1,
x) =1, nostomy m =0 A, = 1 + i. Tak xak yMcno A, He fABNAETCA KOp-
HEM XapaKTEPHCTHYECKOr0 MHOroujIeHa, T0 & = 0, M 4acTHOR pelueHHe
(12.50) 6yneM HcKaTh B BHAE

1 = Ae” sinx + Be* cosx.

Ionctasnag 3ty dyukuso B (12.50), momyuaem A =0, B=1/3, u, cne-
IOOBATeNbHO, :

u=1{3¢" cosx.

ITpuuuman so suyManue (12.51), nonyyaeM obuee pemeHne ypaBHé-
Hua (12.50)%

y=C,e* cos2x+C,e” sin2x +1/3e” cosx. P

12.77. Pelunts ypaBHeHRE
P +y=2sin2xcosx.

Pe m e nne Mcnonssya ¢popMynbl TpHroHOMeTpHH, npeobpasyem
TpaBYIO YacTh YPaBHEHHA:

3"+ y=sindx+sinx.

336



XapaKkTepHCTHUECKOE YPABHCHHE HMEET KOPHH A = * i, moaToMy o0~
mee pelleHre OIHOPOAHOIO YPABHEHHA HMEeT BHA:

y=Csinx + Cco8x

{(eMm. (1241 npra=0,B=1).
YacTHoe pelueHHe HEOTHOPOAHOIO YpaBHeH s

y"+ y =sin3x (12.52)
GyZaeM HCKaTh B BHAE
t) = A sin 3x + B cos 3.

[Moactaensa 31y pynxuuo B (12.52), paxogum 4 = -1/8, B = 0, no-
ITOMY

) = —1/8sin 3x.
AHATOrHYHO, A/ 4aCTHOrO pelleHnA
y=x{(Asinx+ Bcosx)

YPaBHEHHA
y'+y=sinx
naxonum: A =0, B=-1/2, 1.e.
u;=—1/2x cos x,
O6bennnan monydeHHBlE pe3y bTaThl, NOTy4YaeM ofllee pemieHHe He-
XOIHOTO YpaBHEHNA:
y=C,sinx+C, cosx—%sin 3x—%xcosx. | 4

PelnTEL YpaBHEHNS:

12.78. 3" -9y =0. 1279, y"-2y'+2y=0.
12,80, y"-2y'+y=2¢". 12.81. y"+ ' — 6y =xe™*.
12.82. y"+ y=cosx. 12.83. y" + ' =sin’ x.
12.84. y" -3y =x+cosx. 12.85. y"+3y'+2y=— .
e’ +

HaliTh peulcHue ypaBHCHHHA, YAOBICTROPAIOLINE YKA3AHHBIM HAYalb-
HbIM YCIOBHSAM:

12.86. 3"+ y' -2y =0, y(0)=0, y(0)=-3.
12.87. y'+ y=4sinx, y(0)=0, y'(0)=-1.
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12.88. y"+2y' +2y=xe™, y(0)=0, y'({®=0.

1289, ) -2y +y="-,  y()=e, y(1)=3e
X

12.7. Henonnzosanue mudppepeHIHATBHBIX
YPaABHeHMii B JKOHOMIUECKOH TUHAMMKE

CnpasodHbiit MaTepHan

PacemoTpuM npumMeps nipuMeHeHns AnhepeHIHATEHBIX YPABRHEHHHA
IS oNHcays (PpOCTeHIIMX) POLECCOB MAKPOIKOHOMHYECKOH JUHAMMKH.

Tlycts y = Y{f) — obbeM Npou3BOACTEA HEKOTOPOTO MPOH3IBOIHTENS, pea-
JNH3OBAHHBIA K MOMEHTY BpeMerH /. [IpeanonoimM, YTO LHeHa Ha JAHHBIH TO-
BAp OCTAETCA MOCTOAHHOM (B NPENCHAX PACCMATPHBAGMOTO APOMEICYTKA BpE-
MeHR), Toraa QyHKwis y = ){f) YIOBACTBOPACT YPABHCHHIO!

Y =k, (12.53)

rae k = mpl, m — HopMa WHBECTHUMH, p — OpoAAXKHAA 1eHa, | — Kk0ad-
(QHUMEHT [POTIOPUHOHATEHOCTH MexAY BeNUUHHON MHBECTHUMEH H CKOpO-
CTEIO BEIMYCKA MPOAYKUMH (CM. YueBHRK).

Ypaeneune (12.53) f815€TCA YPABHCHHEM ¢ PA3ACNIAKLIRMHEC Nepe-
MeHHBIME (cM. § 12.2). Ero pewreine HMEET BHA:

y= e, (12.54)

rae yo =y (o).
Ypaererne (12.53) ONHCHIBACT TAKXKE POCT HAPOAOHACEICHUS, MHHA-
MHKY POCTA LieH NPH NOCTOAHHOH HHOAALMH W T.4.

12.90. BeMCHHTL, NO HCTEYEHHH KAKOMO IPOMEXKYTKA BpeMeHH 00beM pea-
JIH30BAHHON NPOAYKUWH YABOMTCA MO CPABHEHHID ¢ TICPBOHAYANBHBIM, €CIH
3HAYCHHE KOXPPHIMEHT IPONOPIHOHATEHOCTY £ B ypaBHeHHH (12.53) paeHo
0,1. Ha cKOMBEKO MPOLEHTOB CNedyeT YBEMHYHTE HOPMY HHBECTHLHH, YTOOBI
TNPOMEXKYTOK BPEMEHH, HEOOXOIMMOro s y/BoeHHA 0OBEMa PeanH30BalHOM
TIPOAYKLMH, YMeHBIHNcA Ha 20 %.

Pewenue MMonarag 8 (12.54) 4, =0, k = 0,1, y = 2yp, npuxonuM K
PABEHCTRY

zyo =y DeU.”’
otkyaa f = 10 In2 = 6,93 (en. spemenn). [Nonaras Teneps, uro £, = 0,8¢, nomy-
uaem k) = k/0,8 = 1,25k, T.e. HOpMY HHBECTHLMIT CiEAyeT YBEAUYUTE Ha 25 %.

[IpeanonoskeHne 0 HEM3MEHHOCTH UEHBl (0 HEHACHIILAEMOCTH PhIHKA) Ha
MPAKTHKE OKA3LIBAETCH CIIPABC/UMBEIM JTALLL A Y3KHX BpEMEHHBIX HHTEPBANOB.
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B ofmem cayuae neHa p spdercs yormarowedt dywianeti ot obsema y peamiso-
BaHHOH npoaykuuH (p = p(y)). Toraa ypaeaenne (12.53) npuHuMaeT BHA:
y =mip (), (12.55)
OCTABAACh TEM HE MEHEe YPaBHEHHEM C Pa3AeAIOUIHNMUCSE MEePEMEHHEIMH.
YpapHenue BHOa (12.55) omMCHBaeT TakKe POCT HAPOAOHACENCHUA
Npd HAMH4UH (SCTECTBEHHBIX) OrPAHMMEHHI I ITOr0 POCTa, AUHAMUKY
Pa3BUTHA JMHIAEMHH, MPOLIECC PACMIPOCTPAHEHNA PeKIaMBbl U T.J.

12.91, VaMeneHAe YHCICHHOCTH HACEleHHA TOPHOPYAHOTO TOCEIKa ¢
TeyeHHEM BPEMEHH OMHCHIBAETCA YPABHEHMEM:

y =03y (2-107),

rae y =y (f), t — Bpems (net). B RauaNEHELIT MOMEHT BpeMeHH HaceleHHE mo-
cenka cocrasnano 500 yemopexk. KaxnM oHO CTaner yepes Tpy roaa?
P e w e H 1 e. Pazgensas nepeMeHHEIE B YPaBHEHNH, PHXOOUM K pa-
BCHCTRY:
dy

0,3y(2-107"y)
BrIncnHAsA No4ieHHOS HHTETPHPOBAHHE ITOTO PaBSHCTRA, IOTYYaeM .

Inl—2—{=06r+C,
2-10"y

n

HIn

hd 0,6¢
— . 12_56
2-107%y ¢ )

3uayeHHe NOCTOAHHOIM C HAXOAMM U3 HAYANBHBIX YCIOBHIL: Tak Kak {0) =
=500, to C = 256,4. Bupaxan teneps ¢ysrimio y w3 (12.56), momyyaeM
_ 5 12,8¢™%
Y 1-0,02564¢%
Torga y (3) = 512,8¢"% (1 - 0,02564¢"®) = 2685. P
HamomuauM (§ 7.4), 4T0 2MaCTHYHOCTE CHpOca (OTHOCHTEHBHO UEHH)

onpeaenserca gopMyroii E,( y)=£%. B HexoTopHX cly4asx nped-
yap

CTaBJIAeT HHTEpe: QYHKIHUA copoca NPy AaHHOM 3NACTHYHOCTH.

12.92. Haiitu $yHxuuio cipoca, ecnn E, =-2 = const u y (3} = 1/6.
P e w e H u e. U3 onpeaenenns 31acTHYHOCTH CIEAYET, 9TO



T.€. HCKOMan QYHKIMR 33[3€TCH YPABHEHWEM C Pa3JeNAIOIMMHCA Tepe-
MEHHBIMH. Pemnas 210 ypapHeHHAE, I0TyYaeM
pi=0Cy.

YuuthiBan Hat[anmoe ycnoeue 1(3) = 1/6, HMEEM C = 2/3. Okonua-
TensHo y = 1,5p72.

B npocrefinmx CHTyalMsx COpOc Ha TOBAp (NMpemJiokKeHHE TOBapa)
TNpEANONAraeTcs 3aBHCALIMM JIHIIE OT ero UeHsl. B Gonmee cnoxHeIx cayua-
AX B pacueT NPHHUMAETCA TAKKE 3aBHCHMOCTE CNpoca (NpedioXeHHs) OT
CKOPOCTH H3MEHEHHA UEHE,

12,93, GyHKumn cipoca # (COOTBETCTBEHHO) NPEINOXeHHS HMEIOT BRI
dp
=25-2p+3°%£,
y P r

d
x=15-p+4%.
dt
HaiiTi 33BHCHMOCTL PABHOBECHOH LIEHHL OT BPEMEHH, €CIH B Hauallb-
HBIA MOMEHT p =9,

P e w e # u e. U3 ycnoBrA paseHCTBA cnpoca H npennoalceﬂua HMEeM:
dp dp
25-2p+3L =15 +4—=,
P dt P
OTKyZa
dp
——=10-p,
d D
T.e, MOJYYaeM YPAaBHEHHE ¢ pasenaioUMIcA nepeMeHHEIME (cM. § 12.2).
Pemas 310 ypaBHeHHe, TPAXOIHM K HYHKUHA

=10-Ce".
H3 ycnosns p (0) = 9 cnenyer, uro £ = |, Tak 4T0 OKOHYATENRLHO
p=10-¢".
3aMeTHM, YTO, MOCKOIBKY l1_1_)12 p= 'lﬂ(l 0-e )= 10 = const, uena obH-

NafaeT yCTOHUMBOCTEIO. P

12.94. B ycnoBHAX HEHACHIHIZEMOCTH PEIMKA HAMTH 00beM MPONIBOA-
CTRA 1O HCTEUSHUM 6 MECALIEB, €ClIH B HAYANBHBIH MOMEHT BpeMeHH o0seM
npoH3eoacTea yg = y (0) = 24 (yen. ea.), npu Hopme uHBecTHUM# 0,6, mpo-
naxcHoll uede pasuoit 0,15 (yen. en)n /=04

12.95. l'[pennonaras MTO NEH3 Ha TOBap 33/1a€TCA ynxnet
pO=(5+3¢?) y m=0,6,1=04, y(0) = 1, naiiTa 3aBUCAMOCTL ¥ = W(Y)
o0BeMa peasN30BaHHOH NPOAYKIWH OT BPEMEHH,
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12.96. HzpecTHO, 9T0 pOCT ¥ACTa y = W{) XuTenei HEXQTOpOro paiiosa
OIHCHIBAETCA YPABHEHHEM:

D02 _y),
da m
CAE m ~~ MAKCHMANBHO BO3MOXKHOE YHCIIO FKUTENEH JUIA JIAHHOTO paioHa,
B HauanbHEIH MOMEHT BpEMEHH YMCMO XKuTenel coctasmano 1% or mak-
chMankHoro. Hepes kakoil npoMexyToK BpeMEHH 4ucno kutenet cocra-
put 80 % oT MaxcHMansHOTO?
12.97. B nocenxe ¢ HacenenueM 3000 uenopexr pacnpocTpaHeHHe 3MHIe-
MVE TpHONa (0e3 NPHMEHEHHA YKCTPEHHBIX CAHWTAPHO-MPOGMHIAKTHHCCKHX
MeEp) ONUCHIBASTCA YPaBHEHHEM:

% =0,0011(3000 - ),

rie y — 4Hcio 3a00NeBlIIMX B MOMEHT BPEMEHH [ { — YHCIO Heldenb.
Cronbko GOnEHEIX OyaeT B nocesike Yepes Ape HEAEM, ecliH B HaualbHbIH
MOMEHT OBUIC TPOoe OONMBHBIX?

12.98. Haiitu dyrxumio cnpoca y = y(p), eciu 31acTHYHOCTE E, N0-
CTOfIHHA H 3alaHa EHA p IIPH HEKOTOPOM 3HAYEHHH COpoca ).

a)E,=-1/2, p=5mpuy=2;

6) E,=-3, p=2npay=27.

12.99. Haiitet dyHKUMIO CIIPOCA, ©CITH W3BECTHO 3HAYCHHE LEHb! p NIPH
HEKOTOPOM CIIPOCe ¥ H 3NACTHYHOCTE HMEET CENYIOIUH BHA:

a) Ep=y—100

y 0<y<100,p=90 npuy=10;

6)E-"=L20’ 0<p=<20, p=18 mpuy=1.

12.100. ®yHKUHH cOpoca W OpeANOXEHHS HA HEKOTOPLI TOBap
HMEIOT BHI:

dp
=50-2p-4L,
Y p dt

x=?0+2p—-5£‘?-.
dt

a) HaiiTi 3aBHCHMOCTE PaBHOBECHOH LIEHB OT BpeMeHH, ecan p(0) = 10.
6) Slensercd T paBHOBECHAdA LieHa yCTOHIMBOH?
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12.101. OyrKimm cnpoca W NPeIUIoKeHNA Ha HEKOTOPLET TOBAp HMEKOT BUL;
ap
=30-p-4—,
Y p p
dp
x=20+p+—,
P
a) HaiiTi 3aBHCHMOCTE PABHOBECHOH LEHBI OT BPSMEHA,
6) Senserca nu paBHOBECHAA LieHA ycToH4HBOH?

danaun 1A NORTOPEHNA

PemnTe ypaBHeHHA;
_ 3
12.102, y"=x(1—2y)2. 12.103. x2y' + 2xp —1=0.
(1+x7)y

12.104. (xp + y*)dx — (2x% + x)dy =0.
12.105. y' ——L_ =& (x +1).
x+1

12.106. y" -2y -3y =e*. 12.107. xv' +2y =2xp"

12.108. x5y’ — y =(x+ 2L 12109, y* -2y +2y = xcosx.

12,110, & (1+x?)dy —2x{1 + " Ydx = 0. 12.111. xp' -2y = 2x*,

12112, 3" -2y +y=5".  12.113. (p + " )dx —xdy =0.
X

HaiiTH pemieHHA ypaBHeHuUi, YIORTETBOPAIOUIHX YKAAHHLIM HAYANE-

HBIM YCJIOBHAM:

12114, x°y +xp+1=0, y(1)=0.
12.115. y" - y=2¢" —x%, y(0)=0, y'(0)=0.
12.116. 3x’ydx=(3x> + y* )y, () =1.

12.117. y?dx - Q2xp +3)dy =0, x(1)=0.
12.118. y"-2y"+y=0, ¥(2)=1, y'(2Q}=~2.
12.119. Haiitu KpyBBle, ¥ KOTOPLIX TOYKAa NepecedeHHa Moboi Kaca-

TeasHO#M ¢ ochlo abclLHce HMeeT aﬁcuuccy, BABOE MEHLLIYHO abcumccH
TOYKH KacaHHA4.

12.120. HaiiTit 3aBICHMOCTE ¥ = ()} obbeMa pealu3oBaHHON NpOIyK-

UMK OT BpEMEHH, MpEANoNaras, YTO UEHa p Ha TOBap 3a1aeTcs PyHKuneii
PO ={7+ 2.y ', nopma napecTuunn m = 0,8, KoappuunenT nponop-
UHOHANBHOCTH p = 0,5, 3Hauenue Q) =1,
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RouTpomnHblie 3ananma no raase 12
«[Indrpepennpaibibie ypasHeHNA>

Ne Bapuanm 12.1 | Bapuanm 12.2 Bapuanum 12.3
Peinuts auddeperiHanbHble YpaBHEHNS:
1 [y /=1 o (dy —dx) = X’y =2y =3y
=(x+y) ydx
20 = 2 A 2
2 Yy =yixty) (1-x)dy+xpde=0 [* vy
3 Yy +i=y x+ 2Py =y Ky =)
4 ey =2 xHyfy =1 -y =5+
4 _ 2 = ) r_ y - xy' = 2
5 P x-y)r=1 y'(€+1)+y' =0 <+
Haiitn pemenus auddepeHuUHaIBHBIX YpaBHEeHHil,
YROBJIETBODAICIUAE YKA3aHHBIM YCIOBHAM:
6 y'»\fx-=1’y—x+J;, y"+4y=5€x, 2(x—y‘)cﬁz=ydx,
y (0)=1 y (0)=0,y'(0)=3 y (1) =1
7 P-w=r-, ol R N A
y©=0,y@©=94  pH=0 =0
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Tecer 12
1. YcTaHOBHTL COOTBRTCTBHE MEXJY MPUBEAECHHBIMH AudbdepeHLn-
ANbHLIMY YPABHEHHUAMH NEPBOTO MOPA/IKA H HX THHAMH:
1) y=x{()' - i/e_” ) a) ¢ pa3sgenAICIIHMHCH [IEPEMEHHBIMH;
2) xz(yy' +2)=x-1; 6) nuHeiiHoe;
3) 5 (2x + ) dx = dy. ) 0OZHOPOIHOE.
2. BGIACHUTD, MPH KAKUX UETBIX 3HAMSHHAX NapaMeTpoB @ H b GyHK-

2.4 -
s y=e™ ¥ Y gppsierca pemeHneM ypasHeHuS

dy - ('y + 2xy) dx = 0.

3. HaiiTh uHTErpanLuylo KpPHBYIO ypaBHeHHS dy = x&'dx, npoxons-
wyio yepes Touky (2; 0).
Omeem: 2¢e® +bx* +d=0,raea=...,b=...,d=....

4. Tlycts ¥ = J{x) — pelleHsne YPaBHEH A € =y’ = &, YHACBIETBOPRIOILEE
HauaibHOMY yenoerio W—1,5) = 0,5, Ha#tti (¢ TOMHOCTRIO IO HEJIBIX)
w0
5. lyeTs y = ¥(x) — NHTerpajabHas KpHEasd YpaBHEHHA

dx—(3x+ 1) Y'dy=0,

npoxondaias yepes Touky (1; Yind ). Hajimn w0}
6. [lycth x = x(y) peLieHne ypasHeHHA
2+ 3y =1,
YAOBNETBOpPAIOLICE HadanbHOMy Ycaosuio x (0) = 0. Haittu x (2).

7. Haiiti ypasHenue kacatennHo#t 8 Touke (1; 2) Kk MHTerpaisHoi
KpHBOH ypaBHEHUA

2y +xy+ 227 =0.
Omeenm:y=ax+b,taea=...,b=...
8. Mycte y = y (x) — peleHne ypasHeHua ¥ + xy = x, yIOBIETBO-
paoinee yenosuio w0) = 2. Haittn y(ﬁ ) (c Tounoctsio mo G,1).

9. HaiiTu peieHne ypaBHeHns y' = _x+_y’ YAOBNETEOPSAIOILEE YC-
X

nosuo y (1} = 0. B oTReTe path 3HA4EHHE ¥ (2).

10. HaiiTi peesne ypassenus y'' + 6y' + Sy = 25x° - 2, YAOBJIETBO-
paioLlee HauansHEIM yenosuaM y(0) = 12, y'(0) = —12. B orsere nare
3HauyeHne ¥(3).




Paznex V

Paani

I'napa l 3

YucaoBobie pagb

13.1. OcHoBHBIE CBEAeHNA 0 pAAaX

CnpaBounbtii MaTepuan

1. Yucnoeem padom HaszbiBaetTcA GeckOHeYHan NOCASHOBATENBHOCTH

€«
YHCEN, COCIWHEHHBIX 3HAKOM CHOWEHHE: ¥, +y +..+u, +..= ) U, .

=1
Yncna U, H#5,... HAIBIBAKOTCA WieHamu pala, 4NeH 4, — oﬁu;wu HIIH f=
HAEHOM pAda, CYMMa # RCPBLIX YICHOB pAda

S, =t tuyotu, = 3 (13.1)
k=l

HA3BIBACTCA M-I YGCMUNHON CyMMOt pROA.

2. PAn Ha3weiBaeTCA cXOORMHMCA, €CITH CYUISCTBYEST KOHEYHBIA MPEACH
NOCNeNOBATENLHOCTH M0 YACTHYHEIX CYMM, T.€.

S=lim§S,. (13.2)
H—yoC )

Uncno § HassiBaeTcH cyMmmol pada. ECIH KOHeYHOTO npeaena nocie-
JIOBATENBHOCTH YACTHYHBIX CYMM HE CYILECTBYET, TO PAA Ha3bIBaeTCo pac-
XOORUWUMER.

3. OrbpacbiBaHie HWIH TIPHIIHCHIBAHWE K PANY KOHEYHOTO WHC/Aa ie-
HOB He BJIHAET Ha CXOOMMOCTD HITH PACXOAMMOCTD PAza.
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oo
4.EclM pan Y u, CXOIMTCA, TO Npejies €10 06Iero wieHa pH 7 — ©

=1

papex Hymo: lim u, =0 (neobxodumoe ycrosue CXOINMOCTH pAaa).
n—px

5. Ilpy HapymieHHH HEOOXOAHMOTO YCIIOBHA CXONMMOCTH pAAa,
T.e. Cc/IH npezen obLIero ujaeHa pAma MpH # —> < HE CYLUeCTBYET HITH ec-
I OH HE paBeH HYIIO, PA PACXOIUTCA. 3aMeTHM, 4T0 ey mpenen obme-
ro uleHa pAaa paBeH HYJIO, TO BHIBOJ 0 CXOAHMOCTH MM PacXoauMOCTH
PAla MOXHO CAENATH TONBKO MOCTE AONIONHHTENBHOTO HCCIEAOBAHNA.

JUIsA pAIOB ¢ uNeHAMM pa3HBIX 3HAKOB YAOOHEE MONb30BATECA IKBHBA-
JIeHTHEIMA (OPMYNUPOBKAMH: €CITH TIpeAes MomynA oflliero ymeHa paga
He PaBeH HYIIo, T.¢. CNN lim |#,[# 0, 10 pan pacxonu’rca. a eCcNii npepen

R—3a0

MOHyn#A 00LIeTo YieHa pAna PaBeH HYMO, T.€. eCli| llm |u,l=0, TO BRIBOA

n—yoc
0 CXOOHUMOCTH HIH pacXoaHMOCTH pAia MOXHO CAENaTh TONBKO MOCHE 40~
NOIHATENIBHOTO HCCNCTOBAHAA.

5 .
13.1. BuiscHHTD, ABAACTCA AH —_—— X0 HMCH.
paA E(Sn 2)(5n+3) At

B cnyuae monoXMTENbHOrO OTEETA HAallTH CYMMY pfga.
PewenHe O Toro urobp OTBETHTH HA BOIPOC O CXOANMOCTH
paAa, HAZ0 HaiiTh npenen MOCIeNOBATENLHOCTH YACTHYHBIX CyMM S, , ec-

K oH cyulectyet (0. 2). [IpeacrasuM n-H uned paia B BHAS PasHOCTH
Apobeit co sHamenaTensMH (5n—2) u (Sn+3):

" 5 _m+3-Gn-2) 1 1
? (Sn 2X5n+3) (Sn-2)5n+3) Sn-2 5n+3
Hafigem uacTHuHylo cyMMy no dopmyane (13.1):

! 1 11y (11
S, = =) = = - |+ = ..t
E”* kzl{Sk 7 5k+3) [3 8] (8 13}
{ 1 i ] ( 1 i J 11
+ - + - =—- .
Sn-7 5n-2 5n-2 5n+3) 3 5n+3

Haiizem npegen:

lim S, _11m[l——1—)—l—o=l.
o = 3 Swe3) 3 3

Mpenen nocneNoBaTeIEHOCTH YaCTHYHRIX CYMM pffia KOHeUeH, OH pa-
ped 1/3. 310 3HauuT, UTO HCCnexyeMElii pan cxomgnTeA (1. 2), H ero cyMMa
S paena 1/3. »
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13.2. s paxHeix panoe Ha#tth lim », (lim |u,,|). B Tex cayvasx, roe
H—po0 A=

3TOr0 OOCTATOMHO MIA YCTAHOBICHMH CXOLHMOCTH MM PACXOAMMOCTH
pAna, cnenan. BBIBOJ/ O TIOBEJICHHH pAAa:
& _(=)'r
a) Z
n + E 27 +4n+1
Pemeunmue:

a) Obunuii uneH pAga HMeeT BHI ¥, = . Halizem ero npeaen:

n’+2

1
lim u, = lim — =0,
n—p0 = B+
KaK NMpPeaei OTHOIICHHA OrpaHHYeHHOH QYHKUHH H OecKoHevHO GONBIIOH
pennynHH. [lockonsky npeden obllero uneHa pana paseH HyNiO, BRHIEOA O

CXOZIMMOCTH HIM PACXOIHMOCTH PAAA MOXHO CAENATE TOJNBKC NOCHE J10-
NOMHHTENBHOTO Hecnenopanna (. 5).

. ~"n’
6) Obummii uneH paga MMeeT BHA U, =—(3—)—, PAN HMEET H Mo-
2n” +4n+1
NOKUTENbHBE, H OTPHLATEIBHBIE YIEHE], IO3TOMY HAXOOHM TIpeAes MONy-

nq obIero ynena:

fim [« |='lim| C)n |—~ i — =
oo " asz|2n’ +4n+1| mo2n +4n+1

3
n

= lim =
nse n>(2+dnin’ +1/n%)
i 1 11
e 2+4/m + 1m0 24040 2
[Mockoneky npenen MoAyna obillero 4ieHa He paBeH Hymo Heobxo-

AHMOE YCTIOBHE CXONMMOCTH PAZA HE BHNOMNHAETCH, H NCCAeHyeMblil pajl
pacxoaures (. 5). P

13.3. HccnenoBars CXOAMMOCTS PAA 3 ln[ 3;! + ?J .
=1 H =

Pemenue OOwnit wien pana HMeeT BHI ¥, =ln[§n+ﬂ. Haii-
HH

A€M Opeaen #-ro 4ieHa:
lim 4, = lim 1n[3"+'2)= lim ln[l+ - 3

D -y in-1 n—w n-—1

J= n(1+¢)=In1=0.
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3TO 3HAYHT, YTO AJIA OTBETA Ha BOHPOC O CXOMUMOCTH Paia TpeSyerca
JOMIONHUTENBHOE MCCHenoBanne, Bocnone3yeMca onpeleneHHeM CXOOK-
MocCTH pana. Haiigem seipaskeHne ANA 4acTHIRBIX CyMM paaa (13.1):

«Zm—Zl (3k+2] ( )+In[§)+...+1n[3n_l)+]n[3"+2]=
= 3k -1 2 5 3n—4 3n-1
5811 3n—1 3n+2 3n+2

=In . . =In A

258 " 3n-4 3n-1 2

3meck MBI BOCTIONB30OBATNUCH TEM, YTO CYMMa JIOTapH(GMOB paBHa Jiora-
3n+2
[ =c0, uGO mOpH

pudmy npomsseaenmna. Jlanee, 11mS = lim In

A=y

1 —> o0 BHIPAKEHHE B CKOOKAX H TOrapH(IM OT HEro crpemMaTes K HeckoHeu-
HocTH, TakuM oOpazomM, npezen NocnesoBaTebHOCTH YaCTHYHbIX CYMM pi-
Aa SeckoHedeH, ¥ O3TOMY (I1. 2) HCCaeayeMblil pAa pacXoanTca. P

Haitti wacTHuHYyIO cCyMMy paga S, . B cimyuae cxonuMocTn paia Haiiti
€ro CYMMY:

3 3 3 3 & 1
134, —+—+—4+—+.... 135, ) —M8M—.
2 4 8 16 E(n+2)(n+3)

13.6. bn+l 13.7. er{sn 3)

G- 3n+2) 5n+2

H—puo H—

Jinga naHHBIX paaoE HAHTH lim #, [limlu” |J. B Tex caywasx, rae

ITOr0 AOCTATOYHC AJNA YCTAHOBJICHHA CXOMUMOCTH HIH PacxoaHMOCTH
pHaa, CACNATh BEIBOI O MOBSACHHH DARAC

2 3n-2 (-1)"(n+2)
13.8. . 139, ) ~—p———.
E4n+7 ,,z_;' 3n' +11
® pydn? (2n+l1
13.10, 3 VA 41 13.11. Z[ 2 } .
=l Sn _3 n=1 2"“’3
nn & 3n
13.12. ) sin 13.13. > nln
E n o+l E 3n-1
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13.2. IlpuzHakn ¢XoAUMOCTH PHAIOB
€ MOJOKUTEIBHBIMHA LWICHAMH

Cnpasodnblii MaTepHan

X L
1. Mpuznax cpasrenun. Ilyctb Zu,, H Zv,, — AEBa paga ¢ NoJoXH-
=1 nal

TECIEHBIMH YJICHAMH, H YI€HB! NEPROTO pAdA HE MPEBOCXOJAT YICHOB BTO-

poro, 1.€. #, <v, npx nwobou n. Torza: a) €cliH CXORHTCH pAd Zv TO

n=l

CXOIWTCA H Pl Z u,;

n=1

o oD
£) €CI PACXOIMTCH PAA ), , TO PACXOAMTCA M PAd ).V, .

n=i =1

o o
2. Hpedenvrviii npusHax cpaexenus. Ecma Y u, W Y v, — paasi ¢
n=1 n=l
HONOXKATENBHHMH WIEHAMH H CYIISCTBYET KOHEYHBIH NPeeN OTHOLICHHS
HX O0LIMX 4JIeHOB

lim 2=k 20, (13.3)

n—e V¥,
TO PAARI mbo OOHOBPEMCHHO CXOAATCA, aubo OOHOBPEMCHHO DACXOOATCH,

3. Psa, ¢ KOTOpHIM CPaBHHBAETCA HCCHemyeMsli pan, OyaeM Ha3bIBaTh
amanouxvim. Hanbonee 4acTe B KAYECTBE ITANOHHOTO KHCHONLIYIOT AHOO

TapMOHHYECKHHA pAn Z— (oH pacxozuTcs), nHO0 0600LIEeHHEIH TADMOHH-

n=]

@ 1 ) -
YeCKHl pag Z—-;- (npy o.>1 oH cxomuTca, a npu <1 — pacxoaMT-
n=l 1

cq), 1ubo reomeTpuucckuii pan Zaq (l'lp}i |gl<1 oH cxoautes, npH
=1
|g |21 — pacxomnrea). "

4. Mpusnax Janambepa. TlycTe s pana ) u, © NONOKUTEIBHBIMH
n=]

YyneHaMH CYIMECTBYET Ipeaen OTHOWeHus (#+1)-ro uleHa K n-My:

lim L =1, (13.4)

o N,
Torza nipu I <1 pan cxoaurea, npu />1 u npu ! =0 paa pacXonur-
cA. lIpu /=1 ana orBera Ha BONPOC O CXOAMMOCTH pajia TpedyeTca no-
MOJMIHKTENLHOE HCCTIEAOBAHHE. '
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3. Humezpanensiii npusnax cxooumocmy, TIyCTb  AaH NIONOXHTENBHBIN Pl
Z-u,, n mycrs QymkmA f(x} Takas, wro f()=u,, f(2=u,,...,
=l
f(n)=u,, ..., HenpepbLIBHA H He BO3pacTaeT NpH x = 1. Toraa ana cxomu-

L]
MOCTH pia 3 u, HEOOXOAUMO H AOCTATOHO, YTOGHI CXOAMICA HECOBCT-
) B
[ =)

BEHHBIH HHTErpan j f(x)dx npn HexotopoMm a=1.
be

13.14. C noMolublc MPH3HAKOR CPABHEHHA MCCHEMyiTe SaHHHE Pk

Ha CXOOHMOCTD:
= 2n+ Jn +3

°° 1
) ; 6) X
4 EZH ~n~25 En +Jn +10 -I\!nsln(n+2)
)ZJ_ln( ) Zln[ +_] ) Zsm

n=l1 n=1

PemeHnne:

@) Heckonpko WICHOB JAHHOTO PANA HE ABIBIIOTCH MOJIOMHTENBHBIMH. Ec-
M CTOPOCHTS KOHEYHOE YHCNIO YIEHOB 3TOrO Psifa, OH CTAHET 3HAKOIIONOKH-
TeNbHBIM. OTOpackBAHHE KOHEUHOTO YHCIA 'WICHOB PANA HE BJIHACT HA CXO-
IHMOCTE HWIH pacxoauMocTs paaa (§ 13.1, o. 3), nosroMy K ITOMY Py MoX-
HO MPHMEHHTEL TPEAENEHEIH NMpH3HaK cpaBHenud. Eciu obuwii uien papa
TpeAcTaeisier cobol OTHOIIEHHe ABYX MHOTOYWIEHOB, TO NpH nofbope ara-
JIOHHOro O0GODILEHHOTO rapMOHHYECKOTO PAAa 3HAYeHHe O BHIOHpaloT pae-
HBIM PazHOCTH HaHOOMBLIHX MoKa3aTeNel creneHeil 3HAMEHATENA H MUCITHTe-
1, Haubomnmiuii nokasatens CTENEHN 3HAMEHATENA paBeH 3, uucaurens — 1,
nosteMy .=3-1=2, H B K4YECTBS HTANOHHOIO PAfla BO3LMEM 0GoOILEH-

HBIH TAPMOKHUECKH DAL C WIEHAMH v, = l/ nt.

o dopmyne (13.3):

dn-1 1Y .. 4n’—n”
k = lim %2 = lim —— i [=lim———=
a0y, >\ 20> —pn—25 n T w2’ —n-25

2
Ala- 2l

. ’ . » 4-0
= lim —————i—c = lim = =2.

nom 4 n 25 n—)wz_ 1 __25 2-0-0

G 7w
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IMockoneky mpeaen kX KOHeUEH H OTIMYEH OT HyJ4, yelaoBre (13.3) Bri-
noyiHeHo. Ha ocHOBaHWM NpejensHOre NMpé3Haka CPaBHEHHS 3AKMIOYAeM,

Lk ]
YTO HCCNeayeMBIR paa Zu,, H 2TaNlOHHBIH pan Zvn BeayT cebsa ogHHa-
n=1 =l
KOBO. JTAJIOHHBIA pAg cxoAnuTea (0000LIEHHBI TrapMOHWYeCKHA pan,
a =2, n. 3), 003ToMy UcclieAyeMBlH pAl TOXe CXOOHTCA.
3amMevanue |. Bouucnenue npenena X HeOOXOANMO AndA mpo-
BEPKH TIPABWIRHOCTH noabopa 3TaAoHHOTO pAda. Ecnu nonyuum, 4to
k=0 nmu k = oo, To ANA NPAMEHEHNA IPeAeNbHOTO MPH3HAKA CPABHEHHA
CICRYET R3ATH APYTOH STANOHHBIA pAJ.
&) IlpuMeHnM npenensHeiit MpU3HaK cpasHelud, [loaGepem noaxons-
WHA 3TanoHHL pan. PaccMOTpUM moBefieHHEe YHCTUTENA 1 3HaAMeHaTens

obiero unewa psana npu Gomewax m 2n+yn’ +3=2n+(n +3)? =

=2n+n %, '+ +10=n* +(° +10)% = n* + " Mockonsxy npu

42

4
GOJII:II.IPIX 1n BCIIHYHHA R MHOTIC ﬁom:me, yeM #, a BeJIMUHHA 7 MHOTO

Gonbllle, yeM n*, To MHCAMTEMO YCIOBHO NPUITHLIEM NOKA3aTENb CTEMe-
Hr 7/2, a 3nameHatemo — 4. BossMem a=4-7/2=1/2, u B kayectpe
3TANOHHOTO PANAa PaCCMOTPUM OGOBILEHHBIA rapMOHUMECKH pAA ¢ ule-
HaMH v, =1/.i>:”2 - Haiigem

3

dnean’ +3 1 L 2n2 +4nt+3m

k—llmu——h : = lim

oy, moe 3 410 A a5 n*+in® +10
2_4 _3_4. ]+,._3,'.._
n*(2n?  +41+30"%) n? n 0+41+0

=lim =lim =
n—x 4(1+Jn5 12+10}fn!—) n—yn 1+4L+ 1+J_
n? nl2

MNpeaen k xodeueH u oTaAHYeH OT HyAas, yeaosue (13.3) npenensroro
NpH3HAKa CPaBHEHUA BHNONHEHO (M. 2). DTaNOHHEIA pPAJ PACXOAMTCA
(o606wennsii rapmMoHnYeckuii pan, a = 1/2, . 3), no3toMy uccneayembli
pAa TOXKe pacXoAnTCs. :

8) TIonBITKH NPUMEHHTh OpeAeNbHBIH NPHIHAK CPABHEHHWA € 3TANOH-

HEIM PAAOM BHAA Zl/ n® He MPUBOANAT K YCTEXY: MPH pasHBIX o Mpeaen X

n=|
PaBeH HIH HYIIKY, HNH OECKOHEYHOCTH. HpHMeHHM nepsmﬁ MIpH3HaK CpaB-
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nenn (. 1). [loaGepem stanouHslii pan. [pn yeenuyenny # GyHKUMA 7>
pacteTr ropa3io OwicTpee, e dyHKiMA In(#+2), NOITOMY BO3LMEM

v, = 1/1.(11_3 . Mpu n2]1 pBEOONHAETCS  UEMOYKA  HEPABEHCTH:
In(r+2)21, 2 In(n+2)2 7, Jr* I +2) 2, 1 In(n+2) < V?

oG
o f
T.e. #, SV, . JTANOHHBIA pAR Zl/ n*’ ganseTca oBOBMIEHHbLIM rAPMOHN-

n=l
9eCKHM pPANOM, ¥ kotoporo o =3/2>1, nosromy oH cxogurea (n. 3).
UneHnl HCCAENyEeMOTO PAfa He NPEBOCXOAAT YWICHOB CXOAALICTOCH PRIa,
3HaYHT, NcclenyeMulii paa cxoauted (. 1).

2) Kak u B IIYHKTE 6), [TONMBITKH NMPHMEHHTH Hpeﬂenbﬂb]ﬁ IMpH3HaK
[+ =}

CpaBHEHHA C 3TANOHHHM PAROM BHIA Z” n“ HE MPpHBOAAT K YCNEXY. MPH
n=1

PasHBIX ¢ mpeden k paBeH WM Hyio, HaH OeckoHeyHocTH. TlpuMeHHM
mpu3HakK cpashenud (1. 1). [ogGepem sranounsiil pan. [lpu yeennueHum »

npH Beex o >0 ¢yHkuus #” pacter ropasgo Geictpee, YeM QYHKLHA
In{n+2}. Bozsmem v, = lf(%\/; y=1/n**. [pn mocratouno GombwHx #

BEITIONIHAETCA HepareHCTBO In(n+ 2) < 1/;, OTKy A2 4nn {(n+2)< \/;V;,

l/(ﬂ;ln(n+2)) > 1/n3"4, T.e. 4, >V, . JTaJOHHBLIH pAA il/n:W fIBNISET-

n=|
ca OGOGIHBHHHM TapMOHN4YECKHM pANOM, O = 3/ 4<1 , NO3TOMY OH pacxo-

autea (m. 3). UneHs Hecneqyemoro psaga Oonblle WieHOB pacxodAerocs
pRIa, 3HAYMT, HecefyeMulit pan pacxonures (. 1).
3amevanne 2. B npumepe 2) npu noabope ITanoHHoro paaa

Henb3d npocto orOpocuts In(# + 2). Ecau B3dats: v, = l/%/; , TO, KAK H B

x
npHMeEpe ¢), MOXHO MOKa3aTe, 9T0 %, <V, . OaHaKo paa 21/ in pacxo-

n=|
antes {o.=1/4 <1), | WIEHB HecneayeMore paja He Gosblle WIEHOB pac-
XOMAUIETOCH PAA3, 8 B 3TOM Cly4ae NpeJenbHBIH MpH3IHAK CPAaBHEHHA He
@
JiaeT OTBETA Ha BOTIPOC O CXONHMOCTH HIIH PacXOOHMOCTH pAia Z U, .

n=|

9) [pamMennm npeneneHElil npu3Hak cxoguMocTi. TIpn #n — o« Hecxo-
HEYHO Majas BenuuuHa In(l+ 3/ n?) IKBHBaNeHTHA 3/ n® (cM. Hagano
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rn.6, 0. 11), ¥ B KayecTBe 3TANOHHOTO PAJA BO3LMEM Pl C WICHAMH
v, = 1/ n’* . TTo dopmyne (13.3) Haiinem

hi+>) =
k=lim—=lm——2—=lim2Z-=3%0.

Aoy, H—D L "y L

n2 nz

JTaNoHHLIH PR CXONUTCH, ¥ ¢ HUM BMECTE CXOAWTCA HCCHACAYEMBIH pAll.
€) PenleHne aHATOTHYHO 1. 3). [Ip n — oo BeckOHEYHO Manas BeIM-
ynHa sin(n/(2" +1)) skeuBanenTHa TA2" +1), H B KauecTRE STANOHHOTO

pAda BOZLMEM PAd € YIEHAMH Vv, =1/ 2" — (cM. Hayano ra. 6, . 11). [o

dopmyne (13.3) Hafigem k=m0 . DTLIOHHLIT PAJl CXOAUTCH, U ¢ HHM
BMECTE CXOANTCH HCCNIEAYSMBli pAsL.

3amMedanue 3. B npumMepax a) — &) npusHax JanaMGepa He ga-
€T OTBETA HA BONPOC O CXOIHMOCTH PANOB — BO BCEX ITHX CIYHAAX

[=lim &l - B npumepe ¢) ! =1/2, npuMeHeHre npusHaka JanamGepa

BO3IMOXHO. P

13.15. HecnemoraTs CXOAMMOCTE PAAOE ¢ NOMOLIBIC MpH3Haka Janam-
Bepa: '

a)z 0 S0 S0 3T
a3 ,,_.100" e
PemeHue:
@) Ona Toro 4robl BRIYHCAUTL lim Unti _ g , ipeobpazyeM u,,, fu, :
H—rx u”
o () w, (D) at (n+1)P3" 420+l
“n‘3_n’ Upe = 3+ A T A gm gz g3 -
Hanee,
2 2 2
/= lim Uiy _ fim n +2;1+l = 1im n (1+2,-’r.;+1fn ) _ 1+0+0 =l.
n-se y n—soo 3n =ty In 3 3

Mockonsky [ =1/3<1, T0 no npunaky danambepa (n. 4) uccnenye-

MBI PRI CXOJATCA,
n! {n+1}!
6) Humeem u, =W y Hpy =W

HHIO akToprana m=1.2-3....-(n-1)-n. Haiinem / no popmyne (13.4):
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. (D)t nt . 120 on-(n4+1)-100"7 | n+1d
{=lim T = lim = lim =
100" 100" ) #oe  100™'-1-2-...m  #o=100
Hockonexy /=cc, To no npusnaky Manambepa (n. 4) uccnenyemeii
PAi paCXOHOHTCA.

=y

! !
&) Mmeem unzi,u"“:Ll)'].BuquanM
nﬂ (n+1)ﬂ'+
Uy (D)t 1.2 .n(n+l)-n" A" _( n ]"
u, (+)™ W @+ 1.2-on @+ \n+l)”

Mo dopmyne (13.4)

”

n L] _ —{n+l)__{,,+|}
1=1im[i) =[1°°]=1im(1—L] = lim [1+—1) e,
nso\ g+ 1 el o+l n—san n+l

ITpH BEIMHCIEHMH MpeAEna MBI BOCNONL30BATHCEH BTOPBIM 3aMeyaTeNk-
HbIM nipenenom (6.2). HMockonsky 7 =1/e <1, To no npusnaky JanambGepa
(n. 4} neenenyeMeldl pAa CXOOUTCA.

5n+2n 5n+1 +2n+|
2) Io ycnosuto u,, = Upa =W. Hcnone3ys onpene-
n! !
T _ 5n+l +2n+l

. Haiigem [ no

nenue axropHana, NOAYUUM YTO

u, (n+1)-(5" +2")
dopmyne (13.4): '

5"[5+2. (EJ
5n+l +2n+l . 5

- RCIT DR ,,
b s {1+(2)

H=h0

Tak KaKk 5’ cokpaiaercs, lim{%] =0, a peIuyHHa (n+1}—> « npu
n— w0 . ITockomsky /=0<1, To no npuznaxy Hdanambepa (0. 4} uccne-
AyeMElii pax cxoauTcs, P

i 1

13.16. Hceneaosats CXOZHMOCTL Pj@ 3. 3 .
7+ In“(n+1)
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P e w1 e 1 1 ¢, ITpuMeHHM HHTCTPANBHEM NPH3HAK CXOAMMOCTH. PaccMoT-
1

(r+1) In2(x+1)
HHTErpamLHOro NpH3Haka. 1o offpenencaio HecofeTeeHHOrO HHTerpana (11.22)
% dx L dx

.[ 2 =m J 2 ’
x+DIn“{(x+1) == {x+DIn“{x+1)

pum f(x)= 3ra QYHKUMS YIOBNETBOPAST BCEM YCIIOBHAM

Haiizem
{l' ‘a =‘rd(ln(x+l)) =‘1 -2 l d l I = l I -2+ 14.‘ =
[ GO+ | InlG+D) ,I" (rhdlnGe+D)=m57in 7+l

s
-1 [ -1 1
= = +_
In(x+D)f,  In¢t+1) In2
(NpH BEIYHCNCHHA OMPEACACHHOTO MHTEIPANA MBI BOCIIONB30BAJIHCE TEM,

4TO dln(x+1)=d—xl, K npumenunn dopmyny Helorona—JlefiGrnua
x+

(11.11)). Janee,

= dax . -1 1 1 1
I—z =11m(—+—)= +— =,
T (x+DIn*(x+1) ~==\In{t+1) In2 In2 In2
IMockonuky mpeaen koHedeH, HecoOCTBEHHBI HHTErpan CXoauTCH, H
O HHTErpajbHOMY TMPH3HAKY CXOOHMOCTH (M. 5) HccnenyeMelit pag Toxe
CXOJHTCA.
3amMedanHe [Ipy nonmeiTke Henons2oBath npuzHak JamamGepa
AN UCCNeAOBAHUA CXOOUMOCTH OAHHOrO pAAA MONyYMM, uto [=1, Te.
HeoOX0HMO AOMONHHTENBHOE HccneaoBanue. IIpH MoOnbITKe HAWTH 3Ta-

o
AoHHBIN pAX BHOA Zl/ n® ¥ NpHMEHHTSH MPeAenLHBIN NPH3HAK CPABHEHHSA
n=1
nonyuuM, uto k=0 npn o <1 win k= npu a>1, T.e. NMpUMeHeHne
NpefeNsHOTO NpH3HAKa CPAaBHEHHA C 3TAIOHHEIM 0000IIeHHBIM TapMOHH-
HECKHM DAIIOM HeBOIMOXHO. Takie HEBOIMONKHO HCCHEHOBATL CXOIM-

o
MOCTb 3TOrO pAAa ¢ NOMOILBIO TATOHHBIX PAAOE BHUIA- El/ n® W nepeoro

=]
NpH3HaKa cpaBHeHHA (0. 1), MOCKONBKY WICHR HMCCICAYEMOro pana mpH
¢ <] MeHBHIE YWIEHOB PACXONAIIMXCA pAAOB, a NpH O >1 oHH Gonbuie
YJIEHOB CXONAIIMXCA PAROB. B 3THX CHTYauMsAX npH3HAK CPABHCHHUA HE
J3eT OTBETA Ha BOMPOC O CXOAUMOCTH psja. P '
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Hcenenosate cX0OUMOCTE PAIOB ¢ TIOMOUILIO MPENELHOTO NPUIHAKE
CpaBHeHHA. B KadecTBe 3TalOHHOTO pPAAa pacCMOTPETh PAA ¢ OOWKWM Yie-

HoM v, =1/n" . B oTBeTe yKa3aTh TaKxe naaxonamee sHavueHHue o,
[

= 20° —Tn+10
13.17. 1318, Y ———— — |
E 7 -10 E3n5+10n—12
= \dn® +11 2 Ysn? 17
13.19. Z 13.20. Z“‘“‘“‘“
= Tn-1 T Van® +11n
"n +2+.‘,n . 1322 ann‘f‘ﬂ +l
1321. Y ) 2 ECERTY
ni Jn'5+|4n"+1 =
oI’ +n 110 13.24. 3 sin—=
1323 Y 2 T A
m= 354nt +1+1° "=
4 3" +1
13.25. Yinl1+ 13.26. Stg
Z [ " +7] Z J_3"
Vn
e’ —1 .
l3.27. 13.28. arcsm —_

UccneporaTe DaHHBIE pAOEl Ha CXORWMOCTE, NMPHMEHHE TIPU3HaKH

CpaBHEHHS:
- n+7
13.29, 13.30. .
E n -5 ,,Z_;3n +11
o 2 = 1
vn' +7 13.32. .
1331 325 Em(n”)
1333 3 — . 1334, 3 00+3)
r=t 5(3" - 4) n=] n-
& 1
13.35. 13.36. Z-— .
n=1 1} ln(n + l) n=1 5\‘ n3 In{rn+1)
ad 1
13.37. Zsm 13.38. ZJ;(l—cos—,).
=l 5" + H =1 n

BRISCHUTb, MOXKHO TH MCCNIEAOBATH CXOAWMOCTh AAHHBIX PANOB C MOMO-
wisio npusHaka Janambepa. B cimydae nosNoKATENEHOTO OTBETA CAENATHL BHIBOI
O TIOBeJeHWA pija. B otBere TakKe ykazaTh NOMYYCHHOE 3HaueHWe [
(eM. (13.4)):
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o0 2"
13.39. 3. =

o 1
13.41. 23”(;’“).

on 2”
1343 E S

= n
13.45. 3 jnz :

13.47. f{z"”) .

Sn+4

13.49. ZM
=1 3

"

13.51. Zsm
o "re

n

13.40, Y

13.44. 3

= n-2"

S5 12’

1342 374

=l HJ _5
& nt 3"

n=l nn_ l
= (n+ 1)
n=| n"+2" ’

= 3n+2 -2
13.48.
E{Sn+l}

= m-1Y
13.50. .
E(u2+5)

13.52, Zn[l - cos:%ﬂJ ]

n=l

13.46.

C noMouisio HHTETPANBHOTO IIPH3HAKA HCCNEA0BaATh CXOAHMOCTE PAIOB.

o 1 X 1 > lnn
130530 . 13-544 13055 —
E (Bn+2)In(3n+2) ,,2 n3! ,lns n Eﬁ n

Heenegopath CXOOAHMOCTD pAOOB:

s onfn+7

13.57. = .
,,Z=;3n‘ -15
w n ’ 0
135&2 5 13.59. Z n’ +12n
"n’ Wt r2
1360. 3 —> . 361, ¥
n=2pfIn® n w1127 4 0
50 "R
x n = 2"n" +1
13.62. . 13.63. .
,g{ 3” ,,z=:|(3n+l)"
oo . ,u =]
13.64. Esmz—:. | 13.65. Zsin(n\/;).

n=|

4" =(2m-1\"
13.66. 3In 13.67. :
Z ( } Z( 2n+5 ]

n=l ﬂ(4" +1) nel
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13.3. CxoguMocTh pANOB ¢ YWieHAMH
NMPOH3BOJLHONO 3HAKA

CrnpaBo4Hbiii MaTEpHAT

1. Pap HAIBIBACTCA afCOAOMHO CXOOAWNMCA, €CIH CXOANTCA Kak cam
PA, TaK U AL, COCTARICHHBIH H3 a6COMOTHRX BEANYHH €10 YICHOB.

Pan naswiBaeTca yonosno cxodaumen, eclli CaM PAl CXOOUTCY, a pAaf,
COCTaRIEHHBIH N3 aBCOMOTHBIX BENUYHH €10 YNEHOB, PACXOAMTCS,

2. Jocmamounotil npUIHAK cXOOUMOCMY 3HAKONEpPEeMenno20 pada. Ec-
IM pAj, COCTABIEHHEIH W3 aGCOMOTHRX BENHUYHH YNEHOB NAHHOIO pPAAa,
CXOIMTCA, TO CXOJWTCA H JaHHEIH paj.

3. PAx HA3LIBACTCA IHAKOYEPEOVIOUUMCA, CCITH ¢TO ICHEI TIONEPEMEHHO

TO MONOXHTENBLHEL, TO OTPHUATENLHBL it — bty + b3 —...+ (1) u, +...,
roe u, >0,

4. llpusnar JletiGrnuya. Ecin uneHe! 3HaKouepeRYOLIErocA paga you-
BAIOT O abCOMOTHON BenHuMHe, T.€. 1) > i, >...>u, >...>0, n npenen

MOAYAs ero 00IIEro WICHA PABeH HYJIO, T.€.

limu, =0, (13.5)

H—C

TO pAd CXOOIHTCA, & eI'0 CYMMa HC HPCBOCXOOHT HEPROTIO UNICHA: $< U .

[ +]
3. [ycTs 3HaKouepeRyIOWMHCE pAl Z(-—l)”*'un YIOBINETBOPACT Y-

n=1
noeusam npuzHaxa Jleibnuna u S, — ero n#-A yacTHuHas cymma. Torma
PAX CXONMTCS, W NOFPEIHOCTE 1, =8 — S, npy npuGIHKEeHHOM BBIUNHCITE-
HMM €ro cymmbl § 00 abconTHoll BenHYHHE He NPEBOCXOAHT MOAYNA
NepBOTo OTOPOLIEHHOTO YIeHa:

|7, 1< #,,,, (13.6)

a AJIA €ro CyMMBl S TIpH i000M /7 BRITTOJIHACTCH HEPARSHCTRO:

S, <8<S8p.,. (13.7)

13.68. BrIACHUTE, KaKHe U3 JaHHBIX PAJOB SBNAIOTCA CXOIALHMHACS, 2
KaKHe — pacXoAsHMHCH. JlAA CXOOALMNXCA PAAOB ONPEALINTD, CXONATCA
OHH aﬁconmno HIH ycnOBHO

1 -2)" -3"

,,=. 3"n2 1
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Pemeunue:

a) B gandom cmyvae u, =
yepedylollerocs psaa  yObiBaioT  no aﬁconmnoﬁ BENIHYHHE,

L>,L>...> ," >...,u limu, =lim =0. Orbpacul-
3247 47+7 n+7 o n—>wn2+?
BAHME KOHEUHOTO YHC/IA MJICHOB PAAA HE BIUAET HA €r0 CXOAHMOCTD, II0-
3ToMy no npuzraky JleiGuuna (n. 4) psa cxoanTea.

OnpenendM THN CXOAAMOCTH piAa. [ 9TOro MCCISAYEM CXOAHMOCTD
pana, COCTaBIEHHOTO W3 MOAYJEH YneHoB JaHHore pana. Ero uneHs! pas-

HBl u, =,L?. IlpuMenuM npereneHbll OpH3HAK cpaBHeHHs (§ 13.2,
no+

n. 2). Paccy®nas Tak e, Kak W IpH pelleHud npuMepa 13.144, B kauecTee
3TAJIOHHOTO DAJA BO3bMeM TIapMOHHuecKWii pag, v, =1/n. Hmeem

k= lim Un hm[ f l} = lhim———=1, T.e.npenes ¥ KOHeueH H

nam Y, A nw+7 n 7
OTJIMYEH OT HYIA, U HCCNenyeMBlit paa BeJeT ceGd Tak ke, KaK M 3TaNOH-
HBEH pag. U3 pacxoaHMOCTH 3TANOHHOTO PAJA CASOYET PACXOANMOCTh HE-
CHEAYeMOro paja.

Takum obpasom, caM pag CXOIMTCH, a PARl, COCTABIEHHbIH U3 abco-
NFOTHBIX BEHMHH €0 MJICHOB, PACXOIHTCS, T.€. PAI CXOJHTCA YCIIOBHO.

0) YncHBL 3TOr0 paja MMEIOT PasHbie 3HAKH, 0ITOMY, CIGAYA IL 3,
§ 13.1, HaiineM

. 2" . 1 1
= lim = lim = =1,
ﬂ—)wzn ]+n3 n—-)an1+£ 1+0
2" 27

. R,
#6o lim — =0 (370 MOXHO NPOBEPHTE TPEXKPATHLIM IPUMEHEHUEM Mpa-

-y
euna Jlonurana). Ipeaen monyna ofllero uieHa pada OTINHYEH OT HYIA,
noaromy (§ 13.1, m. 5) pax pacxoanTes.

8) Unedn paHroro pama yOwIBaIOT MO aGcomormoifl BEeIIHUMHE H

| (_2) = 5 = lim ! =0, ubonpu r o
Pl 4l o3t 4l roop? 4137

limz, = lim

=y H=¥0

n->w,a l/ 3" = 0. CnenosaTensHo, no npu3Haky JeliGuuna pan cxo-

JATCA.
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Hccnenyem ¢XOZHMOCTb pAAd, COCTABJIEHHOTO M3 Moayledl uwieHoB
SO
3R 41| 3"n 41
HHM npeaenbHbld npusAak cpaeHeHusn (§ 13.2, n. 2). B kauecTne drayoH-
HOTO PAZid BO3BMEM CXORAIMIACH PSiJI ¢ WIeHaMH v, = 1/ n’ . Hmeem

u, 3" 1 . 3"n’ 1
k=lim—==lim - = lim 5 3= =
rsoy, el 324l p? ) e 3n(141/(370%) 140
npenen k& KoHeYeH W OTAUYEH OT HYINS, CNeAOBATSILHO, MCCTEMYeMbIH Paj
mefeT cebs Tak ke, KaK W ITANOHHLIHA PASL, T.&. CXOMHTCS,

TakuMm 0Opa3oM, CXOOUTCA KaK caM A, TAK ¥ Pajl, COCTABICHHBIA H3
aBCOMIOTHBIX BEIHYHH €10 YWIEHOB, T.€. pA cxoauTed abcomotho. P
13.69. H i bl
alTH CYMMy piaa ) —————
net (14 1)(2n)!

PeweHue Y gandoro paga u, = ; , €10 YjleHBl YAOBIe-
(n+1)Y2m)!
TEBOPAKT YCIOBAAM Npu3Haka Jle#ibHHua, nosroMy pan cxoautcs. JIna
TOTO MTODR ONMPEASNUTs KOMTHUSCTRO WICHOB, TOANSKAUMX CYMMHPOBA-
HHIO A3 BEIMHCISHUA CYMMBI PAJIA ¢ 38/IAHHOH TOUHOCTHIO, OyJeM BHIH-
CHIBATH WIEHB pAa A0 TEX NIOP, NOKA HE HalieM YieH, [0 MOAYJIK MeHb-
mwi, gem 0,0001 = 1/10 000:
1 | 1 1 1
W =—>———} Uy =——=—— > ———}
4 10000 3-4 72 10000
1 1 1 1 1 1
4-61 2880 10000 5.8 201600 10000
Takum obpazom, ana moctikeHHA TpeOyeMoll TOYHOCTH ZOCTATOYHO
BRIMHMCIHNTE Sy | S —8; |<u, <0,0001 (m. 5), T.e. [OCTATOMHO B3IATH TPH
NEPBBIX YICH2 PAAA;

sesy=dp L 1 o O 4236458 -0,2365.

4 72 2880 2880
Pesynerar gomxeH ObiTh momydeH ¢ ToynocThio Ao 0,0001, moatomy
OKOHYATENbHLIA OTBET He MOMET coaepxkarh 6onee 4 uudp nocie 3anaToil.
ITpu nocnearem okpyrnesuy Oblia AOMYIEHa RONOMTHUTENEHAR omnbKa, He
npeeocxonamas 0,00005. Mrorosas onmbka NpH BLIMHCICHUH CYMMBI pjia
He Gombie 0,00005 + u, ~ 0,00005 +1/261600 ~ 0,000055 <0,0001.

x (__l)n+l n
3"

JaHHOrO paia. Ero uneHsl MMelOT BUI u, = HPHMC-

’

¢ ToyHocThIO 10 0,0001.

13.70. ins cymmsl Spsaa Y BRIOpaTL HAROOECE TOYHYIO OLSHKY:
=1
a) 4/81< 8 <13/243;6) 1/9<§ <2/9;6) 14/81< S <47/243.
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P e w e H u ¢. [laHHbli pAl yIOBNETBOPAET YCIOBUAM Npl3Haka Jlefit-
HHLa, moatoMy §,, <8< 8§,,.;. (13.7). Haitnem Heckoneko > TIepBhIX 'ac-

THYHBIX CYMM 10 dopMyne (13.1):

}:> 0<S<l,
3

So=0,
S] =u| =l/3

Sy =8, +u; =1/9+3/27=2/9
S, =8, ~uy =2/9-4/81=14/81,
Ss = 8, +ug = 14/81+5/243 = 47/243

}:» ~—1~<S<-2—;
9 9

14<S< 47

81 243

Taknm obpazoM, HepaBeHCTBO (4} AN CYMMBI S A2HHOTC pAfa HE Bl
TONHAETCA, T.€. BooOIWe He ABAAeTca oueHkoif mns S. Hepaeenctra (6)
(6) BepHBL Ans S, MOITOMY OHU ABNAIOTCA oueHkaMHu S. M2 nux Gonee Tou-

HOHl 0Kasanack OLEHK4 NMyHKTa (8). P

BBISICHHTB, KaKHe U3 JAHHBIX PANOB ABNSAIOTCA CXOIAUWMMHACA, 3 KAKHE —
pacxoasmmMucs, JIng ¢xoRanuxcs paaoB ONpeneinTb, CXOAITCA OHH ab-

COJIKOTHO HIH ¥CIIOBHO:

B 30

“om+3

#+l
1373, )

n—l\)n +7

(-n".2"
13.75. > ———,
,,_zi 4" +7

13.77. Z( D

n=l n+7 .
(=)™ (1’ +7)

13.79. Z

4n-15

13.81. Z[

2n+5]

2

13.83. Z( 1)"n In

Sant 4 12dn+s5

n* +1

-D"n
13.72.
Ed-n +10°

13.74, 320"

m1yn® +1

13.76. ZM

n=1 H +l

o (__3)”
13.78. ) ————.

,é 10-n-3"

R L))
13.80. .
E\/ns+7+1/n6—l

13.82. Z( 1 (3’”4] :

3n-7
13.84. erz arcsin((;%}.

n=t

Onpenem-rrb, CKONBKO YWICHOB pAna HajO B3ATE, uT0OK! BEIYUCIUTEL €70

CYMMY C TouHocTeio o 0,0001:

1385 3 C b

nn]n +5

( I)Ml
13.86. .
E n+2



n+i AR LY
1387, 350 1388, 30
i w1 57em
Haiith cymmy paaa ¢ Tounoctnio do 0,00001. B oteete Takke yKasars,
CKONTbKO YWIEHOB PAAA HANO B3ATh, YTOOb! rapalTHPoOBaTE TPEOYEMYE) TOUHOCTD:

s+l

(-1) (-n™'
13.89, 13.90. .
E 5" ;(Zn)' 2"

3agaum 1A NMOBTOPEHNA

13.91. Monesyacs onpedeneHHEM CXOIWUMOCTH PAAA, BRIACHHTE, CXO-

AHTCA JTH PRI
Z Jnrl- J_

o n(n +1
B cny4ae Nomo:aHTENLHOrO OTBETA HAliTH CYMMY 3TOTO paja.
HeeneaoraTte cX0OANMOCTb PAROB:

13.92, Z“”*. 13.93.2“4“ ‘/_
~ In’p e~ f5n(n+3)

13.94. > Inn 308 S sin2

2
n=l 'J;

e+l
ksl H L

4 2-4..2n
13.96. . 1397 » —MM—,
Z ! (ne)" ; 2-5..3n-1)

' [+ s}
13.98. Z (! ) 13.99. Zﬁ
et n#x+

n=l n

BbIﬂCHHTB, KaK#{E H3 AaHHbIX PAAOB ABNANOTCA CXOIAIUHMHCH, 8 Kakie —

PacxoqAIIHMHCA. ,[lﬂf[ CXOOALNXCA PAJOR ONpEaCiINTE, CXOIATCA OHH abco-
JIIOTHO WJIH YCITOBHO. -

13.100 i (-2 13.101 iﬂ
) H+n n=| VSHS-'Z
o0 I\ M et 2
13.102. Zi 1B, SV
= In(3n - 1) i (n-1)!

13.104. Haiity cymmy psma ¢ TouHocThIO Jo 0,001.
Z (= DA-D"
(2ny’
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KonTposbHble 3agaHus
no rnase 13 <Uncnosbie paxn»

Bapuanm 13.1

| Bapuanm 13.2

|  Bapuanm 3.3

HaiiTu cymmy psga:

i(l_l

m\Tn=2 Tn+

)

e 1 1
E{(Sn—l 5n+4J

2 1 1
§{4n—l 4n+3)

HC_CJ'[B,I[OB&TB CXOAUMOCTD PAJOB:

I x 0 +3 = 2% . pl
2 D p—
=l {f+ 1)2 n=l %13}39 -4 E nn+2
20 +yYynt +10 = 3 2 S 4 ofn'® 44
X |2 2
m 6n®-14 n1on =11 = Yn'2 118
2 n n o
zn"+2 = 3 1
4
Z{ 3" ,,Z;;n!-Z” Snln’n
OnpenenuTh, KAKHE W2 NIPHBEIEHHLIX PAKOB ABNAIOTCA CXOAAMHMHCA,
a KaKHe — pacxofAlHMHcs. g cXoafammxcs paaos yKa3aTs THR
CXOAHMOUTH.
E A L - x 1yt an x f_tyfHl An
5 { Il " Z( n=.2 Z( n™-.7
. 4n° +3 m 3" +n 7T +2.5"
- N -1'n -W'n
6 o ( 1)H+| 3 @ ( 1)n' 4 @ ( 1)" 3
n=l \J ns +10 n=l n“ + 3!‘!2 +1 n=1 H4 +3"
BBIACHHTE, CKOJIBKQ WICHOB PAZA HAZIO B3ATh, YTOOB! BEITHCIHTE €70
CYMMY ¢ TouHOCTEIO 7o 0,0001:
xn _l i+l x _l n+l o _1 n+l
7 | $er $CD 1)
ot 307 +1 =10 a2 +Inn




Teer 13

1. 3akOHUNTEL YTBepIKACHHE, PANl HA3EIBAETCA CXOMRIIMMCH, eCIiM;

1) mocnenoBaTeNbHOCTD €10 YaCTHYHHX CYMM HMEET KOHEUHBIH KIIH
BeckoHeqHslil Ipegen;

2} npegen ofiuero YaeHa PAla PUBCH HYIT,

3) nocaenoeaTENBbHOCTE €10 YACTHYHBIX CYMM HMEET KOHEYHDHI [pee;

4) npenen Mozyns oOLIEro YNeHa papeH HYIO;

5} nocRenoOBaTENLHOCTB €70 YACTHYHBIX CYMM SBJETETCA OeckoHeuHo
Oonbiuoi.

2. JaH cxopawwiica paa. [pu oT6pacHBAHHA HECKOABKHX €ro HeHyne-
BBIX YIECHOB:

1) pAn ocTAaHETCHA CXOAALIMMCH H €r¢ CyMMAa He H3MEeHHTCS,

2) pAO OCTAHETCH CXOAAUIMMCS H €r0 CYMMa H3MEHHTCH;

3) pAx cTaHeT PacXOFAIHMCS;

4) pAX OCTAHETCA CXONALIMMCA H €0 CyMMa OGA3ATENBHO YMEHEIUHTCS;
5) He 3Haf YJEHOB PANA, HUUETO HENb3A CKA3aTh O CXOAHMOCTH WIH

PAcXOAHMOCTH HOBOTO PAJA. '

3. U3 naHHBIX pSAoR BHIOPATE CXOOAUIHECH:

nY-L 2.2)ZJ- 3)2[ ] ;4)23";5)”}:&.

=l 1 n=1

4. Haittu cooraercnane MeX Iy YHCIOBBIMK PSAAMH H YTBEPKICHHAMH:

1)'n* .

) Z G 4 1) limu, =1, psn pacxoanTes;

n=t N 4 H—»

23
6) Z—; 2} lim u, = c0, pan pacxoauTcs;

n=11 R=b

2 4n+3 3) limu, =0, ang oTBETa HA BOMPOC O CXO-
6) z M =

nmt 41 =1 AHMOCTH pAga TpefyeTed JONOAHHTENBHOE

HcCIen0BatNe;
23 3l 4y i 0
— - imu,_= A7 CXOAHTCA,
n=| 5?? +7 ' nw » Pal A

364



[
5. Jlna KaKIOro W3 JAHHBIX PAIOB Y i, YKA3ATb TAKOE 3HAueHME o, IpU

n=|

KOTOPOM ANA PANA C OGIIMM diietom v, = 1/n® Beino/mseTcs yeionne npe-

ZIRBHOTO MPH3HAKA CPABHEHWS: CYLIECTBYET l:m =k, k#0, k#w.
n—dxe Vy

B oTBeTe yxa3aTh 3HaueHHe o M: 9UCTO 1, €CITH pAA CXOAUTCA; YMeno 2,

€CITH PSf PacCXOAUTCA.

- 3n~-17 S n-17
@) Y ——fmm=; ) )
=t i 47 n=l n?yn? +7

n

x
u
6. .D.J'lﬂ paga Z”n C 4nenaMu u, = Haiith [ = lim a+l U Ha
n=1 n+2 now U,

OCHOBAHHH 3TOr0 CAENATHL BLIBOA 0 CXOAMMOCTH psana (I — cxoamres,
2 — pacxonured, 3 — Tpebyerca TONOMHUTENLHOE HCCAEOBAHNE).

O
7. Tlyete ) u, — 3HAKONONOKHTEBHBI pAg M [ = lim Unil Yy
=l n—rw M,
NPHBEJEHHBIX B OTBETAX ABYX YTBEDPHKACHUH JUIS JAHHONO pAna ABIA-
IOTCA HECOBMECTUMBIMH:.

=019 limu, =1; 2)!I=14 limu, =0;
L H=yor
3} =2n limu,=x; 4)i=14u limu, ==.
n=0 n—yx
8. [lan pana Z S YKa3aTh THN CXOAMMOCTH:
n—l

1) aﬁcomo’rnaa CXOOUMOCTD; 2) YCNOBHAf CXOAWMOCTE; 3} pacxonu-
MOCTb.
- (_])ﬂ'+|
9, CxoneKO 4NeHOB paja Z -
n=l 1-
€ro cyMMy ¢ ToYHOCTEI J0 0,00005?
10. VYkasate Hanboniee TOMHYI0O OUEHKY hns CymMMel S pana

HAaZI0 B3ATh, 4TOOLI BRIMACIIMTE

m( l)"+ln
2y

1) 0<S<1/2; 2)3/8<S5<5/8; 3)1/8<S<3/8 4) 0<S<I/8.




I'naBa l 4

Crenentbie pagbl

14.1. O6aacTh CXOTUMOCTH CTEIICHHOTO pa,ua'

Cnpapo4Hbiit MaTepHaa

L. Cmenennbim proom Ha3eBaeTes paa
2 a0
cptOox+osx’ +te,x” +..= Y e x", (14.1)

rae Cy, €1, .., ¢y — KOMDOHIMEHTH CTENEHHOrO pANA.

2, Obracmpio cxodumocmu CTeNIEHHOTO PAda Ha3LIBAETCA COBOKYT-
HOCTB TexX 3HaZeHHH X, IpH KoTopeix crenesroi pan (14.1) cxogurcs.

3. Yucno R — rakoe, yro npy | < R paz (14.1) cxoaures, a ipu x| > R —
PACXOOHTCA, Ha3EIBAETCA PaduycoM CXoduMocm CTENIEHHOTO pRaa.

Hutepsan (—R; R) HA3KLIBAETCS uHmMEpEanoM CXO00UMOCMU CTENCHHOTO
pana. [Tpu x = —R, x = R pAR MOXeT KaK CXOAHTLCS, TAK ¥ PaCXOIHMTHCA.

4. Paduyc cxodumocmuy CTeNeHHOro pafga Moxer ObITh HafzeH 1o

Gopmyne:
L”'. (14.2)
Cral

dopmyna (14.2) npumernma, ecny, HAUHHAA ¢ HEKOTOPOTO HOMEPA H,
Bee ¢, = 0.
Jng cTeneHHOro paaa BUAA

R=1lim

H=r

G tox-a)+e(x—a) +..+¢,(x-a)" +..= Y c,(x~-a)" (14.3)
n=l
PAOHYC CXORHMOCTH HAXORUTCA Mo dopmyne (14.2), a MHTEpBaN cXOAUMO-
CTH H3 YCIIOBHA [x — a| < R, T.e. uMeeT BHA: (a — R, a + R).

14.1, Haiitu 0BnacT# ¢XOQHMOCTH CTENEHHBIX PAIOB!

x| 9 3"x"
a) 1+ + +ot 56 ) (-1
75 55 @S Z

&) 1+x+22 2 44 n"x" +...; 2) Z(_l)"sm -(x 2)";

n=|
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-1 0 3nx2n

= n=0(2n N
Pemenwne:
a) Haitnem paanyc cxoaumocty pana no gopMyne (14.2):

| 3n ) 3n+l |
= lim
Il 0 V5" R+ s
_ £ @n+3)t s

- n—m(2n+1) 3

J‘J‘]

T.€. HHTCPBAJI CXOHMOCTH psaa (— —_— =

R = lim}-=

n=ele,

3
Tenepsb BHACHAM TMOBEACHHE PAJIA HA KOHLUAX HHTEPBANA CXOANMOCTH.

5 . .
Ha nesom koHLe opu x= “-“3— JaHHBIH CTCTICHHOH pAR [IPHHHMAET BHO

R S

+——... «s 3 3TOT PAA CXORATCA NO npusHaxy JleAbHu-
3% st (2n+ 1)‘1

ua (cM. §13.3, n. 4). Ha npaBom koHUe npu x=-3—5 noiygyaeM psn

1 | 1 N .
1+—+—-+... ————+..., TIpeACTABAKNIMA 00OBIMEHH I rapMo-

3t (2n+1)
angeckuit pan (§ 13.2, n. 3) npn a = 4, y KOTOPOro ace YAEHL! ¢ YSTHBIMA
HOMepamH paBHe Hymo. Tak kak @ = 4 > 1, To 3TOT pAd CXOONTCA.
Creiyer OTMETHTB, 9TO CXOMUMOCTE PAIA HA NIeBOM KOHLIE HHTEpBana

5
CXOOHMOCTH NP X = ——— MOINAa OBITE YCTAHOBJICHA C MOMOIMIBHD [OCTA-

TOYHOTO NPH3HAKA CXOOWUMOCTH 3HakonepemeHnHoro paga (§ 13.3, m. 2),
TaK KaK pAj, COCTABJIERHBIN W3 a0COMOTHBIX BEJTHYHH €TO YJICHOB, T.€. PAN

(-]

———--r, CXoauTCA. UTakK, 0o6nacTh CXOZMMOCTH AAHHOTO paaa
Sen+l) .

/573 45 /3].

OfpaliaeM BHHMaHHE HE TO, YTO NPH UCCNEAOBAHMA CXORUMOCTH CTe-
NEHHOro PAfA HA KOHLAX MHTEpBaNa CXOAMMOCTH B CHTYalH#, KOrEa no-
JIydaeMblii psl — ¢ TIONOMUTEIBHBIMH WICHAMH, IPAMEHATH Npu3nak Jla-
nambepa He HMEET CMBLICNA, TaK Kak MpH 3TOM Beerda GyaeM nomydaTh
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lim

H=b

H
L’" ={=1 ¢ HepelleHHEIM BOMPOCOM O CXOOMMOCTH PAfa: B 3TOM
uﬂ'

clIy9a¢ pPeKOMEHIYeTCH pacCMaTpHBaTh IPYTHE NPU3IHAKH CXOAHMMOCTH
(HanpuMep, TpH3HAK CPAaBHEHHA, HHTErPANLHEIH, HEODXOMUMELH NPH3NAKKH
HT.J)
&) Halimem paanyc cxogumocti mo dopuyne (14.2);
. c . _1 n _l n+l
R=11m| "|=llmt( ) : (+|) l=
m>ele | H2T 2™+ 1y
. (m+1) . nli(n+] .
=211mu=211m¥=2 lim(n+1) = oo,
naa Al = H n—o
T.€. 06nacTe CXOAUMOCTH pAna (— o0} + oo).
8) 3agauy MOXHO peiuaTk aHAJOTHYHO NpedeiaylnyM. Pemexne ynpo-

IAETCA, ECIH 3AMETHTD, 9To Nph x # 0 lim u, = lim #"x" = lim(nx)" # 0,
= H=—3 H=¥0

T.€. HEOOXOAMMBIii HPH3HAK CXOMHMOCTH HE BBIMOJIHACTCHA, H PAL Pacxo-
AHUTCA.

Hrak, obnacte cxoQMMOCTH PAAA COCTOMT M3 0AHOH TOYKKH X =0,
2) HafineM paguyc cxoanmocty no gopmyne (14.2)
(-1)"sin? 1

n

= lim
cﬂ+| LB dia]

R=Ilim
H=—b

_ n+1 n+1
Jnsa saxoxaeHHA npencaa 3aMEHHM 0ecKoOHEUHO Manble BEIHYHHBI

.1 .1 1 1
Sin— H SIN—— OpH # — o0 HM IKBHBANCHTHLIMH — H —— (I".TI. 6,
n n+l n n+l

§6.4); nomyunm
. 1/n* . (n+1)?
R= llm/—2= li %ﬂ.
e / (n + 1) n—emp

B COOTBETCTBHH C I 4 HHTSPBAJ CXOJWMOCTH HAXOAHTCA M3 YCIIOBHA
=2 <l,umm—-1<x-2<1,1e.2-1<x<2+1, sm{l;3).

Teneps BBIACHUM NIOBEAEHHE PAla Ha KOHLAX HHTEPBANE CXONNMOCTH.
Ha nesoM xouie npy x = | JaHHEI P TPUHAMAET BHA

3 (1) sin> L (-1)" = isinzi (W60 (<1)" - (<1} "= (<1)*" = |
n=\ n n=]

apH MoOOM HATYPANLHOM 7).
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Tak kak npn mobom n 2 1 sinl-cl, sinzl<L2, a pan Z—]; eCcTh
n n n on pril’
cxondmnutica obobieAnsil rapmoHnueckuii paa npu o = 2 > 1 (§ 13.2,
n. 3), To no npu3Haky cpaeHenns (§ 13.2) maHnsiit pan cxoauTes.
Ha npaBoM KkoHiue mpu x = 3 CTeNeHHOW paA NPUHUMAET BHA

- L2l
Z(—I)" SIn" —, T.e. SRNAETCH IHAKOUEPECAYIOLHMCSE PAAOM H IO AOCTA-
el h
TOUHOMY MPH3HAKY CXONUMOCTH 3HAKOMEPEMEHHOIO (2 3HAYMT, U 3HAKO-
4epedyIOUIETocs ) pafa CXONUTCH, TAK KaK CXOAHTCA PAA, COCTABICHHBH U3

2l
aGCONMOTHRIX BEIWYAH €ro YNeHOB, T.¢. paa Y sin® — . Hrak, o6nacte cxo-
. n=|
ARMOCTH AaHHoro paga [1; 3].
9) BenKeM HECKONBKO MEPBBIX YNESHOB PAIa:

x 3n3—| , 3 8
> " =x+—xt+ = +....
R 2 3

OueBHAHO, YTO HaXOAWTE paguyc cXomaHMocTH no dopmyne (14.2) B
JaHHOM C/y4ae He HPeACTABINCTCH BOIMOXCHBIM, TaK Kak K0I((PHLUMEHTHI
pana (14.1) ca, ¢3, ¢s, €6, €, €3, C1oH T.A. PaBHbl HyO. {loaTOMY NIpHMEHHM
HemocpeAcTBeHHO npuHak Jjanambepa. Janunif pax Gynaer abcomortho

LEY H—>mD un

a “"+| z uﬂ'+
CXOJIMTECA, ecAH lim <1, u pacxomutbes, ecnu lim >1.
u .
n

[Noaromy HaiineM
n =1

n2-l
T I 1.3 ..
lim 4 = lim D T
n>x| W, n—m‘l n+l n
. ] ] 0, eClH |3x|>1
= Ilm 32n+|x2n+l - hm(Bx)ZﬂH - 1 | xl ’
naolp + 1 Hy 0, eCc/IH |3I|<1,
) n
Hoo : lim——=1.
n=o 4+

1 1
Cne,nonawubuo, pAd CXOOHTCH TIPH —g <x< 3‘ KN Ha HHTEPBAJIC

(-1/3; 1/3).
Iflccuenyem CXOAHMOCTD HA KOHIIAX HHTCPBaNa CXOOHMOCTH.

MMpux = *% PRI NPHARMAET BHA
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DT _1e T 11 1_)
33 1$ED” [1 el-)

n=t B 3"- 3 n=] n 3
DTOT pAA CXOANTCA [0 pH3naky Jleitonnua (§ 13.3).

Mpux= -;: PAA TIpUHKHMAET BHA lzl , Toe Zl — pacxoaatnuiics

w=1 n=l
rapMOHMYCCKii pal. MTak, ofnacTs cXOAHMOCTH paaa [— 1/3; 1/ 3).

) Tak kax 4neHbI pajia, CTOSUINE Ha HEYETHRIX MECTaX, OTCYTCTRYIOT,
T.e. KoX(pbHUREHATH pafa ¢; = 0, ¢3 = 0, ¢s = 0 1 T.4., T0 dopmyny (14.2)
N8 HaXOXKAEHHA palHyca CXORHMOCTH HCMOALIOBATE HEnb3x. MOXHO
MPUMEHHTE HEMOCPENCTBERHO NpH3Hak Jlamambepa, kak 3To Jenaloch B
nprMepe B 1. d). Ho s nanHoM cnydae ynobuee caenath 3ameny x° = f. To-

o 3ﬂtﬂ'
IOa pal NPHMET BHA E— OO0nacTh CXOAMMOCTH 3TOTO pAda
o 2n+ 15"
, f J5 5 _ 5
neay4YeHaB I a); | — — T , T.E. —Té ST.

S

u|<|

Boaspamaaca K nepemelmoii X, MOIYy4YHM -— %, OTKY a4

. .
|x| < 1‘% = @ , T.&. 0BnacTh cxoaumoctd paza [-3/45/3; ¥45/31.p

Hairu ofnacTi ¢XOIHMOCTH CTENICHHEIX PAAOB!

2 3 4
2 24X XX L 43X
12 2.3 3.4 4.5 P L
144. x— 14.5. 3 ntx".
el
3 L] 9 12 a0
X X X X
14.6. —+ + + +...14.7. Y 10"x" .
8 8.5 8.9 8'.13 2
148, 5 +— X 4 F 149 3 xg -
Gt R T .9, gn.
2.2 1.3 4 4 -] "
1410, Sx+2X 43X 3% L a0 P ) e
23 a4 p n
2 n x"
VR LA AN . SRS VR T SN
1.3 2:4 7 n(n+2) D3 n+)
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o (_l]n x:ﬂ—l

1414, » ————— .
»é 5" Jn+1
14.16. f‘,[nl)"z " 14.17. Z( ) i x>
. . - X . .
, n=l| " mn=1" 3’] IHJ_
= (-1)"a . 2 (Bn-2)(x-5)"
14.18. —(x-1". 1419, ) ——— —,
E 3"- ( ) ; (n+l)22n+2
14.20 i 2] 14.21 Z HJ; -
20, » sin” —{x-1)". .
ml A St +1

14.2. Pagpi Teiiiopa m Makiopena.
@opmyaa Teitnopa

CnpaBo4Hblii MaTepHan

1, Ecnin QyHKuna f(x) umeer NpoH3BoAHbEe Moforo mopsaaka B okpe-
CTHOCTH TOYKH x = 0, To AnA GyHKUHM f{x) MOXeT OLiTh monyueH psd Max-

AOPEHT,
(n)
F(x) = fO)+ f(O)x + r (O} 2+l 3('0) x° +...+f—'(0)x" +.. (144)

L m
Jmst Toro, utobel pan Maxnopeﬂa (14.4) cxonuncs ¥ Gyuxuuu f (x),
HeoOXOIHMO ¥ JOCTATOYHO, UTOGH # — 0, OCTATOK pANa CTPEMMICA K
HYJIIO, T.€.

lim 7, (x)=0 (14.5)
H=ya
IA BCeX IHAYCHHI X W3 HHTEpBaJIa CXOAHMOCTH pAja.

wl
2. Paznodicenue ¢ pad Maxaopena HeKOTOPBIX QYHKIHIA
2 3 n

x x
=1+ +—+—+ +—+ —a0; + a0}, 14.6
Sl ety ) (14.6)
2 3 _ny-l e
ma+n=x-+ o STk, (14.7)
: 2 3 n
3 xS x2n+l

sinx=x——+"—+..+(-1) F.u. {(—00; +00), (14.8)

3 8 (2n+1) .

! B ckobrax ykasana oB1acTs (WHTEPBAN) CXOAHMOCTH aHHOMG pasa. Jlna pana (14.10)
KOHULI HHTEPBANA CXOAHMOCTH X = = | BKIIOUAIOTCH (HAN He BKICHAIOTCA) B 06nacTh
CXONNMOCTH 3TOTG PAAA B JABHCHMOCTH OT KOHKPETHLIX SHAUCHUH 1,
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2 4 2n

x© o x yr X i
cosxul—j+ﬁ—...+_(— 2 )' . (—o0; +e0), (14.9)
(Atx) =lemes =D 2,
1-2
+m(m—l)...('m—n+l)x,,+” L), (14.10)
nm
3 5 2n+l
arctgx:x-%ﬂ?- + (= 1)" . [F1:1], (14.11)
L—l x4 =X e+ (D X"+ (L ) (14.12)

I+x
3. Pan Maxunopeda (mpH xo = 0} ABIAETCA HACTHBLIM ciiydaeM pada Tedropa:

6= G+ S )n=xp) + L (e )?
+-f—“1('—“)(x~x0)"+... (14.13)
Pax Telsiopa TecHo CBR3aH ¢ Gopmyaoii Teinopa;
£ = flxg) + [ Xx - xo)+f(")(x x)? +.t
oL m(x")(x x) +R,, (14.14)

rae R, — oCcTaTouHbIH unen d)opmynu Teiinopa:

f"”"(&)
R, ="
(Ee(xy; x) mn Eelx; xo)), 3anucansblil B hopume Jazpanxca.

Ipu swinonHenuu ycnoens (14.5) ocratek r{x) paga Telnopa paeeH
OCTATOYHOMY Wieny R, (x) dopmynsl Ternopa.

L 227 (e g )™ (14.15)

4. Ceoticmea cmenentotx paoos.

&£
a) Ecmu f{x) — cymMa cTeneHsoro paga, T.e. f(x)= Y. ¢,x", T0 Ha
n=0
nwGoM oTpeske (¢, b], HeTMKOM NPHHAMTEKAIEM HHTEPBATY CXOAHMOCTH
(-R; R), ¢yHkuua fix) AaBaAeTCA HENpepLIBHOH, a CTeleHHOH pAd MOXHO
HOWICHHO UHMEZPUPoeants Ha ITOM OTPE3Ke:

b b b ]
[f(x)dx = feodx + [erxdx+...+ [e,x"dx+... (14.16)
@ oa o o
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0) B uuTepBane CXOOMMOCTH CTEIEHHON PAL MOMKHO HOUAEHHO Oud-
thepenyuposams: _
F)=¢ +20,x+ 3¢, %% +.+ne,x™ +.. (14.17)
Ips aToM panet (14.16) 4 (14.17) UMEIOT TOT Ke PAAHYC CXOAHMOCTH
R, uto B nexoaHeii paa (14.1).

5. Ecnu B HeKOTOPOH OKPECTHOCTH TOYKH X = () MMEIOT MECTO pasno-
HeHHd

fXy=ap+ax+ax’ +..+a, X+, (14.18)

FO)=bo+ bix + b +. b, X"+, (14.19)

TO npouskeAcHue hyHkUMH fx) ¢(x) paznaraeTcs B TOH %e OKPECTHOCTH B
CTENECHHOM PAX

S)O(x) = Goby + (aohy + aibo) x + (aphy + ayhy + aob) X +..+
+{aghn + @by F..F @) X+ (14.20)

(rpaauso nepemMrONCEHUR pAone).
B uactHocTH, npH f{x) = @(x)

FAx) = ag® + 2apaix + Qaoar + a’) 5 +
+ (2aga; + 2a1a2) X + (2apas + 2aia3 + ar) xt . (14.21)

(npasino so3sedenus pada 6 keadpam). _

[Mounennoe HHTErpHpoBaHHe ¥ JU(pdepeHLHPOBAHHE CTENIEHHBIX PA-
foe (ceoiicTea (14.16), (14.17)) MoryT GHITE HCIIONB30BAHE! [IPH HAXOK AL
HHM CYMMBLI CTEMEHHOTO pAIa.

14.22. Haiitn cyMmmy paga npu x € {—1; 1)
a)-2x+4x —6x° + 8% — ... (1) "2 x " +..;
2 .3
+ 20X

6) x 5 + 3 T

Pemenne:

a) MOXHO 3a8MEeTHTD, YTO HOYNEHHOS MHTETPHPOBAHHE JaHHOrO pAJa
(na otpeske [0; x], roe x € (—1; 1)) npueeneT Kk reoMeTpHYECKOMY pAIY
(14.22), cyMMa KOTOPOTO W3BECTHA!

—x2+x4—x6+x3-...+(—l)"x2"+.... (14.22)

TTonaraa d = —xz, q= —xz, HafimeM cymMmy pana (14.22):
)

-X -X

14
§ =—— (cM. yueOrnk, § 13.1) nnu S{x) = = .
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Boappamasck K HCXOOHOMY pAZY, HaXOAUM ero cymmy audrpepentn-
poeanueM S(x). Vtak, cyMMa JaHHOI'O B YCHOBHH pana

L 2x
Sy =| ——2— | =- :
) [ l+x2] (1+x*)

6) Jdaunetit pag MoxkeT ObITE IpHBEAEH MOYTEHHBIM An(depeHnHpoBa-
HHEM B HHTEpBAIE CXOAMMOCTH K [eOMeTpHYeckoMy paay S'(x) =1+ x +

+xF+x0 +. ., CYMMa KOTOpOro papHa S'(x) = l—l— (a=1, g =x) Cymmy
- X

HCXOAHOTO pPAa HAXOAHWM HHTSIpHpoBaHuem Ha otpeske [0; x], rae
xe(-1;1)

S(x)=]S'(x)dx=]1£=_lnll_x| =—ln(l—x).P
0 ol 7%

X
0

CyIecTByeT HECKOBKO Coc0008 pa3nomcHAs QyHKIHHE B CTETICHHO#H
paa. [pounniocTpHpyeM HX Ha KOHKPETHBIX NPHMEpPaX.

Henocpedcmeaennoe painoscenue

14.23. Pa3noXHTb B A N0 CTENEHAM X pynxumio y = (3 + e ).
Haiigem nponkssonsbie GPyHKUAY H €€ 3HAUCHRA B TOUKe X = 0:

f&y =@+ fo =16
fiixy =203+ e =203 +e™);,  LO0) =-8;

frx) =2(3e™+2e™); 70) =10

™) =2 Be™ + 2%, o) =-14
FAx) =2@e™+ 2™, 90 =22
SO = (1) " 23e™ +2 e ™), SOy =" 23 +2"™).

Teneps o dopmyne (14.4):

n=I1
(3+e—x)2 =16—8x+Bx2 _Ex3 I (—lr 2(3+2 )x" +
20 3 !

Obnacts cxomumocTH pana (§ 14.1) ecth (- oo; +o0). P>

IIpumenenue 20mosstx pasnodxcenuti
14.24. PaznoxuTh B pAR no crenedsaM x GyHKUMH: @) y=x In (1 + )

2
6) y=

X

]—xz'
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PemeHnue:

a) Bocnonpayemces roteBuiM pasnoskeHueM (14.7) pyakups y = In (1 + x).
3aMeHsA B HEM X HA X, NONYYHM

x4 xﬂ ’ x2n
n+xD=x? - —+ 4.+ (D" —+..,
2 3 n
CIICNOBATEJIRHO,
5 7 2n+l
X X -1 X
sn(l+xY)=x? - —+ 4.+ (D" — 4.,

2 3 n

0671acTs cxoquMocTy paaa [-1; 1] saxomum w3 yenopun —1 <x* < 1,

&) Bocnonwsyemca GuAoMHanbHEIM paaoM (14.10), npeacTaBImoOLINM
paznokenue B pan Gpyukuua y = (1 + x) ™. 3aMeHHB B HeM X Ha {=%), no-
1

= (1 —xzyi :
..-i..}_x_zx ] 4{”12_}(_ x2)+ L:_E_J[_:i__l}_(_ xz)z +...
[SIEDrE

n!

JYUNM TIpH 1M = ——;» paznoxenne PyHKIHH y =

X 2 1 x4 1-3 x6 .+ l-3-5...(2n—l) x2"+2 +
1-x2 2 272! 2% nt :
Obnacts cxoaumoct pana (—1; 1) Haxonum u3 yenopust —1 < —x2 <1.p

14.25. Pa3noxuTe B pan no crenmessm (x — 1) d]yHKHHIO y=

Pewenue [lpeactapuM GyHKUHIO y =€ BBHIE: Y =€ e"" " 310
MO3BONIAET HCHOIB30BATE TOTOBOE pasnoxenue (14.6) dyHkuun y = &, B
KOTOPOM X 3aMEHAEeM Ha 3(x - 1)

3 ne M
el = 1+3(xv—l)+—-(x-l)2 3l(x—1)3+...+M+
3 n

OTKyJa

3" (x-
e =g = 32 (x=1)" (3anuchLBaEM pAA B COKPAILEHHOM BHIE).
n=0 n!
OfnacTe CXONMMOCTH pAma (— as; +uo) HAXOOMM U3 YCIOBHA

—0 <3 (x-1)< 0 P
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IIpumenenue npasuna ymuoxncenus pados

14,26, Pa3i0xHTE B pAA MO CTeNeHaM x GyHKumo y = ¢ In (1 + x).
P e w e H # e. B natepsane (—1; 1) umetor MecTo paznoxeuun (14.6)
# (14.7). Ilo mpasuny ymuoxenua paaos (14,20} monyuum:

2 3 2 2
e"In(l+x)=1 x+(1 (—x—)+x xJ+(1 ch?+x(—J':—)+—x-2-'—x]+

LI L
2 3
Ob6nacts cxonumocTs paga (—1; 1).»

Hpumenenue nouieHno20 UHMEZPUPOSANUR

14.27. Paznoxuts B paa Mo cTenelaM x GyHKOHio y = arcsin x.
P e w e H v e. Cpenu rotoseix pasnoxeHn# (14.6)—(14.12) pstaa nna
JanHofi GYHKIMA HeT. B To e BpeMA mpousBoaHas 3Toft yHKIMH

N 1 :
y = (arcsinx) = MoxkeT OBITE pamiokeHa B cTeneHHoH pajx ¢ no-
f1— 2

Molsio GuAOMAaNbHOTO paga (14.10) (cMm. npumep 14.24, 6):

1 1 o 1.3 w 1.3:.5.2n-1) »,
=l+—x"+ +ot——————x" +
1—x2 2 22 -2! 2"n

. dx . -
YyuuThIBad, YTO arcsinx= I J_2 , HCKOMBIH psan HafimeM NOWIeH-
1-x

HBIM HHTETPHPOBAHKEM JIAHHOTO PANa Ha oTpeske [0; x), NpUHAANEKAIIEM
HHTEpBAY CXOAUMOCTH paAna (—1; 1):

arcsmx—I I‘b"" Izdx+ 12'3 wldct.t
i i
0
L1035, (2n~1)I IV S SR L N S
23T T ansT T
+M:_l_).xz"+' +o P
2" (2n+1)

14.28. Paznoxuts B pan no CTeneHaM x GyHKIHo y = cos’x, NpHMEHAA
PasHYHLIE COCOOHL

Pemenue:

Hepestit cnocof. TIpuMeHAM METOJ] HEMOCPEICTBEHHOTO PATIOMEHUA

no dopmyne (14.4).
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Bnayane HaiifieM NpoH3BOAHEIE A0 #-T0 NOPAOKA U BLIYHCIHM HX 3HA-
Y4eHHA IpH x = 0:
()= cos’x; f1{x) =—2¢o0s x sin x = —sin 2x;
JF(x)=-2cos 2x; "' (x}= 2%sin 2x;
F By =2%cos 2, F P ) =-2*sin 2xm . 1.
Teneps no dopmyne (14.4) 3anuiem pan:
3 5

ccts."‘x=1+0—£.1c2 +0+2—x4 +0-x%+..
: 21 4! 6!

nm2n-l
+lx4——2—-x6+...+-(-ﬂ— 4
3 45 (2n)!
OOnacte CXOOMMOCTH pAfa, Kak HeTpyaHo yGeourtbcd, ecThb

{(~o0; + ).

cos’x=1 ~x*

Bmopoii cnoceb. YauthiBas, u4To cos’ x =%+—5—00st, HCTIONB3YeM
roToBoe pasnoxeHne B paa (14.9) pyHKkUMH cos x (B KOTOpPOM BMECTO X

1
Oepem 2x), yMmHOXaeM obe JacTH MOMYy4eHHOTO PaEeHCTBA Ha 3 a 2aTeM

NpHGaBIAEM K HHM % :

2! 4 (2n)!

_ 1y el
=1-x? +lJc4 - x5 +...+Lx2"
3 45 2n)
Tpemuii cnocob. J1nx dyrmamH f{x) = cos x, AMerowled paznoxeHue (14.9), Te.

cosx=l+0—lx2 +0+lx4 +0—lx6 +oo,
2 4 6!

2 4 1V In
cos’x= —;—+%c052x, = % + %[l _29 + (2x) +o+ D" @2x) +] =

npuMeHuM nipasuno (14.21) Bo3seJeHUs B KBAIpaT CTENEHHOTO PAZA:
coszx=12+2-1-0-x+|:2-l-[—%)+02]x2+(2-l-0+2-0-(-%}x"_‘+
: 1 i 2 4 2.1 4
|2l =+2:0:04| == |x" +..=1-x"+—x" +..+
4! 2 3
137 L 92t
G

(2n)!
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Hemsepmesiis crnocod. OTHOCHTEABHO NETKO MOXHO Pa3sfOXKHUTh B paa
npoussonuylo gysxuan f(x) = cos’x, T.e./'(x) = =2 cos x sinx = ~sin 2x
(6epem unensl pana (14.8) ¢ NPOTHBONONOKHEIME 3HAKAMH, & BMECTO X
Gepem 2x):

@)’ @0’
--3-!— - *—5'— +....

Jlng noaydeHns HCKOMOTO PasnoXeHHs NOYACHAO HHTEIPHPYEM ONY-
ueHHwI paAA Ha orpeske [ x], npurRaanexameM MHTEpBAaNY CXONUMOCTH
(- o0; + 0}, T.€. Mpu MOBOM x:

—sin2x=—-(2x)+

X X 3 X 5 X
cos’x =1+ I(—sian)dx=l—2 xdx+% Ixsdx—% Ixsdx+...=
0 : ¢ "o Yo
n n—|
=1-x? +lx4 ~-£x6 +...+uixz”
ERAPT: (2n)!
{(k DoNyueHHOMY MOYJICHHbIM HHTETPAPOBAHIEM Ay A00aBuiK 1, Tak xaK

X

X .
I(—sm 2x)dx=cos’ x .= cos’ x—cos’0=cos’x—1).p
: .

PaznoxkuTs B cTeneHHOH pAd [0 cTeneHAM X GYHKUHH:

14.29, y=¢™, 14.30. y = sin%. 14.31. y=x’cosx.

1432, y=In(l+5x). 1433, y=In(5+2x). 1434, y=+1+x%.

14.35. y = ! o 14.36. y= 3 14.37. y=x%e™>,
l+x 4-x

14.38. y=x arctgx. 14.39. y=(l+x)In(l+x).

14.40, y=w. 14.41. y='“1(1+—+x). 14.42. y=¢* Inyl-x2.
X X

14.43, y=e"sinx. 14.44. y = xarctgx - In+/1+x°.

14.45. y=(arctgx)’. 1446, y=In(6+x—x*).

2x+3

2

14.47. y=——mM8M8—.
7 x+3x+2

Paznaras noABIHTErpanbHyI0 (PYHKLHIO B PAA NO CTETICHAM X M HHTET-
PRPyA ero fo4IeHHo, HaliTH panokeHns B pan GyHKRHNA:
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l—cosxdx‘

14.48. .[i dx. 14.49. 14.50. f
X

I dx

vi-x* ' ) X

~ Pa3noxuTh B cTenenHOH pan GpyBKunm: '
14.51. y = x* + x* no creneusm (x — 1).
14.52. y =¢" no crenenam (x - 2).

14.53, y =Inx no crenensam {(x — 1).

14.54, y= no cTeneHaM (x + 2).

x —
[IpuMmeHas noulneHHOe HHTErPHPOBaHHe UK duddepeHUUpoBaHe Ps-
JOB, HAfITH HX CYMMBIL:

14.55. 1 +2x+ 3" +4x° +... (x € (-1; ).
. k) 5 7
X X X

14.56. x ——+———+... —1; 1]).

X-TH TS (xe[-1;1])

1457. 1 -3+ 5 - 8 +... (x e (-1 ).

14.3. lIpnMeHeHe PANOB B NPHOIHAKECHHBIX
BBIYHCJICHAAX

CrencuHBle paipl MOTYT ObITE HCNONBE30BAHB UIA NPHOIHMEHHOTO
BEIYHC/IEHUA 3HAUCHHH paznuyHbIX QYHKUMH, onpeaeneHHEIX HATErPaIop
(= TOM yKcne «HeGepyWIUXcA»), HAXOXKIEHHA NPeReNoB U T.1.

14.58. BuiuncnnTs NpuGIHKeRHO ¢ TOUHOCTEIO Ao 0,0001:

1 174
a) —=
Yo

; 6)In0,6; 6)In5; 2) Y68; 9)cosio; e) J'e'xldx_
0
PeweHHe:

1 -
d) JAna BEMHCIECHUA e e 4
3

g

NpHHALIEKALIEM 06IACTH CXOIHMOCTH {— 00} +00):
2 3 3L en
a3y ? ~ 3 4 D03
4 4°.2t 4.3 47 . pt
=1-0,75+0,28125-0,070312 +0,013184-0,001978 +
+0,000247 - 0,000026 +... .

sanHweM paa (14.6) npu x = -3/4,

B3 nepsEie ceMb YNCHOB PAIIONEHHA, HA OCHOBAHHH CIICACTBUA W3
Teopemsl Jleibruna (§ 13.3, n. 5) ana cxopserocs 3HaKOUepeayOLLIErocs
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pana Mbl JONYCTHM TOTPEWHOCTL |/, HE MPEBLIUIAIOUIYIO NEPBONO OT-
GpolreHHOTo uneHa (no aGeoaoTHOM BeTHYKHE), T.C.

| < 0,000026 < 0,0001.

Hrak, cknageigas ICPBEIC CEMb JICHOB, NIOJIYYHM

1 < 0,472391 ~ 0,4724.

7
Bonee TOYHO OLIEHHTH MOTPEILHOCTD BLIMHCTICHHA ﬁ MOXHO, HCTIONb-
e
3ya dopmyay Teiinopa (14.14). BasB B kauecTBe BEIMUMHLL € nepebie (nt+1)
WJICHOB PAZA (BMECTE € HYJIEBBIM), Mbl ZOITYCKaeM NMOTPELTHOCTD, ONpEAense-
MY10 OcTaTeqHBIM WieHOM R, (14.19) npi xy=0,0 < <xnm x <& <0:

(m+1}
R, (x)= A YN

(n+1)!
,[lﬂﬂ tlJyHKL[HH f(x) = ex f"(x) =f"-’(x) = .. = f-(n+|)(x) _ ex’ re.
7€) = €5 Cnenosatensro, npy x =-3/4
(=1t 3
= e T e T <5<

IMpu 7 = 6, T.¢. MPOCYMMAPOBAB BMECTE C HYNEBBIM 7 WIEHOB PAAA, MBI 1O
£.17
nyann 1/ = ™ = 0,472391; npw 310 ocrarounsiil wies R, = -%

7
3aKMIOYEH B TpaHNLax oT MUHHMankHore R, (0) = -

e 4? A0 MAaKCHMAaNTBHOTO

0,472391-37

R(314)=-="2=3

, Te.—0,000026 < R, < -0,000013, Cnenona-

TEJbHO, TOUHOE  3JHAUCHHE 1/ 4<Je3 Haxo UTCA B Apeaenax
0,472365<1/ #e_l <0,472378 . HensMeHHb! 4 NecATHHHBIX 3HAKA, CleHO-

BATENLHO, C TOYHOCTRIO 00 & = 0,0001 la’#e_3 =0,4724 .

{Jlerko MOKa3aTh, YTO CYMMHpPOBAaHNE MEHee, MeM CEMb *UICHOB pala
(# < 6}, He 0DECIEUHBACT JAHHOM B YCIIOBHH TOYHOCTH OTBETA.)

&) Nna poruuciensd In 0,6 zannmem pag (14.7) npu x = -0,4, sxona-
wem B o0macTs cxoaMMocTH paga (—1; 1]:
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2 3 n
00,6 = In{l + (-0,4)}= —0,4 - 0’: - 0': UL A
n

=—(0,4+ 0,08 + 0,021333 + 0,0064 + 0,002048 + 0,000683 +
+0,000234 + 0,000082 + ...).

Ecnn B kadectse In (0,6 B3ATL MepBble BOCEMb YASHOB, MBI BOMYCTHM

NOTPELTHOCTE
0,4° 04" 0,4" 04° 04"° 0,4
Ir|= + ot +..< + +ot +
9 10 n g 9 9
-, 04° 1
—(1+0,4+..+04"7 +..y=———-——— =0,000048 < 0,0001
9 1-04

(Mbl y‘-IJ'IH, 9TO CyYMM2a CXOIAIIEroca reOMETpHUYECKOrO pdAna B ckobKax

04"

Hrtax, cknanbisas epBeIe BOCEMb YACHOB, TOTYHHM:
In 0,6 = -0,510780 = -0,5108.

BaMeTHM HTO NpH CYMMUPOBAHHH TONBKO CEMH YWICHOB [OIMPCIIHOCTD

|r,,| = ﬂ 1. =0,000136 > 0,0001, T.e. He yaOBNETECPAET 3aAaHHOH B

g 1-04
ycnoBsHd TouHoCTH Ao 0,0001.
3ameuan H e OueHKa NOTPELHOCTH BbMUCHEHNA In 0,6 ¢ noMoLbio
OCTaTounOrO wieHa Gopmynn Teinopa OKa3EIBAECTCA B JAHHOM Cyvae MeHee
sthpexrrnoii. deficterTentHo (cM. npamMep 7.20), mna Gynaxumu f{x) = In (1+x)

n-I| . .
x) = %ﬂ , Toraa no ¢opmyne (14.15) ocraToyHsbli uneH
+
R ( )_ f(m-”(é) n+l (_1)"'”! xn+| :(_1)" (L)HH
(n+ 1t T (+E (1) n+lil+g) 7
rae0<i<xunux<(<0.
9
IIpun=8,x=—04 R, =— 9(? 4{3) nenogarensHo, K, (-0.4) <R, <R, (0),

win —0,002890 < R, < —0,000029, a 3maunt, —0,510780 — 0,0028%0 <
< In66 <-0,510780 — 0,000029, 1.e. —0,513670 < In,6 < -0,510809, uro
rapaHTHpyeT TOYHOCTb BEMHUCTeHMA nub fo 0,01 (a Tounee, po 0,003).
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&) Briauenuts In 3 =In (1 + 2) ¢ nomomso paga (14.7) mna GyHKOMA
¥ =1n (1 + Xx) He ApeACTABNAETCA BO3IMOMKHBIM, TAK KaK X = 2 HE BXOJMT B
ofnacte cxomuMocTh pana (—1; 1].

Bocnonh3yeMcs piaaoM, IpUBeAeHHEM B yyebrure (§ 14.2):

3 5 2n-1
1n”—x=2[x+%+:’-‘5—+...+ X +} (14.23)

1-x 2n-1
3T0T pAA NO3BONAST BEIMHCIATE NOrapudMel MOGHX dKcen, Tak Kak

I+x
NPy H3MEHEHWH X B MHTEPBaNe cXOAUMOCTH pifa (—1; 1) apobn T—x Me-
-Xx
HAeTCA B uHTepBane (0; +w).

Mycte ln-l-i{=ln3,'mma x=—]- H
1-x 2

1n3—l+1+l++ l Fon|=
2 223 25.5 7 22 .(2p-1)
=1+ 0,083333 + 0,0125 + 0,002232 + 0,000434 + 0,000089 +
+0,000018 +... ~ 1,098606 ~ 1,0986

(cymMMuEpyeM ceMb YIEHOR pAfa — 00OCHOBAHHE aHANOTHYHO M. 6§).

Pan (14.23) no cpasHennio ¢ pagom (14.7) Onictpee cxoautes, ¥ no-
TOMY yAOOHEE IA BRMNCICHUA NorapHpmoB. Tak, ecnn And BuIMUCICHHAA
In 0,6 ¢ Tounoctrio Ao 0,0001 moTpeboBanock CyMMHpPOBATE BOCEME YJIE-
HoB pana (14.7) — oM. n. 6), T0 ¢ noMompe pana (14.23) 1a ke TOUHOCTD
JOCTHAraeTCs MPH CIOKEHHH NHIIE TPEX YNeHos {peKoMeHayeM yOeIHTECH
B 3TOM CaMOMY YMTATENIO).

2) Mpencrasum /68 B suae .‘{/@ =864+4 = 2[1 + %)6 . Tak xak no-

1
CJI€ MMPOBEAEHHOIO npeoﬁpa:’.onaﬂna X Il—g BXONHT B 001acTh CXOAHMO-

¢th {~1; 1) 6unomuansroro paga (14.10), To npu x=~i-1;5-, m=% Momy-

4yuM, yuuThiBas (14.10):

1{1 1{1 1
1o se e s Yle™™Y
Y68 =2 1+—.—+ +ot
6 16

21 162 ot 16"
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=2+ 0,020833 - 0,000543 + 0,000021 — ... .

([lna ofecrneueHus JaHHOW B YC/IOBHH TOYHOCTH pacyera AOCTATCYHO
B34Th TPH WIeHa, TaK KaK No CIeIcTBHI0 M3 TipH3Haka JlefiGuuua s cxons-
LIErocs 3HAKoYepeIyroerocd paaa norpemHocts [v,| < 0,000021 < 0,0001).

Hrak, $/68 = 2,020290 =~ 2,0203.
&) Ina BriuncneHun coslQ” = cos% sanuuieM pag (14.9) mpu x = % ,

OPHHAISKAINEM 00/IaCTH CXOAMMOCTH (—00;, + o) !

n 1;4 " T':Zn
Cos —=l—2—+4—+...+(—1} 2—+
18 182.2 18*.4 182" (2n)!

=1-0,015231 +0,000039 + ...
(HeOﬁXOJIHMO B34Th ABa 4/£HA, TAK KaK NPH 3TOM NOrpeHIHOCTE
I < 0,000039 < 0,0001).

HTak, cosl0®~ 1 -0,015231 = 0,984769 ~ 0,9848.
¢) «TouHoe» WHTETPHPOBAHHE 3AECh HEBO3MOMNCHO, TAK KaK WHTErpal
«nebepymuiicar. IJaMenuB x Ha (+x2) B pa3tokerdH (14.6), nonyuum
R 4 1y 2
) 2+x——...+-(-——1-}‘—--JE—+...
2! Al

2
b

-X

e =l-x

TlouneHHO UHTETPHpYR pAA Ha OTpE3Ke [0; %], NpHHAANEKALEM HH-

TepRay CXOAMMOCTH pada {—«; + o), nonquM
/4 I/4 I/4

Ie"‘dx jdx jxdx+—fx4dx+ +

o S|4 ya
+-(-—1—)—— Ixz"a‘x+...= LA [ T LV
nl ° 3 2
0 t}
i 1/4 e
R 0 S S B N =

- + ane ¥ +
n@2e+l)” | 4 4.3 2.-45 n- 4 (2n+1)
+...= 0,25~ 0,005208 + 0,000098 ... = 0,24489 = 0,2449
(OLleHKa MOrPeLIHOCTH POM3BOAMTCA TAK e, KAK B PHMepax a), 2) H 0).)>

14.59. Haittu npenenel:
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&) lim 2e" -2—'2J|:—:u:2 . 6) lim sinx—;arctgx .
x—=0 X—-smx x=0 X
P e e u 4 ¢, HaxoxzeHne yka3aHHBIX Mpegenos -TpebGyer HeoaHo-
KpaTHOrO NMPHMeHeHWA npaBuna JlomuTans (¢ y4eToM Mepsoro 3aMeva-
TeJILHOTO Npeaena, nulo HCHOML30BAHNA IKBUBANIEHTHEIX GecKkoHeYHOo Ma-
nuix). BMecte ¢ TeM 3TH Tpeaensl OTHOCHTRNBHO JIETKG MOTYT OBITH Bbi-
9HCICHBL, ECNM HCMONL3ICBATL PaliiokeHNe BXONRIMX B HHX (yHKIMi B
CTENeHHbBIe PATBL.
a) 3aMeHHM ¢ U sinx ux paznoxennamu (14.6), (14.8) B creneHubie
paabl. [omyunm

23
) 2 l+x+x—+x—+... —2-2x-x*
. 2e"-2-2x-x . 223
lim - = lim =
x>0  x-sinx =0 v X
x—|x-"——+" -
313
20 | 2" 2,2,
= lim - 4 lim 2 4_! =7
x—0 _1-3 xS =01 x
— .. ———+
3t st 33

&) 3aMeHaa sin x U arctg x ux pasnoxennamu (14.8), (14.11) e crenen-
HElE pAnEl, HallaeM

3 xS 3 xS
—_—— — = | __+__“
. sinx-—arctgx . R S} 3 5
lim = lim 3
x—0 X x—=0 X
LS E A
3 3 5 5 IS 1 1Y,
= lim 3 =lim|| =— = |+]| === |x" +...|=.
x>0 x =03 3 5 5
1. 1.1
3 6 6
BEIYHCIHTE l'IpHﬁJIH)!(eHHOI € TOUHOCTHIO & :
14.60. 1/¥e; 8=0,0001. 14.61. In1,4; &=0,001.

! Mpu 8piMMCAIEHHY OTACNLHEIX OTIPEJENeHHbLIX HHTErPaNoB ¢ NOMOLLBIO PABOE MOXCT
rlorrpeﬁosa‘rhcn HHTErPHPOBAHNE PAOOB ¢ HENEIMMH HIH YAaCTHYHCO OTPHUATENBHBIMH
MOKAIATENAMHM CTENEHEN NPH X, T.€., BOODLLE roBops, PAAOE HE ABIAIOIMXCH CTENEH-
HelMH, B Bonee moapoGHBIX Kypcax MaTeMaTHYECKOTO AHATH3a A0KalkBaeTcA BO3-
MOXHOCTb NOMIEHHOTO HHTETPHPOBAHHA TAKHX PAIOB B HHTEpBANaX HX CXONHMOCTH.
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14.62. sinl8°; 8=0,0001.

14.64. In5; 6=0,001.

14.66. arctg0,2; 6=0,0001.
0.2

14.68,

0

0.2

£~ dx; =0,001.
v X
LY

14.70.

1
* sinx

14.72. | — dx; 6=0,001.
x

- [=F']

0,1

14.74. IM dv: 5= 0,001,
X

0

[4/1+ x2dx; 5= 0,0001.

14.63. 3/500; 8=0,001.

14.65. '¥1027; 5 = 0,0001.
14.67. c050,22; § = 0,0001.

0,25 )
_[lna +vx)dr; 5=0,001,

¥]

14.69.

1471 [-Z;5=0,001.

14.73. cos% dx; 8=0,001.

farctg x

- X
o

14.75. ; 8 =0,001,

BRYHCIHTE ﬂpHﬁﬂHKeHHOC SHAaYCHHE HHTErpanoB, B3AB TPH 4/I€HA
pasnomeuus nonmmerpanbnoﬁ (GyHKUMM B psiJl; YKa3aTh NOTPEUIHOCTE;

COos x

14.76. j

Haittn nipenens::

14.78. hmﬂ”i.
0" —]-x

I ctgx
— -

14.80. lim
x»0\ x x

14

14.77. Ie-*’dx.

1]

1479, lim 2= 28X
x=i X

14.81. lim(z’;"ﬂ—%}
=0\ x"sinx x

14.82. Tlpubpiie or peann3alMH MPOOYKIHMH NPOMBILNEHHOIO Hpel-
MpPUATHA PACTET B 3ABHCHMOCTH OT POCTA Y/ICTBHOTO Béca p BRICOKOKaYe-
CTBEHHBIX H3fENHHA B o0LIEM 0OneMe BHIMYcKka MPOAYKLHH N0 dopMye

b
S(p)= ln[l + £] , rTie a > 1, 0 < p £ 0,2. ANMPOKCHMAPOBaTh PYHKUHIO
a

S(p) nuseHinol H OLUEHNTH MOMYYASMYIO TIPH 3TOM NOrPEIIHOCTb.
Yxazanue. BocnonsaoBarteea paaioxkenneM ¢yskumn In (1 + x) B pag Mak-
niopena, [Tpu OLeHKE NOTPEILIHOCTH CYHTATE P MAKCHMATIBHO BOSMOMHBIM.
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Jagaun ana NOBTOPEHAA

Haifti 061acTH CXOAHMOCTH CTENEHHBIX PANOB:
2 4 © a—fn n
PP REANE AN GUNE MPRVTPR oL .

1.3 2.4 3.5 4.6 Zm

3 Zn 1
 x e o
14.85. x N A J‘ Z (2.»:)'
n=1 2n
14.87. z:—(” 1)(x1+3) 1488, CVG-27
o n+ n.4ﬂ'

Tipumenna auddepeHUHpoOBaRHE WIH HHTETPHPOBAHME, HANTH CYMMB
PANOB:

X X X

l4.89.x-——3-+-§——7+... 14.90. 1+ 2x +3x% +4x +...

PayioxNTh B CTENCHHOM pAA MO CTENEHAM X QYHKUMH:

1491, y =" ";

2

Y . 1494, y=¢ 7’ cosx.
N

14.95, Tpumensa anddepenunpopanve, Pyukumo y =In (x + JV1+x2 )
PaIOKHTE B PAX 110 CTENIEHAM X,

14.96. QyHximio y = e* pasnokHTh B PAR MO CTETCHAM (x + 2)

BLIuHCIHTE MPHONKEHHO ¢ TOYHOCTERIO &:

1497, {129; 8=0,001. 14.98. sinl0°; § =0,0001.
1/4

1499. |1+x%ax; §=0,0001. 14.100. | cosxdx; 5=0,001.
IR I

. 1492, y=(x-tgx)cosx

1493, y =

X=»

14.101. Hajiw npezen lim [x —x'In [1 N l)] HCTOME3YA PANTONCHHE
X

dymam ln(l-l-i-] B pAA.
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Koutpoababie 3apannsa
no raase 14 «Crenennnie paxbh

4

A Bapuanm 14.1 | Bapuanm 14.2 ] Bapuanm 14,3
Haiit 00nactTk CXONHMOCTH CTEIEHHBIX PAIOB:
3 4 3 2x 4x?
1 x X x X 1+ et
l-——t———- | |-—=+—F=-
322 233 Y2 243 v5:5 9.5
x% P 3
8x
—m'l-m —m'h.. + +...
J13.8°
o 2n-] - w g nym-le gy2r-
2 2._.._3.‘_..___._._ Zi;(x_z)" CHT -4
1 Cn—1D(2n —Jl)! =l o 2n-1
Pa3noxurh B pAAB 0O cTeNeHAM X QYHKUHH (¢ yKazaHHeM obnacTi
CXOOWMOCTH PAHOB):
1+3x x-3 e* —e
3 = ll'l 3 = =
7 Jl—?rx (x+1)? Y
4 | y=e*cosx y=(]+e’)2 y=e¢"sinx
BEIMHCINTE NpUGIHIKEHHOE 3HAUEHHE BRIPAXKEHHA, BIAB
APa TIEPBHIX UNeHa pasnoxends ¢yHKIHH f(x) cTenenHoi pan;
YKa3aTh HOIPEIIHOCTD!
5 cosl2°; In 0,9; 3/30;
f(x)=cosx S(x)=In(l+x) Fx)=(1+x)"
BriuucnnTh HpHGJIH)KeHHO ¢ TouHoCTEIo Ao 0,001
onpeaeJeHHbli HHTErpa:
3 1 0.2 oy
6 e Isin x2dx I ¢ I dx
X

o Vl+x

0




Teer 14

1. Halit1 minHy HHTEpBAJIa CXOZUMOCTH pAaa

2 x.‘i x4
X+ — 4+t —+....
2 3 4

2. Haiitn naumeHbltiee 3HageHHe x H3 06IACTH CXOAMMOCTH pana

2 x"
E3"(n+l).

. 3. OnpenenNuTh cepeMHy HRTEPRAa CXONHMOCTH pAia
x (_ l)n-l (ZI _ S)n .
n=) 2n-1

4. Haitri pagryc CXOIHMOCTH pAda

i (_9) -n xZn .
n={)

5. BHACHHTE, KAKHE H3 MPHBEACHHBIX PAJOB CXOANTCA RPH MOGHX
JHAYCHMAX X:

n—l Zn— @ R LT
)zn +l z( . 4) Z3 .;c
n=1 ( =11 n=l n=] N

6. Paznoxute dyHKUMIO y=ln3"]l+ 2x B pAa No cTeneHaM x. B
-X

OTBETE AaTh KO3KDHITHERT 3TOTO PAjia NpH X',

7. PaznoxnTs QyHKIHIO % Mo cTeneHaM (x + 2). B orsete math KO-

spdurmeT 31010 pasa Ipu (x + 2)°.

8. [Ipu BHIUHCIEHHN '91,14 OBUIO B3ATO ABAa 4sieHa OHHOMHAABHOTO

pana wis Gyuxuun y = (1 + x) " npa x=0,14, m= —w BRIACHHTE,

Kakas TIPH 3TOM OEINa JONMYIIEHa MOTPEINHOCTD:
1)=0,1; 2)=0,01; 3) = 0,001, 4) = 0,0001.
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9, BoMUCINTE ¢ TouHOCTREC A0 (3,01
' vz,
Ism % b

X

10. HaliTi MakcHMANEHOE 3HAYEHHE X, PH KOTOpOM NphbmmkeHHas
2

topmyna cosx=1 -—-'%— (npeacTapAfONas NEPBLIC JB2 YISHa pa3s:

noxeHus B pax Maxnopena QyHKIMH y = cOS X) Na€T OLIHOKY, He
npepuiatomyio 0,01, (OkpyrnnTe HONyYeHHOE IHAYECHHE X O Jie-
CATHIX. )




Paznen VI

DYHKIHH HECKOAbKHX HePEMEHHBIX

I'naBa l 5

(Dyl'[!ﬂ.l,ﬂll HECKOJIBKHX NEPEMCHHDbIX

15.1. OcnoBHBIC IOHATHA
Crnpasounbiii MaTepuan

1. Ecnu kaxzoMy HaGopy n MEpeMEeHHHIX X, ..., X, H3 HEKOTOPONG
MHOXKECTBa X COOTBETCTBYET OIHO BIIOJIHE Ofpefie/ieHHOe 3HaUYCHHE Mepe-
MEHHOH z, TO TOBODAT, YTO 3A0AHA PYNKYUR HECKONLKUX NEPEMEHNHBIX

2= f(X|, -ory Xp)-

MuoxectBe X HasbiBaeTes obracmeio onpedenerun gyuryuu.

2. I'paghux pynxyuu 08yx nepemennvix z = f(x, y) €cTh MHOXKECTBO TO-
4eK TpeXMepHOro MpocTPaHCTRa (X, ¥, Z) H MpencTaBnseT coboil, KaK mpa-
BHJIO, HEKOTOPYIO MOBEPXHOCTD.

STunueit ypoena QyHKUMA JBYX TEpeMEHHEIX Z = f(x, y) Ha3hIBacTCA
MHOXECTBO TOYEK Ha MJIOCKOCTH, TAKHMX, 4TO BO BCEX 3THX TOHKaX 3Haue-
Hre PyHKuHK 0aHO | TO ke H paBHO C. Uncno C B 5TOM CiIyuae HA3HBAET-
ol yposHeM. :

3. UYncno A HasmBaeTcA npedenom (ywkyuu 'z = f{x, y) npm
xX—rxg, ¥—>Vyo,ecau wis moboro yucna >0 nalfzerca uncne 3>0,

3aBHcAlllee OT €, TAKOE, YUTO AN BCEX ToYeK (X, y), OTCTOAMX OT TOYKH
(xo, yo) Be Oonee, yem Ha &, BRIMOJNHACTCA HEpaBeHCTBO [fix, y) — 4| <¢g .
4—x2 - y?

15.1. Ha#itn oGnacthb onpeneneHna GyHKUHA z = —— .
lnlx P - li

Pe me Hue Obmacts onpeneneHud NpelcTaBlAeT coboll pemeHHe
CHCTEMbI HEPABCHCTB!

4-x*—y* >0, x2+y254, ™)
X +y*-150, wm {x2 4+ >, **)
In(x* + y* 1) 20, Kyt (***%)
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MHuoxecTBO 3HaUEHHI X, ¥, YAOBNETBOPAIOLMX (*), NpeAcrasmseT co-
Goii BHyTpeHHOCTD Kpyra ¢ ueHTpoM (0; 0) n pamguycoM, pasHsiM 2. Peme-
HHA (**) — BHeWHOCTL kpyra paanyca 1 ¢ uenrpom (0; 0). Ycnosue (***)
O3HAYAET, YTO B 06nacTs onpeneneHnd He BXOAHT OKPYHKHOCTh ¢ LIEHTPOM

B Hawale KQOPAMHAT W PaJHYCOM, PaBHEIM J_ TakxuM obpazoM, o6macTh
onpexeneHNA NpeAcTaBASeT coGOM pa Konkla (cm. puc. 15.1). P

P B

Puc, 15.2 Pue. 153
15.2. IocTpouTts rpadukn pyHxumH:

a) 2=1}9—x2— L 6)z=9—xz—y2.

Pemwmenue:

a) Tak xak z 2 0, rpadHk pacnofoxeH Bume wWiockocth Oxy. Ero ce-
YEHHA MI0CKOCTAMK X = ( B y = 0 npeactaBnaioT coboil MOMyOKpYRKHOCTH
panryca 3 ¢ neHTpoM B Havane KoopauHat. «HHKHAA» rpaHHNa rpadHka
(nepecevenne ¢ IUIOCKOCTRIO Oxy rlpenc'raanse'r coboii oxpyxmocn. pa-
awyca 3 (puc. 15.2). N

5) B a1oM cayvae ceveHns rpa- ¥
dmxa miockocTAME x =0y =0
npeacTaBagior coboit napaGonm ¢
pepmmHoi B Touke (0; 0; 9) u Ber-
BAMH, HanpaBIcHHWIMH BHM3, Ce- 0
YeHHe naockocThio z = 0 ecTh OK-
PYKHOCTE ¢ HCHTPOM B Hadane
KOOPAHHAT H paauyca 3. PyHKUUS
He OTpaHHueHa cHuzy. Ee rpadux
npeacTaBneH Ha puc. 15.3.p

15.3. [ocTpouts ITHHUK YPOB-

xy

Hs =,
dyHKUNH 2 T

Cm= -2

Pre. 154

P e m e n H ¢ JINHAH yPOBHA HMEWOT BHA lﬂ =C, T.e. NpeacTabpnd-
nx

Clnx
X

10T cololt rpaduk pyuxuum y = (x > 0, x # 1). DyHkuua onpenene-
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Ha mphn-x > 0, HMeeT NPaBOCTOPOHHIOK ACKMNTOTY, ochk abcumce, BepTH-
KallbHYI0 aCHMIOTOTY — OCh OPAMHAT, ENHMCTBEHHAA KPHTHYECKAA TOYKa

X = e — 3TO TOYKa MaKCAMYMa. 3HaueHHe QYHKUHH MPH 3TOM y = < . Ta-
e

KHM 00pasoM, TMHUH YPOBHA HMEIOT BHJ, NIOKa3aHHEIH Ha pHE. 15.4.

15.4. Hafttn npezen lim M

Jr""ln(l— %2 +y )
Pem ¢ Hu e ObosnaunM x” + y° =r . Torna yonosne x—>0 y—=0
DABHOCHILHO TOMY, Y10 r — (' 1 HCKOMBIA Npejien NPAMET BRI

aresinr? _[2]_ m (arcsinr®y . {1-r?

im m
r=0 In(l—-r) 0] ro0 (In(l—r))" r0 L(_l)
1-r

(mpumennnu npasuno Jlomutans (cM. § 8.2). P

15.5. Hccneposats Ha Henpepmm{ocrb B Touke (0; 0) tbymcumo
Xty
x- y
P e w e H u e. Byasm npubmnkaTeca x Touke (0; 0) M0 HATIPABACHHID
npaMeix y = kx. Torga OyneM HMeTh
XY lim x+hx l+k.
—=0x—y x=>0x— -k 1-%

3HaueHHA TpeAeNoB PasMYHEl HPH PANTHYHBIX K, CIELOBATENBHO,
npenena GyHKIMH ABYX MEPEMEHHBIX HE CYLIECTBYeT, M QYHKUU He ABIS-
eTcA HenpepbisHoil B Touke (0; 0).p

Haittu ¢6nactn onpeneneHus GyHKIHit:
1

156 2= — 187. 2= —.
158, z=4f1-x* + . 159. z={i-x? +y.
15.10. z =In(x+ ). 1811, z =In(x? + y*).
15.12, z = arcsinx+arccosy. 18.13. z = %

Haitti nun#n ypoBHS PYHKLHWH B ABHOM BHAE y = g (x, C):
15.14. z=x". 15.15. z=xIn(x* + y).



15,16, z =", 15.17. z=Jy—-x2.

2
1518, z=——. 15.19. z= =2,
. X+2p X
15.20, z =tg(x+y).
Haiitu npenenst:
’ 2 3
1521, fim[oyfi+ ) 1522. lim x3+y3.
y=0
1523, lim 3G+ 15.24. lim[xyIn()].
x—t xX+y x—0
y==1 y=0
15.25. lim(x +2y) €*. 15.26. lim——2-.
x—+l x=l x -y
=0 y=l

15.2. YacTranbie nponsBogHbIe, rpa;l,nem,
nn(btbepenunan

Crnpasounbiii MaTepuan

1. Yacmuvimu npouzso0HuiMu z = f(x, ¥) 110 X K 0 y HA3BIBAKOTCA Npe-
Jennl BHOA: ;
Sx+Ax, y)-f(x, ¥)

z, = lim 3
Ax—0 Ax
T a0 Ay

2. Jugppepenyuanrom @yrxyuu z = f{x, y) Ha3LIBAETCE CYMMA MpON3Be-
ZEHWH YACTHBIX NMPOM3BOAHLIX TOH (YHKUMH HA NPHPALUSHWA HE3dBHCH-
MBIX MepeMeHHBIX

dz =z, Ax+z Ay {15.2)
HIIH dz = 2.dx +1,,dy, {15.3)
YYHTHIBAA, YTO dx = Ax, dy = Ay. (15.4)

3. Hpouseoonoil z; no nanpaesenino ! pynxuun z = flx, y) Ha3pIBaeTCA
npenen

4=1lm2Z. (15.5)



TIpou3eoAHad N0 HANPABNEHHIO MOXET OHTL BLIPAKERAE depe3 yacT-
HEIE NPOUABOAHLIE NO HOPMY e

=2 cosa+2' cosB (15.6)

riie eIMHHYHEN BeKTOpP e = (cos «, cos B) 3anaet HanpapneHue / (c yrhamMH
a 1 B, oGpasyeMBIMH ¢ OCAMH KOODIAHHAT).

4. Ipaduenmom GyHKLHH 2 = f(x, ¥) HAILIBACTCH BEKTOP
Vz =(z;,2}). as.7
I'panuenT dyHKUMH B TouKe M(x, y), OTMHYHEIR OT HYA, NEPNERANKY-
NApeH THHUK YPOBHA, TPOXOAAIIEH Yepes 3Ty TOUKY.

15.27. Haiftn uacTHBIE NPOR3BOAHBIE GYHKIMH 2 = x2e” *
Pe w e H u e [Ipu andbepeHuHpoBaHHHA MO X CHATAEM NOCTOAHHOIH Be-

vy y. Taknm obpasoM, z; = 2xe” . Ipu auddepeHimposanuy no y cun-
TAEM TIOCTOAHHOH BEJIWYHHY X, CNEAOBATENBHO, Z), = x2e” 2y= 2Jr2y>¢e"2 »

18.28. Haiiti sacTHse NPOH3BROJIHEIE BTOPOTO NOPANKA GYHKINN ABYX
nepeMeHHeix z = In (1 +x + 2y).

P e 1 e H 4 e. YacTHele NpoH3BOZHEIE 1-r0 MOPALKa HMEIOT BHA:

' 1 . 2 '
= y 2, = '
1+x+2y 7 l+x42y

CunTan HX HOBHIMH (YHKLUHAMH ABYX' nepemeﬂﬂux, HAHJEM HX JacT-
Hble npoussopnste. [Tomyuaem: .

[ ] 1 = A | 2 .
Zy S e— F S S e ¢
+x+292 7 7 (+x+2p)°
. 4
Iy =3
(+x+2yp)

15.29. Haittu wivny pexropa Vz rpauenta QyHKnMn z =x + e“+ g

touke {0; 0).

P e w e H # e. KoMnoHenTamu Bextopa Vz (15.7) ABARIOTCH YacTHHE
npomseoausie pyuxumu, T.e. Vz=(1 +¢">, 5 . B Touxe (0; 0) MmoITy-
uyaeM Vz = (2; 5). CoOTBETCTREHHO RAHHA BeKTOpa Vz pasna |Vz|

=y22452 =29 B

15.30. Haiitn nponasoanyio GyHkuHH z = 3y In x B Touke (2; 0) no ua-
Npas/ieHUIO, MApaieNbHOMY GHCCEKTPHCE MEPBOro KOOPAHHATHOIO YTAa.

P e 1w e u ¥ e. TpamMas, npoxoudaiman vepes Todky (2; 0) napannensHo
Gnccelﬂpﬂce NEPBOr0 KOOPAHHATHOTO YIJIA, 3ATAETCA YPABHEHHEM ) = X — 2
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(cM. (4.7)). Ee yriaml ¢ ocaMu koopaBHAT (Kak Uy GUCCEKTPHCRI) pPaBHHI %

CnezopatentHo, o gopmyne (15.6):
. T n {3y 1 3
zy =z, cos—+z,cos—=|=+3Inx |-—==2/(2; 0)=—=In2.
e (Foans) podeio-

HaiiTit yacTHEIE MPON3BOAHEIE PYHKUMI:

1531 z=7 (2x - 1). 15.32. z=sin(x+4y).
15.33. z=xe” + x”. 1534, z= ln‘lx-t-y2 .
1535, z=In(x +y).  1536. z=x""
1537, z=arctg(X+1). 1538z =xye”.
X .
. 2 _

1539, ; =2Y | 15.40. z = arcsin—2—— .

x 24y’
Haiity nonapie anddepenumrans dyHxumii;
1541, z=2%(x+y) . 15.42. z=1In(1 + & + 7).
15.43. z=—-J£—_—J£. 15.44. z=sin[i).

x+y y
15.45, 7 = 2XS0Y 15.46.2 =% + ¥

y

HaiiTs nponspoanble GyHKUM N0 33 JaHHEIM HAMPABICHAAM /:

15.47. z = 3x" — xy + *; I cocrasmser ¢ ocuto Ox yron 60°.

1548,z =x + ", I — 6uccexTpnca 1-ro KOOPAMHATHOTO YIa.

15.49. BLIYHCIHTS NPON3BOAHYIO BYHKIMH z = 5x* — 3x — 3 — 1 B TOuKe
M(2; 1) mo HanpasnenHto / — npamoti MN, rae N (5; 5).

15.50, BriuHCAUTE OPOH3BOAHYK) QYHKIHH 2z =—;- B Touke M(1; 1) no

Hanpém]eumo { — nepnenaMkynapa k npamoit y = 2x 1.

. Haiima rpaguent yHKumn z = f{x, ¥) H ero Moayns mis GyHKURH B
YKA34HHEX TOYKAxX M.

1551.z=7-x"—y% M(1;2). 1582.z=(x-»% M(0;3).
1553, z=xpe' ™,  M(0;-1). 15.54.z=xIn(x+y); M{-1;2).

15.55. z=sin(e 37, M| =; = |.
z = sin(x + 3’} [2 2)
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15.3. IxerpeMyM (pYHKIMH HeCKONLKHX
NnepeMeHnbIX. YCIOBHBI DKCTPEMYM

Capasounblit MaTepuan

1. Touka Mxo, yo) Ha3BLIBAECTCA MOUKOLU MAKCUMYMA (MUHUMYMQ)
byHKUHE Z = f(x, ), €ClIN CYIIECTBYET OKPECTHOCTh TOYKH M, Takas, 4TO
INA BCeX TOYEK (x, y) H3 2TOH OKPECTHOCTH BRINOIHACTCA HEPABEHCTBO

SO0, yo) Z (%, y) {f0xo, yo) <f(x, ).

2, Ecny B ToUKe MaKCHMYMa HIH MHHAMYMa ofe HacTHele NpoH3BOA-
Hble CYLIECTBYIOT H HENPEPLIBHEL, 1O OHH PABHAL HYNK> B 3TOH TOUKe (He-
0Bx00UMOE YERD8UE IcmpPeMyMa).

3. Ecnn B TouKe (xp, yp) o0e dacTHeie NpousBoanbe obpamawTed B
HYIIb, TO XapaKTep Toll TOUKH onpefenneTca Benmuauuoi A = AC — B, rne
A=z3, B=z:y, C=z;},.

TIpn A > 0 pMeerca 3kcTpeMyM (MakCHMyM NipH A < 0 1 MHHAMYM NIpH
A>0).

Tpu A <0 ¢yHKUHA B JaHHO! TOYKE HE HMEET IKCTPEMYMA.

TIpn A = 0 BonIPOC O HANHYUHH FKCTPEMYMSE OCTAETCA OTKPBITHIM (OoC-
RIGmMoHOEe YCROBUE IKRCIMPeMyMa).

4. Hanbonbmiee (HanmeHsinee) sHaueHne GyHKUMH (rnobanbHeli Mak-
cuMyM (MHHHMYM)) z = f{x, y) onpejleNaeTcA Kak Hanbonbllee (HaHMEHb-
ee) 3HaueHHe HYHKUHH B 3aMKHyTolH obnacTh N3 ee 3HaueHNH B KPHTH-
YECKHX TOUKAX BHYTPH 00aCTH H HA ¢ TPaHHNE.

5. Touka M(xy, yo) Ha3siBAETCA TOUKOH YCAOGHO20 MaKCUMYMa (MuHU-
Mmyma) OYHKUBH Z = f(x, y), npu ycoBHA g(x, ) = C, €clH CYLWIECTBYET
Taxasa OKPECTHOCTE 3TOH TOYKH, HTO BO Beex Toukax (X, y} M3 3Toii oKpecT-
HOCTH, YAOBIETBOPAIOLINX YCIOBHIO g(x, ) = C, BHNONHAETCA HEPaBeHCTBO

f(x(h y@) Ef(x’ y) (f(xﬂa J’O) Sf(xl y))-
Ypaesenue g (x, y) = C Ha3LIBACTCA YPABHEHUEM CEA3U.
Touka YCIOBHOrO 3KCTpeMyMa ABIACTCA TOYKOH dKcTpeMyMa GyHKUHA

L(x, y, &) = fix, y) + Alg (x, y) — C]. Oyuxuns L vazsipaetca gyuxyuedi Jla-
epatidica, & h — muoxcumenem Jlazpanca.

6. IIpH HeeneloBaHHN QYHKUMH HA SKCTPEMYM PEKOMEHIYETCH NOJib-
30BaTHCA CHEAYIOIEH cxeMoi:

1. Haiiti 4acTHBIE NPOUIBOAHELIE 2 H Z),.

2. Pewuts cuctemy yparHeHu#l z, =0, z), =0 H HalTH KpUTHYECKHE

TOUMKH (PYHKLHH,
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3. HaiiTH 9acTHBIE NPOH3BOAHKIE BTOPOTO TMOPAIKa, BEIYHCINTE HX
IJHAYCHHA B KaXA0H KpHTHUeCKkoif ToYKe M ¢ MOMOIUBID AOCTATOYHOTO Y¢-
NOBHS CACNATE BRIBOJI 0 HAIHYHHA IKCTPEMYMOB.

4, HaiiTH sKcTpEMYME] (3KCTpeMANEHEIE 3HAYEHUA) PYHKLIHNA.

X
15,56. Haittn sxcTpeMyMsl byHKIMH 2 = e2 (x+ 7).
Pemenue.
1. Haxoanm YacTHBIE NPOH3BOTHEIE:
x x x X

z, =e? -%(Jr+y2)+eE =e§(—;-x+%y2+l]; 2, =e? .2y

y

’
2. Haxoaum KpHTHuECKME TOUKH HYHKLUHH H3 CHCTEMEI { Y

IMonyuyaem x = -2, y = 0, 1.e. (—2; 0) — eadHCTBEHHAA xpnmqecmis
TOJYKA.

=

3. HaxouM 4aCTHHE NPOH3BOAHEC BTOPOTO NOpAaxa: 4 = z,, = e? .~x

[ ]

1 21 1301 z
x+ +l|+e? —=—e?[—x+ +2[ B=z =z =ely,
[2 2y ] 2 2 (2 2y ] Ty S I ETY

Cz--Ze2

1 1 | }
HmeeM A=AC-Bl=e"|=x+=y*+2|-€* 2=e’{—x+— 2+2}
(2 2’ ] R

B Touke (-2; 0) uMeem A=¢ " >0, A=2] = %e"' > 0. Takum oGpasoM,

(-2; 0) — TouKa MHHHMYMa.
4. HaxonnM MHHUMYM dyHKUHH z,; (—2; 0) = e"% (2+0)= —-?-. >
e

15.57. Haiita skcTpeMymBi GYHELHE Z = x” — Xy,

Pemenwue zi. =y’ —y; z, =x” Inx—x. Jlerko BPOBEPHTS, YTO
paBeHCTBO z, =0 BHRTONHAETCA B Tpex caydaax: npux =1, mpuy=0n
nph y = 1. B nepBrIx aByx cily4asx ypaBHEHHE 2z), =0 He HMEET pelueHuil,

=0,
-0 ecThx =¢, y=1,Te.

TaK 49TO €AHHCTBEHHOES PEIICHHE CHCTEMBI {

*q"l-l"

KpATHMecKad Touka (¢, 1) — eAMHCTBEeHHas.
MmeeM A=z5 = W(y-Dx? 2 -1 B=zL =x’"(l+ynx)-};
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C=z;y=x”ln2x. B Touke (esD)4=2z;,=-1; B=z =1
C=z), =e

A=AC-B®=—e-1<0, TaK 4ro $YHKIHA 3KCTPEMYMOB HE MMEeT.
Taxas Touka (¢; 1} ecTb cednoean Touka.

15.58. Haittn alccrpeuymu tbynnuun z =x}.

Pemenwne. z, = 3x2y3; z, =3x}y O‘ICBHJIHO, (0, 0y — e,unnc*r—
BeHHAad KPUTHYECKad TOYKa: zi —ﬁxy3 g, =9x%y —6x ¥ Oye-
BHAHO, B Touke (0; 0) zj,:z:y -0 TeA=RB= C 0 A =10, u Bo-

npoc 00 IKCTPEMyMe OCTAeTCH cmcpbrmu, TaK 4TO TpefyeTcA JONMONHK-
TENBHOE HCCIENCBAHME.,

" OueBHaHoO, B M0G0 okpecTHOCTH TOukH (0; 0) DyHKIMA MOXeT npu-
HHUMATb ¥ NOJIOKATENLHEIE, H OTPHLATENBHbIE 3HAYEHNA (HAaNpHMED, B TOY-
ke{l; 1Dz=1>0,a s Touke (—1; 1} z =-1 < 0); B camoii e Touke (0; 0)
¢$yHKUMA paBHa Hymwo. TakuM obpa3oM, HH B Kakoil coeif oKpecTHOCTH
Touka (0; 0) He #BNAeTCA HH TOYKON MaKCHMANLHOIO, HH TOYKOH MHUHH-
MATBHOTO 3HAYEHHA, T.¢. (PYHKIHs IKCTPEMYMOB HE HMeeT. P

15.59, Haiitu nanGonsinee d HAHMEHBINEE 3HAYCHHES QYHKIHH 2z = y2 +
+4x* nakpyre x* +y° <1,

Pe men v e Kpurnyeckas Touka x = 0, y = 0 — eqUHCTBEHHAA H
PaclonoXera B H kpyra z {0; 0) = 0. Ha rpasmue kpyray =1 - XHz=
=1+ 3%, rae 0 <x” < 1. Taxnm o6pazom, Ha [PAHHMLIE HMEEM Zimin = 1, Zmax = 4.
CnenoBaTeNnbHO, HANMEHBLIEE 3HAYCHHE Z = {) NPUHAMAETCA BHYTDH Kpyra,
HauGonbiuee z = 4 — ua ero rpanuue.p

15.60. Haitti 3KcTpeMyMBbI tl)yHKH.HH z=e¢ =2y npH YCIOBMH, H4TO
PL+yi=1.

Pewenmne,
Iepestii cnocob. Tpu yenopuu X+ y2 =1 umeeM x=z4l- y? umo-

" 2 tJl— 2
OyuaeM  gBe  GYHKIMH  ogHoH  mepeMeHHOH Z,=¢ YR

' 2y341

Z'=e 2+ Y

1-y?

Kpuriucckie TOYKH 3aJalOTCH paBeHCTRAMH 241-y° =1y, Te.
y —+ 2 Taxum 06pa3om, AMEEM B KPHTHUECKHE TOUKH [L i) n
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[ J_ J_] Jlerko nposeputsk (cM. § 8.4), uro [—; —J — TOYXa

1 2
MaKCHMYMa, | ——=; ——= | — TOUKa MUHHMYMa.
( YOG J

Bmopoii cnocob. Oyuxnua Jarpanxka (15.8) ameer Bua:
Lix,y, ) =e"™? -0t +y* - 1). (15.8)

anpaBHHB&ﬂ €€ YACTHBIC NTPOH3IBOAHEIE K HYIIW, IONYUacM CHCTEMY .

et =2, (158.9)
277 =2y, (15.10)
x4yt =1 (15.11)

s ypaenennit (£5.9) u (15.10) naxoaum y = 2x, no,ucrannas B {15.11),

1 2 2
n M JIBA PEINEHUA X =-—, P=—= H =——, Takum
OILReN A% b FUEVETTE

— TOHKY

#3)

— TOYKY MHHHMyMa. P

obpazoM, MOIYJYaeM T¢ ke JBE KPNTHYSCKHE TOUKH {

L. J.J

5T s
15.61. Ilpy xakom COOTHOWEHHH MEKIY BRICOTON B PaiMycOM OCHO-

BaHMA NPAMOrO KPYroBOTo KoHyca ero o6beM GyAeT HanGONBIMHM, €CITH

mwiowans GoKoBoi NOBepXHOCTH PHKCHpOBaHA?
Pemenne. Ilycre  mmomages ~ GokoBoH ~ NMOBEPXHOCTH

S=nRl=nRVK> +R® (rme | — obpasyiomas KoHyca, R — pamdyc ocHO-

MAKCHMYMa K (

paHua, # — seicoTa). O6BeM V=%r:R2h. Taxkum oBGpazom, Tpebyerca

HaliTH Haubonbinee 3HA4eHHE GYHKUHH V(L,R)=%1|:R2h fpH YCNOBHH

VK +R* =§5.
CocraeuM PyHkumio Jlarpasxa (15.8):

L(h,RA)= %nth—l(n:Rth +R? -8

399



Ee uacTHHE NPOMIBOUHEIE TIO /2 H MO R COOTBETCTHEHHO PABHM

. .
v _Lgr_ _ArRE Vi =%ﬂh—l{n4h2+R2 +—rR } Ipupas-

R v

HHBAA HX K HYIIO, [MOMYYacM CHCTEMY .

Lgt oL .
RN i (15.12)

Rh=M
3

ﬁ . . (15.13)

Tlogenns obe yacth ypapHenna (15.12) Ha aHANOrHYHbIE (15.13.), no-

myugeM

2£=£+2£,
R R h

otkyna i = 2R%, t.e. h= RY2.

2S
Taxnum of6pasom, meerca OHA KPHTHYECKAA TOYKA

Ilorlycmuue 3HaYeHuA R anHa.zulexcaT OTpe3IKy [ J' :| TNIpHHEM Ha Tpa-

HHLIE JTOro OTPEsKa IHAUECHHA memu-ﬂymo. Tak Kkak V2 0 MPH. BCeX R-, TOB
€/IHHCTBEHHOH KPHTHYCCKOH TOYKe .uomrae'fcn HaubonmbLIee JHAYCHNME.

'TaKHM obpaszoM, HCKOMOe cocrrHomeHHe HMeer BH,I[ h RJ_ »
Hccneposats (lJyHKl.lHl-I Ha :nccrpemym

15.62.z=x"+y* +xp—dx - Sy 15.63. 2 =xy (1 -x - ).
15.64. 2= (2 —x— y) B Y fxp+y +'+l

15.66.z=smx+smy+sm(x+y) 15672 2 - .\Ly"’+5:r2+y2
{0<x<m O<y<m).

15.68.z=3x+6y-x*—xy+). 1569, z=ei(x+y%).
1570.z=x"+3# - 2Inx— 18lny. = 15.7L z 2-,]; +y°
1872, 2= (252 + y)e &+, 1573, z=—2—.

o x+y
15.74.z=xy - In (x + y). 1575, z=x4fy ~x-2y. -
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Haitn HaHOonbllee H HaMMeHbILee 3HAYEHHA QYHKUMH B obaacTax,
3a23B4eMBIX HEPABEHCTBAMH:

15.76. z=x-2y+5, x20, y20, x+ys1.

15.77. z=x" + )7, ¥+ sl

15.78.z=In (x + ), x-2P+(-2<1.

15.79. N3 pcex npAMOYTOBHEIX AAPARIENCIHIICAOB, HMEIOIIMUX JAH-

HYIO CYMMY AauH pebep g, HalTH napannenennnen, HMeilouni HanGolb-
sl o6pem.

Hccnenonars byHKIHH Ha YCIOBHRHA IKCTpEeMYyM:

1580, z=14 1 apux+y=2.

x )y
1581, z=x-y npux’+y2=1.
15.82.z=xy" npux+2y=4,

1583, z= x-j’{" npux’ +y°=1.

15.84. z=4xYy  npu2x+Sy=100.

15.85. HaliTn BHICOTY W PafMyC OCHOBAHHA UMAHHAPA HauGonbuIero
obbema, eciin ero nonHas NOBEPXHOCTL PaBHa 6m.

15.86. [IpaMoyronbHelfl Napannenenunes BIMCAH B NOJYLIAD PaaHyca
R. HaiiTd TakHe AMUHBL CTOPOH napmenennnem, yToOH ero ofneM Ouin
HaHOONLIIHM,

15.87. OnpegenuTs HApYKHBIE pA3MEphl 3axpmoro HIHKA ¢ 3a1aHHOM
TOMIEMHOH CTEHOK d H BHYTPEHHeH eMKOCTEI0 V Tak, Y1006l Ha ero Hiro-
TOBJEHHE GO 3aTpayeHO HAMMEHbIUEE KOJIHYECTBO MaTEpHana.

15.4. MeToy HanMeHBIIHX KBAJIPATOB
Cnpasounbiii MaTepuan

1. Hocmanoexa 3a0cuy. [lponzpogyres n HabmoneHdd (xy, Y1), -.-, (X Vo)
nepeMeHHEIX X H y. IIpeanonaras, YTo MEXAY X M ¥ CYWECTBYET 3aBHCH-
MOCTE BHAA ¥ = f(x), HAATH 3HAYEHHA MAPAMETPOB d W b, HAMNYUIIHAM 00-
Pa3oM COTIACOBAHHEIE C 3KCMEPHMEHTANBHEIMA E2HHEIMH.

CornacHo METOAY HAMMEHLINMX KBAAPATOB NAPaMETPhl {])ynxunu fix)
creayeT BHOMPATD TaK, YTOGL! CyMMa KBAZPATOR HEBAZOK

$=3(7(x)-%F (15.14)

=l

Onina HauMeHbIIEH,
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2. Ecom fix) — nuueiinan ¢$yHruma, Te. v = ax + b, 10
hY =Z(ax,- +b- yf)2 , @ HEM3BECTHERIE TIAPAMETPH ¢ W b ompemensiorcs u3

i=]
CHCTEMBI HOPMANLHBIX YPABHEHMIA;

[gx,-Ja+nb=§y,-.

3. Ecnu f(x) — xmagpaTnuHas QYHKUMA, T.e. ¥ = ax- + bx + ¢, TO

(15.15)

H
§S= Z(axzf +bx; +¢c~ y,-)2 , @ HEH3BeCTHHIE NapaMeTpHl 4, b, ¢ onpeaens-
i=l

IOTCA W3 CHCTEMBl HOPMaNbHBIX YpaBHEHHI:

( ‘xf]a [zxf }b+[2xf }c-H 5,

[,,x]" [fo}b+[2x; =Y 0, (15.16)

L[a= ]O[Ex}b+nc=f§yf.

15.88. Mmetorca cnegyiolne gaHHbIe O BeJIHUHHE npobera asToMoOH-
Jis x (TRIC. KM) H y — pacxXoae Macaa (JI/Teic, KM);

X 30 70 90 110 130
Vi 0,2 0,5 0,8 1,1 1,3

[loaaras, 4To MeXAY NEPEMEHHBIMK X K ¥ CYIUECTBYET AHHeHHas 3aBu-
CHMOCTb, HAHTH 3MIHpPHYECKYIO GopMyay ¥y = ax + b MeTonoM HAaHMEHB-
IIHX KBaJpaTos,

Pemenne Halinem mneobxommmbic 1ia pemieHNA CyMMBI

I MB

,
= ||M::

M

n n L i
2
3% 2V 2%, 2%y [IpoMexyTOYHEIE BHIYHCISHAS NPeACTABIEHE!

i=l =l i=| i=1

B TA0NMIE:

i Xi Vi Xy I.*‘

1 50 0,2 10 2500
2 70 0.5 35 4900
3 ] 038 72 8100
4 110 1,1 121 12 100
5 130 1,3 169 16 900
z 450 39 407 44 500
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CHcTeMa HOpManbHBIX YpaBHeHHI {15.15) nMeeT BHL:
44 500a + 4505 = 407,
450a+5b=39.

Ee pemernna a = 0,014, b = —0,48. Takum oOpa3om, TnHelkas 3aBHCH-
MOCTh HMeeT BUA: ¥ = 0,014x — 0,48, P

15.89. HmMeetca ueTblpe w3MepeHus OApel NEPeMeHHBIX (X, V), pe3ynb-
TATHI KOTOPBIX NpHBEACHBI B TabnuIe;

x 1 2 3 4
y 0,2 0,3 1,0 1,2

~ MeroioM HAaMMEHBIIHX KB3JpaToB TMOCTPOWTE JIMHEHHYIO 3aBHCH-
MocTh ¥ = ax + b. CpaBHHTE OJYYEHHYIO 3aBHCHMOCTDb C 3aBHCHMOCThIO
2

y=%x.

P e m e H ¥ e. ARanornuno 3agadye 15.88 Haiinem ypaeHeHue nuHeii-
noit 3asucumoctr: y = 0,37x - 0,25,

CpaBHMM EBeNMYHHLI S=i[f(x,-)— y,-]2 onA HaltoeHHo#l nuHeHHOH

i=1
3aBHCHMOCTH H 34BHCHMOCTH y=-§l§x2 . ﬂpouexcquﬂble BBIYHCICHHA

MpEeICTaBUM B TadNHLE:

1

i X; )’:‘ 8

i ]

2
0,37x%,-0,25 (% - y!_J [0,37x, - 0,25~ y*

111 1062 0,125 0,12 0,005625 40,0064
2 (2 |93 (03 0,49 0,040000 0,0361

3 (3 1,0 | 1,125 0,76 0,0t5625 0,0576
4 14 | 1,2 ]2 1,23 0,640000 0,0009
e — — 0,701250 06,1010

Kak Buano S, <S,,., CcNenoBaTensHO, JHHEHHAA 3aBHCHMOCTh
npennouTHTE b EE. P

15.90. Mmetorcs CIEAYIOIIAC AAHHEIE O PACXOMAX Ha peKaaMy x (ThIC.
YOI ¢A.) M cOBITe pOnYKLMHM y (THIC. EA.):

Xi 1 2 3 4 5

Yi 1,6 4,0 7.4 120 18,0
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Ipeanonaras, 4To MeXIy NepeMEHHBIMH X H ¥ CYLISCTRYET KBaapa-
THYHAA 3ABHCHMOCTE BHOA Y = + bx + ¢, HaliTH 3HaueHUs MAPAMETPOB
a, b, ¢ METOAOM HaHMEHBIINX KBAJPaTOB.

P e w1 e H n e. HaligeM HeoOxoqumele g0 PELICHAS CYMME]

" n 2 n 3 " 4 n " " 2
Zx,-a fo’ fos fo’ Zyr's foys, fo)’f .
= i) i=l i=) i=l i= i=l

BHIUMCICHAA NpHBEAeHB B TalulHLe:

i X Yi x? x; x! XY; If‘z.}’.f
1 1 1,6 1 1 1 1,6 1,6
2 2 4,0 4 8 16 8.0 16,0
3 3 1.4 9 27 81 222 66,6
4 4 12,0 16 64 256 48,0 196,0
5 5 18,0 25 125 625 90,0 450,0
b 15 43,0 55 225 979 1698 680,2

CHcreMa HOpManbHEIX ypasHeHH#H (15.16) uMeer sna:

979a +225b + 55¢ = 680,2,
225a+55b+15¢ =1698,
55a+15b+ 5¢ = 49,0,

Ee pewenue a = 0,3; b = 0,48; ¢ = 5,06. Takum obpazoM, HckoMad 3a-
BHUCHMOCThH HMEET BHA: y = 0,3»:2 +0,48x+5,06.p

Hmetorea crenyomue paHHBE 0 MepeMeHHBIX X W y. Ilpennonaras,
YTO MEXIY X H y CYWIECTBYET NNHeHHAd 3aBHCHMOCTh, HaHTH 3MNHpHUe-

cKkyo opMyny y = ax + b METOAOM HAHMEHBILNX KBAJPATOB:
15.91. x — 1ieHa Ha ToBap (yca. el.); ¥ — YDOBEHB MpoaaX {THIC. e1.):

Xi

3,0

4,0

5.0

6,0

7,0

Vi

200

160

120

90

80

15.92. x — ypoBeHE MOTpEONEHNA 3ﬂex'rﬁoaneprun Ha NPEANPHATHH
(MiH kBT * 4); y — cebecToNMOCTh €ANHHLH MPOXYKLHNA:

Xi

12

1,3

14

1,5

1.6

Yi

20,0

18,8

18,2

18,1

13,0

15.93. x — MowHocTe Apurarend (.¢.), y — CPeIHHH CPOK €ro 3Ke-
IUTyaTalHH (Mec.):

X;

30

40

50

60

70

Yi

18

20

21

24

25

Mo KcnepaMeHTANEHEIM JJAHHEIM NIOCTPOHTE METONOM HIHMCHBIUNX
KBAJApPATOB JIHHEHHYKY SMIHPHYECKYIO 3aBHCHMOCTD ¥ = ax + b, CpaBHuTb
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MOAYYEHHYIO 3aBHCHMOCTE C a.umepna’mnnoﬁ H ONPEAENUTS, KaKas HE{HHX
Jy4lIe COOTBETCTBYET SKCNEPHMEHTATBHBIM JaHHBIM:

15.94.
X 2 2,5 3 3’5 4
Vi 4.2 5,5 69 8 9,5
ANbTEPHATHEHAR 32BHCHMOCTD ¥ = 2Xx + 0,1x%
1595,
. \.xi.. 1 N e 2 . 3 4 5
W i,0 1,4 1,7 2,0 2,2
AnbTEpHATHBHAA 3ABHCHMOCTE y = Jx.
15.96. '
X; 1,0 1,5 2,0 2,5 3,0
Vi 0,50 0,30 0,25 0,18 0,12

ANBTepHATHBHAS 3aBHCHMOCTD ¥ =2,

15.97. HMmero1ea cremyomHme HKCMEPUMERTANLHEIE RAHHEE O KOJIHYC-
CTBE €HHULL MPOH3BEAEHHOI TPOAYKLHH X H H3AepKKaXx y (ThiC. YCIL. el.):

X;

10

20

30

40

50

Yi

2,0

59

12,0

20,0

30,0

dyHkuug nigepxex (cM. § 8.6) Hilerca 8 BHAe y = ax + by, Onpene-
JIHTD IAPSMETPH a A b GYHKIHA METOZOM HAUMEHLIIMX KRANPATOS .

15.98. HmeroTea cnemylomye IKCNEPUMERTANILHbIE TaHHBIE O KOTHYe-
CTB¢ NMPOHIBEAESHHOTO TOBAPa X (THIC. €4.) M KONHYECTBE PealH30BaHHOIO
ToBapa K(x) (Thic. en.):

Xi

100

120

140

160

180

200

Y 100 114 130 146 163 180

3aBUCHMOCTb MIIETCA B BHAE y=100+a(x-1_00)—b4x—100.. Haiitn

€€ napaMeTpel a4 H b MEeTOIOM HAHMEHBILHX lcna.npamnl.

! Vicasanue. Jna pemcsun 3aaa4 15.97—15.99 phauane HeoSXO0AMMO NOAYHHTL CBO
CHCTEMY HOPMANbHGLIX ypaBHeHHH, ucxons w3 paseucte: $;, = 0, 53 = 0, rae § onpene-

nnerea no jopmyne (15.14).
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15.99, Hmerores cneayiolliie 3KCIEPHMEHTAIbHBIE NaHHEIE O LICHS 3a

K (x)

CAMHHILY ToBapa p (YOI eJ1.) ¥ 0Jie PEaTH30BAaHHOTO TOBapa W=

x
Di 10 12 15 16 20
w; 1,95 0,93 0,92 0,90 0,39

OynKups w(p) Hietea B puge w = | — ap — bp’. Haiith ee napameTpsi
a B b METOJIOM HaHMEHBIINX KBAAPATOB .

15.5. [IBoiinbie uHTErpaILL

Cnpasounniii MaTepuan _
1. PaccmotpuM MuoxecTBo D Ha naockoctH. [locTpouM moxpriealo-
IIYIO 3T0 MHOXKECTBO peleTky (prc. 15.5).
[Iycth Ax; H Ay; — COOTBETCTBEHHO JUTMHA TOPH3OHTAaNLHON H BEpTH-
KanpHOH KNeTkH Ay Boifepem B xaxio#t

4 A kiaetke A; Touky (&, ;)
K N Humezparonoi cymmoti QYHKUMH Z =
- — 2l = f(x, ¥) Ha MHOXecTBe [ HasHBaeTCA CyMMa
| =t no"
o - $=)"3 fE.n)AxAy,.
Puc. 15.8 -

2. Oynkupa z = f{x, ¥) HA3HBACTCH UH-
mezpupyemoli Ha MHOXecTBe D, ecny cyliecTBYeT KoHeuHwl npenen [
HHTErpanbHOM cymMMmbel 9JTolf  ¢yHkuME- Ha D - mpe  ycnoBHH

d= JAxf + Ayf — 0. CaMo 3HaueHHe mpenena / HasbiBaeTcH asbﬁ'uw
unmezpaiom hyryuu z = fx, y) Ha MHOXecTBe D: :
nom
1= [repdeay = im3> 3 f&m)axdy; . a5a7)
ra =] =l
3. Ecnn oGnacts D uMeeT BHA, n3o0pakeHHBIH Ha puc, 15.6,

y ! ¥ = hlx) ’
%,
. =g
] ]
0T o B A o ol 1 x
Puc. 15.6 Pue. 15.7

1 CM. cHocky Ha . 367.
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TO HMCET MECTO PABCHCTBO!

[frepasay=

D

b Mx) |
frena p (15.18)
al glx)

15.100. Boiuncnury [ = ”‘xz vdxdy, rae D — nonyxpyr, Hsolpa-
' D

wenHbli Ha puc, 15.7.

PemeHue Hudeem g(x) =0, hx)=+¥1-x* — DYHKUHH, 3a[2i0-

e HIKHIOK B BEPXHIOIO TPAaHHILLL 00nacTh.
IMo popmyne (15.18):

[ A5E , W,
}’=_1 ';[xyafv d.):=_1 -i-xy

! 5
= I-l-xz(l-xz)dx=-l-[f——x—]

LE 2\3 s

-2

=

15.101. BrruHcants

I= H(Hy)drah’,

rae D — obGnacts, orpaHHyeHHAS Ha-
paﬁonauny=6—x2,y=2— , npa-
Mo#i ¥ = X H OCEI0 Op/IHHAT.
Pemenue Obnacte D uzo-
OpaneHa Ha puc. 15.8.
Pazobrem ofnacts D Ha pBe 00-
nactH mpaAMolf, npoxogAneit dvepes .

Puc. 15.8

TOUKy M mapannenbHo ochH opaunar. Touka M umeet abcuuccy, pasnyio 1,

Tovka N — paBHylo 2, Takum o0pazom, HMeeM:

1] 6-x* 2| 6-x?
I= I(x+y)afy dx+ _[(x+y)dy dr =
0 2-4* l. x
1 5 6-x2 2“ . 6—x°
= || w+Z aﬁr+I i dx =
2 |, 2
0 2-x 1 | X
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15%%

1 1,
= I(—4x2+4x+16)dx+ J(i‘iwx’-
]

+6x+18de=

2
4 3 2 : xS 14 5 3 2 1537
={(—— 2x° +16. —— 43 18 =
(3x+x x)|0 (10 2 2x x“ + xl 0 | 4

BorancnuTe nBOiHEIE HHTErpaik:
15.102, ﬂ(x +y? )dx dy, roe D orpannueHa npaMBIMH Yy =X, ¥ =2x H
D

npaMoii y = —x + 4.
15.103, Hiditay , rie D orpaHuyena nuBuAME ¥ = ¢, y = €™ 1 nps-
pY _

Mol x = 2.
15.104, He”’ dxdy, rae D orpanuuera runepbonoit xy = 1, ockio ale-

LHCC H npnuumnx 2,x=3,
15.105. H(J;+J—)drdy, rne D orpanuuesa mapaGonmamu y = x°,

y=4x'u npmoii x=2,
- 15,106, Hsin(x- y)dxdy , rae D orpaHudeHa NPSMEIMH y =X, ¥ = 2X H
D

npamoii x = 7.

15.6. OyHKIUN HECKOJBKHX NEpPeMeHHBIX
B DKOHOMMYECKHMX 3ajajax

Cnpasovunsiii MaTepuan

1. Hpouzeodcmsennodi gynxyueil HAIBIBAETCA 3aBHCHMOCTE pe3yIbTa-
Ta NpPOH3BOJICTBEHRON JEATENBEHOCTH — BHITYCKa NMPOAYKUHH 0T obycio-
BHBIIHX er0 (HaxTopOB — 3aTPaT PEeCYpCOB X, X2, ..., Xy IIPOH3BOACTREH-
Hat (YHKUMA MoXeT OBTh 3aiaHa KaK B HAaTYPalbHBIX, TAK ¥ B JEHEXHBIX
enuHnuax. B nocnegseM caydae oHa npeactasnset codoll NOXoa ot Ke-
NOAK3OBAHUA PECYPCOB.

TponssoacTeennas Qynkuua K(x, y) = Ax° y HasHBaeTCH ynxyueti
Kob66a—/Tyznaca. Tapametpn ¢ 4 [ npeacrapnsawT coboli yacTHwle 3Ma-
CTHYHOCTH BHIMYCKA NPONYKIMH MO OTHOIIEHHIO K 3aTpaTaM Tpyla X M
KanmpTana y (cm. m. 3).
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2. Dynxyun nonesvocmu U(xy, x3, ... , X,;) 3203€T NONEIHOCTD AJIR MOTpe-
Ownrens oT nproGpeTeHnA x) eannHL | -ro 6aara, x; eaHHuL 2-ro 6ara M T.4,

3. Hacmnoii anacmuunocmuio @yHkyuu HECKONBKHX INEepeMeHHBIX
z = f{xy, X3, .-., Xy} OTHOCHTENBHO N¢PEMEHHOI X; HAILIBASTCA BEIHUHHA

A, .
F, (2)= llm[ ad ﬁ]=iz;_. (15.19)
-4

Ax; 0 x; z

3naucHue E, (z) nokasbiBaeT NPUOIMKEHHO, HAa CKOJBKO MPOLEHTOB
H3MEHHTCS ITepeMeHHAd z TIpH H3MEeHeHHH nepeMernoil x; Ha 1 %,

15.107. IMpomsponcTeeHHad GyHKIMA (B ACHEOKHOM BHIDKEHHN) HUMEST BHJ
K{x, y)= 30&% (x — KJIMYECTRO eAMHHL, TIEPBOTO PECyPed, ¥ — BTOPO-
ro). CTOMMOCTE ¢JHHHMIIEI IEPBOFO pecypea — 5, RToporo — 10 zen. e, Haii-
TH MaKCHMATLHYIO IIPHGBUTE PH HCTIOIE30BAHAH PECYPCOB.

P ¢ w e v u e. [IponzsoacTeennan (YHKUHA B AEHEKHOM BHpPaXKEHHUN
paBHa J0X0[y OT HCNOAL3OBAHUA PeCYpPCOB. M3/lepXKH NPH 3TOM PaBHLI
C(x) = 5x + 10y. Taxum obpazoM, pyHKUIHA OpNOGEITH paBHa

n(x,y) = 304x3fy - 5x 10y
Tpebyetca HalTH ee MAKCHMYM.
YacTHIle npoH3BONHBEe pyHKUWAH A(x, ¥) paBub ) =15x"V2yY? —s;

n, =10x"2y"% _10. Tlpupapuupas ux x Hysio, naiinem pemenne x = 81,
y =27. YacTHhle NPOH3BOAHBIC RTOPOTO MOPA/KA HMEIOT BH:

n;x=-%x_'}y*, n =r|:yx=5x_{‘y_*, L =—%x*y'i.

A= n:t —(ny, )2—25xy >0. a, <0.

Taxnm obpazoM, HafineHHas Kpmuqecm TOYKA €CTh TOYKA Maxcnmy-
Ma. CooTBeTcTBYIOLIEe 3HaYeHHe IIPUOLLTH paBHO 135 (aeH. en.). >

15.108. IlpouzpoacTeenHas ¢yHKUHA paBHa T(x, y) = =30vx %/_

CTOHMOCTE €OWHHLEL NepBOTO pecypca pasHa 5, roporo — 10. B cumy
OIOIKETHBIX OTPAHHYEHHH HA PeCYPCH MOKeT OhITh NOTpaueHo He Gonee
600 nen. en. B aTHX YCAOBHAX HAHTH ONTHMANLHOE ANA MPOH3BOANTENIA
3HAYCHHE (¥, ¥) KONHYECTBA HCTIONBE3YEMEIX PECYPCOB.

Pemenne Tenmepe cnegyer MakCHMH3HPOEATE (PYHKLUHIO

n(x,y)= 30\/1_:%_;—5x—10y , BO TIpH ycnoBHH, ¥To 5x + 10y < 600. B npe-
Ielayedi 3aaage G5UT0 HaltIeHO ONTUMANBEOE PACTIPEACICHHE PECYPCOB B
CHTYallNd, RKOTAa OTpaHH4YcHHA oTcyTcTBoBamH. (Kaszanock, YTO OMTH-
MaJIbHEIE 3aTPATH Ha pecypckl paBHEI 5 - 81 + 10 - 27 = 675 > 600. Moxno

NOKa3aTh, YTO B 3TOM CIIy4ae B YCHOBHAX HANWUMS OTpAHHYEHHIN Ha pe-
CYPCHI CeRYeT NOTPATHTE BCIO BO3MOKHYIO CYMMY.
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Hraxk, uMeeM 3anauy MakCHMHIALHHA QYHKIIAU
n(x, y) = 30Jx3fy - 5x-10y

TIPH YCHIOBHH, uTo Sx + 10y = 600, wnm x + 2y = 120,
Hepesuwtii cnoco, B cany orpannueHuii nMeem x = 120 -2y |

n(y) = 30,1202y 3fy - 5(120 - y)-10p = 30,1202y 3y

Mpoussoaxas QyHKLUHK n}(y) \(]32(:)%/_2}, 10 1{2{% 2y . Miprpas-

HHBAA ¢ K HYJIO, MONYYNM pereHne y = 24, otkyaa x = 120 - 2.24 = 72,
MaxcumansHas npubuae npH 31oM papHa 30-72-24 — 572 — 10-24 =
=51 240 (geH. ea.).

Bmopoii cnocob. Tpu ycnosun, uto 5x + 10y = 600, dyskuns nprbei-
JH UMeeT BHA nix, y) = 30~/A_-{(J_»- 600, OueBNaHO, YTO eCNIH KAK0e-TO 3Ha-
yeHne C OCTHraeTcd, TO NIKHHUA ypoBHA PyHKIHK X (X, y) = C ROMKHa Ne-
pecexaTsea ¢ npaMoli 5x + 10y = 660.

YpaBHeHHe JTHHHH YPOBHA (IYHKUHH TpHORIAH 30\/;{/;—6{}0;0

_C+600 '

xs_rz’ roe A= 0

Jlerko suneTs, YT0 MakCUMaNbHOE 3HaueHHe 4, a CNeJoBaTeNLHO, H
ypoBHA C JOCTHracTca B TOM CAydae, €CITH COOTBETCTBYIOINAA JIMHHA
ypoBH2 Kacaerca npamoll Sx + 10y = 600. Tak xak rpaauedt B KaxkaoH
TOYKE OpPTOTOHANIEH NHHHH YPOBHA, TO M3 ITOrC CHNEAYET, YTO YCIOBHE
MAKCHMANLHOCTH MPHOBUIN MOXeET OWTh cHOPMYTHPOBAHO CICAYIOLIHM
obpasoM: BeKTop (,,f),) opToroHanex npamoil Sx + 10y = 600. Ira nps-

MOeT GBITH 3BMHCAHO Kak y=

Maf MMeeT Yrnoeoi kod(puUHeHT, paBHEIH —-;-. Yrnopoil kosduent

r

R
NpAMOH, npoxoaswed wepes BeKTOp (m,,n)) pabeH -Z. To ycnosmo
n

x
]

m
nepneHAMKynSpHOCTH MPAMKIX UMeeM —— =2, T.e.
X

1 £ 3

—_ x.- y

3 =2

o R

Ex By]
nid x = 3y. [loacTaBnss noaydeHHOE BRIPAXEHHE B YPABREHHE NPAMOi
5x + 100y = 600, naxogum x = 72,y =24, P
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3 amMeyaH u e OnTuMansHOE pelileHHe JIKHT Ha NPAMOH orpaHnye-
HuH (B DaHHOM cIy4ae Ha npsamMofi 5x + 10y = 600) TombKo B TOM CiTyyae, eciH
OpH ONTHMAIBHOM pellicHHH €3 OrpaHHueHHH CyMMa, 3aTpadnBacMas Ha
pecypenl, Gonbiue OrpaHWYHTENBHOH. B IPOTHRHOM ciTydae pelleHHe 3aaqy ¢
OTPaHHYEHHAMH NPOCTO COBNAACT ¢ pellleHHeM 3a1a4H Ge3 orpaHHYeHHH.

15.109, @Oyuxups nonessoctn umeet BAIL: U(x, ) =2In(x-1)+3In{y-1).
[lena eauHuLEl nepBoro Gnara pasHa 8, eroporo — 16. Ha npuobpetenue
3THX Gnar Moxer ObITH 2aTpaueHa cyMma, pasHaa 1000. Kak cnegyer pac-
NpeAeNuTh 3TY CYMMY MWy JBYMA GnaraMe, utobl TONE3HOCTL OT HX
npuobpereHus 65i1a 660 HaHbONbIEHT

PeweHue PaccMOTpHM NHHHH YpPOBHA ququml TMI0NE3HOCTH
Ux,y)=C,1e.2In{x - 1)+ 3 In(y - 1) = C. Hcnone3ya ceoHCTBA J10TA-
PHPMOB, HMeeM:

hx-12E-1=C1e (y=1)’= ,tae A = €5,

A
(x-1)
Taxum 00pa3oM, JTHHHH YPOBHA MPEACTABIAIOT ¢OGOH rpadukH PyHK-

1
—J; 5 +1.

(e-1F

Henone3ya paceykIeHHA, TIPHBGACHHBIE B NPEASULYINEM HPHMEDE,
noay4yaem, 4YTo B TOUKeE (X, ), B KOTOPOil JOCTHraeTcd MaKCHMANBHAA TI0-
JIE3HOCTh, JIHHHA YPOBHA KacaeTcA npamoit 8x + 16y = 1000, mm
x + 2y = 125, 3naunT, rpaaHeHT QyHKIRE [0AC3HOCTH AGTIKEH OBITh mep-
neHgHKyIAped 3Toil nuHAU. ['panuedT GYHKLHH MONE3HCCTH UMeEeT BAX

[—2— -—3--1-] Yrnosoii KoanQJﬁuHeH'r npamoit & = ——;—. Henonezya ye-

x-1’ y—
NOBHE TEPNEHANKYIAPHOCTH TPAMBIX, HMEEM: %(;—_% =2, un 3x — 4y =

UHH y =

= -1. CnegoBaTelbHO, ONTHMAIIBHOG PACHpPLACNeHHe ROTpeClICHKS TOBA-
POB HaXOAWTCA KaK PellieHHE CHCTEMBI:

x+2y=125, _ e ee
{3x—4yz—l, Te. x=49,5 y=37,75.p
HaiiT 3HAYCHHS BENMUHH HCIONB3YEMBIX PECYPCOB (X, V), IPH KOTO-
peix PHpMa-NPOH3BOANTEND NONYYHT MAKCHMAILHYIO NPHOBLIL, €CIIH 3a-
JaHbl MPOH3BOACTBEHHAA QyHKIMS K(Xx, ¥) ¥ LEHbl p| ¥ p; HA eJHHHLY
TIEpBOTC H BTOPOTO PECYPCOB!

15.110. K(x,y)=30J%Yy; pi =4, pzﬁ_‘g
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15.111. K(x,») =10¥x33%; =2 p, =_§.,

3agaubl Npou3BOACTEEHHAA (YHKUWA, LEHH HA eAWHHLY NEPBOTO H
BTOPOTO PECYPCOB, a TaloKe OrpaHNdeHHud / B CyMMe, KOTopas MOXKET ORITE
noTpaueHa Ha npuobpereHue pecypcoB (cyMma < /). HaiiTi 3HaueHns Be-
JMYMH HCTONB3YEeMBEIX pecypcoB (r, V), TpPH KOTOPHX ¢HpMa-
NPON3BOANTEND NONYSHT HauGoMbIIyI0 MpuORLIIE:

15.112. K(x,y) =10x3[y; pi=2, pa=4, I=12.
15.113. K(x,y)=24x3y? ; =27, p=4, [=6.

TTotpebuTens nMeeT BO3MOXKHOCTS MOTPaThTh cyMMy 1000 aen. en. Ha
npuoOpeTeHHe x eOVHHL MepBore TOBapa H y eAHHHL BTOPOTO ToBapa. 3a-
Janel GYHKLHA noNe3HocTH {Ax, y) H LeHH p(, p; 3a eOUHHLY COOTBETCT-
BEHHO NEepBOro M BToporo Topapor. HaiiTi 3nayenns (x, y), MPH KOTOPEIX
NONE3HOCTD AN NoTpebuTena 6ynet HanbonbILe:

15.114. U= 0,5 In(x ~2) + 2In(y ~ 1); p=02, p2=4,

15.115. U=2(x - D"+ (- ">, =2, p2=3.
Haenmdmmporans dyrmama manepex C (x), a Taioke dyHiams Kip, x) —
KOMYECTRO PEATHIORAHHOTO TOBAPA NpH YCTAHOBJIEHHON 11¢HE 33 €AYHH-

uy, parHo#t p (p > pp). Haliti onTUMaNnLHLe IHAYEHUSA X H p AN MOHONO-
JIHCTﬂ-l'lpOH3BO,[[HTEJIﬂ:

301 1 4 x
15116, C(x)==4+—x+—x" ; K(x, p) = —————,
(x) AETAST (x,p) Py

15117. C(x) = 10 + x5 K(x,p)=—"—.

1+£

16

15.118. Pemnts 3aaayy 15,108 ¢ noMounsio ¢pyHkumn Jlarpamka.
15.119. OyHKINA NONEIHOCTH KMEET BHI

Uix,y)= ln(x—1)+%ln(y—2) .

rae x, ¥ — KOJNKYECTBA OpHOGpeTeHHHX eAnHUI 1-To 1 2-ro 6nara. Hafiti
YacTHbIE 3MACTHYHOCTH (GYHKUKH TOJEIHOCTH NO IEPEMEHHBIM X ¥ ¥ H
MOACHHUTE HX CMBICIL.

15,120, ITone3HocTs OT HpHOOPETEHHA X €NHRHL 1-ro Gnara H y eau-
HH1 2-ro Gnara uMeer sna Ulx, y) = In x + In 2y, Ennnuna 1-ro Gnara cto-
WT 2 ycn. ed., a 2-ro — 3 ycu. ea. Ha npuoOperenne yrux Gnar miasupy-
erca notpatatk 100 ycn. en. Kak cnefyer pacnpenennTs 3Ty CyMMY, 4TO-
651 noneanocTs Grina Haubonbme?
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3a1aYN JIA NOBTOPEHUA

15.121. Ha#tn oOnacte onpeaeneHns GpyHKUHH
7= In(l—x2 —yz)

)

HaliTn muHHH ypOBHA QYHKIMII:

- 2
18022, z=BC7Y) 15123, 2=,

x
Hatitu npenens! GyHKUMA:
4, 4
15124, lim=—2—_ 15.125. lim 222
-0 ¥ = xtyy
y—0 y—=—1
4, .4
15126, limZ "2
S ey

HaliTi vacTHEIE Npou3BOAHEE GYHKUMI:
.

15.127. z=(ln x);. 15.128. z =sin(xarcsin y).
Haiitu npon3poanbie GyHKLUNK NO 38JaHHOMY HANPABICHHID:

15.129. z=Z 1o HaNpap/eHUIO, NapajIeIEHOMY NIpAMOH y = 2x,
X

15130, z = .].'i.{_.l_llx-l’. B HanpaBJIeHHHA BekTopa (1; 1).

15.131. Haiitn Monyns rpaadenta gynkunn z =arctg(x’ + y*) B Tou-
ke (1; 1) :

15.132. pu kaxkux &> 0 rpagueHT OYHKUMH Z = (2x + ky)2 nepneH-
JUKYJApeH NpaAMoit x + y=2.

HaifTy xpuTHuecKHe TOYKH GyHKLMI:

15133, z= &%V - 4y 3% 15134, z= _X+2y

x*+2 y2 '
HccnenoBaTe Ha 3KCTpeMyM (pyHKUHH:

15135, z=x* +2y* —4x -6y +2.

18.136. z=x> -2y° —4x-Ty+2.

15.137. HeenenoBaTh Ha YCNIOBHBIHA JKCTpEeMYM DYHKLMIO 2 = 2x + 3y

npu yenosmn (x—1)% + ¥ =13,
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15.138. Ilpu xakux 3uHaveHusx a, b cymMa KopHeH ypaBHeHHA

a’+a

x* +(a+2b)x+

+ab-b+26° -1=0 Maxcumanbi{a?_

15.139. Ha#fitn mMuHumMansHoe 2HavyeHWe ¢QyHKUHH z=2x+3y Ha

MHOXECTBE, 3a]1aBAEMOM HEPABEHCTBOM ¥ — 2x° 2 0.
15.140. HmetoTea cnenylowue SAHHEE O NEPEMEHHEIX X H ¥

] 111 3] 357
¥ | -1.0[3,0 80100150

TMpeanonaras 4To MEXAY X ¥ y CYWECTBYET NMHCHHAN 3aBHCHMOCTS,
HalTH ee BUZ METOOOM HAHMCHBLIMX KB4IPATOB.

15.141. Hmerotea cnemyioMe 3KcIepUMEHTaNbLHBIE JaHHBE O KOMH-
4eCTBE SAMHUL NPOH3IBEACHHON IPOAYKIUH H U3IEPHKKAX (ThHIC. YCI.eA.):

x; | 100 | 200 [ 300 [ 400 [ 500
y: | 11,0 [ 24,0 ] 40,0 | 60,0 | 75,0

DYHKINA H3fepKeK HIIETCA B BiAe S = ax +bx’ . Haiitu 2Hauenus a
N b METONOM HAMMEHBINMX KBAAPATOR,
15.142. BriyucauTh ARTErpan

[fox-+ asay,

fa]

rae D — obnacts, orpanvuennas napabonoil x” + y =2, npaMoii x -~y =0
H OCLEO OPAHHAT.



KoHTpoabHbIe 3a0aHHA Mo raase 15
*DYyHKIMH HECKOJBKHX NMepPeMeHHbIX»

Bapuanm 15.1 |  Bapuanm 15.2 |  Bapuanm 15.3

HaifTi 3Ha4YeHHA YaCTHEIX NIPOH3BOOHBIX QYHKUHF
B 33JaHHEIX TOYKAX:

a) z=xy3;(l; 0) a) z=x‘(;;{l; 1) a) z=x-:_'; D
6) In(xIny); (1; e} 6) ]n%; {; 4) 6) z =In(x + ) (G 1)
y
2 HaiitH sKcTpeMyMBl QYHKLHH:
z=-./;%_z—2x—y z={,;\b_f—2x—3y zzﬁ;J;-x-Zy
3 Haiiti nauGonbiwee 3Haueune DYHKUHA Z = f(x, )
B 0ONACTH, 33JABAEMOH CHCTEMOF HEPaBEHCTB:
7= ’x2+y2; : z=In(x> +»?); z=l(x2+y2);
x+2p<l, 2
Zx+ysl, i Jx+4y<l,
x=20 * .
? y >0 X 0,
¥y 20 - vz 0
4 Haiirn akcTpeManbHoe 3H3UEHAE DYHKLUWA
AP 33IAHHOM OTPAHHYEHHH:
z=2x+y-y —x z=1-2x—(y-x) |[z=4xy—-x"-2)°
npux+2y=1 npHx+y=2 npH2x +y=4
5 | [Ipeanonaran, 4To MexXxAy [epeMeHHBIMH X H Y CYLISCTBYET NHHEHHAA

| 3apucnmocTs, Halitn aMnuphueckylo dopMyny y = ax + b MetoaoM

HAHMCHBIIHX KBAJPATOB [MC CICAYIONHM JAHHBIM:

x| 112134 % |1]2]3]4 x|1]2]3 |4
v 131212528 [{» [4[3[1[0 v, 1334364

BrraucnuTs ABOHHOI MHTErpal, eciiM obnacte ) orpaHideHa MTHHHAMA
y=1 - u y=0

[foe+ yyaxdy Jiac+2p)ady [frvaxay
D D D

4135




Tecr 15

1. Haittn naowan: ¢urypr, npeacragnmomed obnacts onpenene-
HHs PyHKIHR y = /1 x% - y?, Cuntars £ =3,14,
2. Ha puc. 15.9 moﬁpax(euﬁ fnulius ypoBHA PYHKIMH z = ax + by.

Haitn a/b.
y

2

0 ~ "
Prc. 15.9 '

3. BRACHHTH, HA KAKOM pHCYHKe H300paXkeHbl IHHAA YPOBHA cbyﬂk-
svH 2 = xy (puc.15.10) :

AL 2
x _\\\p//--r_x x _‘,/D:;E;\x

1) 2 3) 4)
Pac. 15.10

4. Haifts cymMMy SacTHBIX MPOH3BOANBIX QYyHKUMH Z = x” B TOuKe
(LK D).

8, Haifth [IHHY BexTOpa-rpajmenta GyHKIMA z=x "'%"2 Iny B

Touke (2; 1).

6. Halitu yrnopoii xoadpuumenT npamoil, npoxomsnmeli Jepes Bek-

4186




7. KacarensHas K TMHHH YpoRHA PYHKIHM 2 = J|:3y4 + xzy3 + 2x B TOY-

ke {1; 2) uMeet yrnoeoit koadwpuumenr k:*%, rnea=...,b=....

4]
(a u b — ueneie uucna, a ApodsL i HEeCOKpaTHMan ).

8. Halitn koopanHaTHI (X9, Vo) KPUTHYECKOH TOUKH $YHKLUHH

Inx
z=——+ux.

y

9. DyHKUNHA z = Xy

1) HmeeT eNHHCTBEHHYIO TOUKY MakcHMyMa (0; 0);

2) HMeeT eAHHCTBEHHYO TOYKY MUHBMYMA (0; 0);

3) WMeeT HECKONBKO TOYEK PKCTPEMYMa;

4) He UMeeT TOYeK IKCTPEMyMa;

5) nmeer DeCKOHEUHOE MHOKECTBO TOUEK SKCTPeMyMa.

10. MakcumaneHoe 3HaveHHe QYHKIRH 2 = 4 — x —x° — y — 4 paBHo:
f;—, riea=...,b=... (aub— uensie yncna, a apobs % HECOKpa-

THMA).

11. B Touke MakcHMyMa (DYHKUHH rpagHeHT:
1) paBeH Bym;

2) pocTHraeT MakCHMAITBEHOH ITHHBI,

3) paeeH HYIO WIH He CYLUECTBYET;,

4) He paBeH RO H mapainenes ocH Oz;
5) Mo¥eT ObITh OPOU3BOIBHBIM BEKTOPOM,

12. MeTonoM HAHMEHBIIKX KBAagpaToR HaliTH NHHeHHYH 3aBHCH-
MOCTE ¥ = ax + b 1na dyHkunu, 3anandoi cnenyromeil rabnuoei:

X; 1 2 3 4
Vi -1 0 2 3
Omeem:a=..,b=...

417




13. Tlponseoacreennas ¢ynxuna uMeer Bua K(x,y)= 101/;#; (x

— KOJIMYECTBO €QMHHIL NMEPBOFO pecypea, ¥y — BToporo). Llena Ha

eIWHHLY TIEpBOro pecypca paeHa 1, Ha eauHHIy BTOpore — 2. Mak-

CHMAINIBHOE 3HaY€HHE NPHOLLIH B 3TOM CITYYae COCTABIIAET %, rioe a =
, b =

a _
{a u b — uenric yncna, a qpobe 3 HECOKpaTHMa).

14, TlponseoacTeernas GyHxkuua WMesT BHA K(x,y) = 100\/;_-‘{/; (x

— KOJWMMECTBO €AMHHL NEepBoro pecypca, y — Broporo). Llena sa
eOMHHLY NEpBOro pecypca paeHa 8, 3a eguHHUy Broporo — 4. Ha
3TH pecypchl MOXKeT ObITh 3aTpaueHa cyMma He Oonee 54 meH. ea.
Yemy paBHO oNTHMaILEHOE MOTpebneHne pecypcos (X H y COOTBETCT-
BEHHO)?
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YueOHO-TPEeHHPOBOYHbLIE TeCThl N0 NUCHRILIHAEE
«Maremarnaeckuii anaims», uacrs 2 (pasaemm IV ~ VI)

M Tecm MA - 2.1 Tecm MA—2.2 Tecm MA - 2.3
1 Haiitn 3naveHHe napaMeTpa ¢ MpH ViazaTs pysxunre fx), 14 Koto- Vxa3aTh dyHKmio F{x), KoTopas
KOTOPOM (pyHKUHA poii nepeoolpasHoit apndeTCA ABnseTcA neproo0paszHoi 1A GyHK-
_ 3 _ — 2 X+5
F(x)=arcsin(ax), sBnsercs mep dymama F{x)=(x*+1)e ann f(x)= 221|:
BooOpazHoit Ana QyHKIHK x +1
2 Omeembr: Omeemut:
f(x)_\h-mc2 1) f{x)=2xe 1) F(x)=(x* +1)+In(x* +1);
2) f(x)=(x+1)"e™; 2) F(x]=ﬁ;
3 F{x)=2{x* +5x}e™; x
) /() (2 ) , 3) F(x)=in(x" +1);
4 =(x*-2x+3)e™
) f(x) (x x )e a) F(x]=(x2+l)-ln(x2+l)
2 Haiitu npupammenne neppooGpasnoii | Hailiti oparHAaTY ToUKH mepeceye-

Haiftu F(2)-F(1}, ecnn
F(x) — neppooBpaznag 113 ¢yHk-
wn f(x)=2""-In2

F(x) ans dysrun f(x) = sin% Ha

otpezke [0; x]

HRA npamoit x =1 ¢ Toif nepBoob-
.. 3
PazHOH 1) PYHKIHH f(x) = e
KOTOpad HPOXOOKT 49epe3 TOKy

(37)




3 | Ykasats 3aMeny nepemenHoii, koTo- | YXa3aT BRI, KOTOPbIA IPHMET MH- | Yka3aTh npefcTaBieHHe HHTErpata
K HeOGXOANMO BRIGIHHTE B HH- In{x+1 2

Y 5 0 Terpan I alx+1) dx mocne 3aMeHEbl I X" sinxdx B pue I udv, koTopoe
Terpanie |x°e” dx AN €ro ynpole- x+1 OpH HHTETPHPOBAHHA NO YACTAM

HHA WIH CBEICHHA K TaGNMIHOMY nepemennoit 1 =In(x+1) MpHBEJIET K TAGHMYHOMY HHTETpaTy

Omeempor:

Omeemyr: Omeemur: 1) u=sinx, dv=x’dx
1) 1=2x% 2) 1=x"; = xsi =xdx;

Yi=x ) ) 0 Inz . 2 Itdt; 2) u = xsinx, dv=xdrx;
) t=x% 4 t=e ! 3) u=x*, dv=sinxdr;

3) 5:53 4) I]Iltdt 4 u=x, dv=xsinxdx
4 HaifTe 3naveHue mapaMeTpa &, MPH KOTOPOM BEPHO PaBEHCTEO;
IL _
12dx x-0,5 P ) 4x?
Jr 7 =aln| I+C nge dx:aexw-l_'_c 6vax +1
4x* -1 |x+0,5| 1 -
= —1n|2x+J4x N 1| +C
a
5 BoryucnuTs onpexeneHHsil HHTErpan;
J¥n Vet ! ;
Ix’ cosx’dx J' xIn(x? +1)dx Ie dx
0 ] L]




7 Haiith 3HayeHHe napamMeTpa 4, NpH KOTOPOM: _
o0beM Tesa, 06pasoBaHHOro Bpa- | ILIOLIAAL NOBEPXHOCTH, o0pajoeaH- | oOnem Tena, ofpasoBadHHoro Bpame-
IEHHEM BOKPYT 0CH O 3aIITpHXO- HOH BpanieHWeM BOKpYT ocH Ox HHEM BOKpYT ocH Oy 3alUTPUXOBAH- -
BaHHO# ¢Hrype (cM. 3amady 6), kpuBoit y =+/x nps x [0;12), Ho# (HrYpEHI (cM. 3agady 6), paBeH
paBEH V,=an
paBHa S =an !
an
p; I e—
21
8 HaiiTn 3HaueHUA TApaMeTpa @, MPH KOTOPLIX CXONKTCA HHTETpa:
L] | 0
dx dx
€“dx —
i.- ! xa+l Ij- xa+|
Omeempr;  Dnpuecexa>0; 2ynpHecexa<0; 3)lnpnpcexa;  4) HU NP Kakux g
9 Ykazats auddepeHIHANLHEE YPABHEHHA NEPBOro NOPAIKA:
AMHeHHKE ONHOPOJHLIE | c pasnensronmumuca nepeMeRHBIME
2y +x° L, X xy ¥
Omeaernw D y= : ) &y ==, 3y = ; =
)Y =247 yery =7 R darvre VY=l




10 HaiiTh 3HaueHHe NapaMeTpa g, MpH KoTopoM dyHKIHA
¥ =ae™ aBnsercs peweHreM ypas- | y =acos{x+5) ABMAETCS peluenn- y=axlnx+ar IBISCTCA PEUICHR-
Henua ¥ —y' =e™ eM ypasuenns ' =2sin(x+5) eM ypasHenHs " =—
11 Hafitn 9p,uuu;1’y TOYKH DepeceyeHHA Haiitu f(3), ecu y =f(x)— Haiiti f(l), eCNH y = f(x)— pe-
iﬁ;";p';;:ﬂu: y'“,’_' ZT?H;H?]Z :;’:_' YACTHOE pelleHHe YPaBHEHHA ilIeHYe ypasHeHHA 2xy’ =0, yaoB-
N l,' ] ¥"=2x =0, ynosneraopaoines neTBopstoLiee yeaonuio f(e)=1
asned sepes Touwy (1; 3) yenosuam f(1) =1, f(0)=0
12 Hecenienopare Ha CXOAHMOCTD PO
- n n+l = n
1 ; N ) ;
E\}n2+ §" +2 Z\J'n5+3
— n + l
2) ) Z 2)
Z\-‘n +5 - +2 E'Jn +3
Omeemer: 1) 0ba paaa cxoaarcs; 2) pan (1) cxomuted, pax (2) pacxonurcs;
3) oba psaa pacxonaTcs; 4) pan (1) pacxonurea, pan (2) cxoautes
13 Vka3zars BHA CXOAHMOCTH PSAOB:

VI

e (i) n
Zm

2
)§4n+

)

¥
=2 +3

3 LY

o (2n+3)

Omeemor: 1) 06a paaa cxoastes abcomoTHo; 2) paa (1) cxonntea aboosioTHO, pAA {2) — YCIOBHO;

3) o0a pana cXoasTca YCIOBHO;

4) pan (1) cxonHTCA yenosHo, paa (2) — abcomoTno




14

Ykaszats paabl, 1A KOTOPBIX HE
BHINOAHEHC HeobxoauMoe ycno-
BHE CXOZIMMOCTH

Yxa3aTh pAAB, HCCHEAOBAHNE CXOAHMO-
CTH KOTOpPBIX No npu3Haky JlanamGepa
TIPHBOJUT K OAIHOIHAUHOMY OTBETY

YkazaTh paabl, HCCNEAOBAHHE CXO-
JUMOCTH KOTOPBIX NG MPeAcTEHOMY
NPUZHAKY CPABHEHUS ¢ NOMOUILIO
FAPMOHHMECKOTO PAAA NPUBOAUT K
oxl,noanaqnomy OTBETY

Omeemel;

035 250

n+l

3 )Z T+

wel

252

-

5) ¥ —

43

15 Haiiti gnuny nHTepBana cxoad- | HakTu pannyc cxo.nﬂmocm cremcHHO- | Halith anuHy HHTCpBaia CXOOMMO-
MOCTH CTEIIeHHOTO pafa Y nlx” ro psiaa Z 2“ (x=3) CTW cTenenHoro paga » 47 -x”
re=l nwl nal
16 HaiiTu Hanfoneliee 11e10€ 3HAYCHHE X H3 0DJACTH CXOHMOCTH CTENEHHOIO paja:
i(xh').]'l i(—l)" x" Z( 1) %
= n+2 =t nti2n ~ n+2
17 BEMHCINTE TPETHH . YIEH PasnoXkeHHA PYHKUHH:
F(x)=( +x)3 B pag Maknope- | f(x)=¢" B paa Maknopena B Touke S{(x)=Inx g pan Teiinopa no cre-.
Ha B Touke x=90,5 x=0,5 TICHAM (x—l) BTouKe x=0,7
18 YKa3ate pHCYHOK, Ha KOTOpoM HiobpaxkeHa obnacTh onpeaencHus HyHKLRUU:

z=In(1-x" - y)

z=arcsin(x3+y3)




Omeembi.

1) $Y]0/

§u<// 23) 7

¥

4)

T

2N

X

W
>

19 Haitth xpuTHIcCKHE TOYKH Haiiry Touks 3xcTpemMyMma dpyskiny | HaliTd TOUKH YC/IOBHOTO SKCTpeMyMa
dbyaxoma z =5x’ +4-23" +6y z=x"-3x-3y" +6y dyaxupn z =2x° -3x" +3)° + 6y
npH x+y=0
Omsemsr: 1) (0,0); 2) (0;1); 3) (0;-1); 4) (L1); 5) (-L1); 6)(L-1); 7) (1;0); 8) (-1:0)
20 | Haiiru 3aauenne propoit yactHOH | HaiiTa 3HaYeHHE JACTHOH POM3BOL- Haiiry 3HageHue GyHRUHNK

NPOH3BORHOM z, dyHKUMH

z=xe” B Touke {0;2)

HOll z, hyHKuuH z = yIz B TOUKE

(12)

z=4y* +4—x* +3 B kpuTHuECKOH
TOYKE




L Y4 4

Hrorosnie KOHTPOJLHBIC 3aMAHAA MO MECIHIIAHE «MaTreMaTHICCKHH aHAIH3»,
qacth 2 (pasneam IV-VI)

| Bapuawm MA—2.5

Ne | Bapuanwm MA—2.1 | Bapuanm MA—2.2 | Bapuanm MA—2.3 |  Bapuanm MA—2.4
Haii™h HeonpeaeneHHBIH HHTETpan
dx 2x-5 2x+3 &*
+3)edx I— j— I dx j
L .[(x e x(Inx+3) (x? —5x+ 4y Jx?+1 L
BEIMHCIINTE ONPENETeHHBIA HHTErpal
L, 1 9 3 5
x“—x+1 _ dx 2 2 xdx
2 I—dx IZ—x *dx . S st +1)In(x? + ) I
1+x2 ﬂ( e Jx*-Tx+10 0( "+ 1) ZJ;—_I
Haitth nnomans Grrypsl, orpandyeHHoNl THHNAMMU; Haiftn ofbeM Tena, 06pa3oBaHHOr0 BpaleHNEM
$uryphl, orpaHHMeHHOH TRHUAMAI:
3| xpmsoity=Inx, y=x+1, y={x-4y, y=xe,x=1,y=0, =6,y=1,
KacaTelbHOH K Heil y=x,y=2, y=x,y=1 BOKpPYT ocH Ox y=6
BTOUKEX =¢ x=0 BOKpYT ocu Oy
H OCEI0 Ox :
Pemuts anddepeHHanbHEE YpaBHeHHA:
4 dy—-(2x-y+ xy + y? ¢ 3. 4 "y ¥y =xe T (x+3)ady -
) 2 - 5— = y + Yy =Xxe

+3)dc=0 y'== ;;:";, YTy —(x? = S)ePdx=0

51 Y +2y'-8y=1 | yr_2y7=243° | Y +5y +6y=x Y'+y =cos2x Y -2y’ =¢"




Oxronuanie umo2066lx KOHMPORLHEIX IA0AHUT

Heenenosath CXOOUMOCTS pAna:

n=1

2

n+3

$3n i(_n+q"

=]

= n+vn’ +4

ot +3n+1

2 (=1)"" (n +2)

=l n2+5

HaiitTn 06racTh CXORUMOCTH

CTENEHHOI) pAla:

BeiaHcnute

€ TOMHOCTBIO O

2

2
n=0 H

® 2n®+7 .

(_1) n n
X
-1 r§]2 +3

1 4
j'xze”x- dx;
0

5=0,01

38,5, 8=0,0001

PazaoxuTh QYyHKIMIO
y=(x—tgx)cosx B
pAaz MO CTENEHM X

Haiith skcTpemymbl GyHRUHIE IBYX nepeMeHHbIX:

z=2xt+ 2 x

z=-J;{/;——2x—4y

z=8x+10y - x* -
~xy—y?

z=8x -y’ —6xp

z=e"Q2x+ %)
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Hroroseii Tect MA—2

1. Tlycte F(x) — nepeoobpasHad ¢yHKUUH f(x) =
= 2x — 5, yaoBneTROpsonan yenosuio F{0) = 0. Haditu F(5).

2. l'lymﬂx)—'raxauqayukum,qro!“(x)=x3—5x+ |
ABAgeTCA ee meppoodpasnoil. Haiith £(2).

3. Haimn Bce nepBocOpasHble WA QyHKUHK fix) =
=12¢"% + 245,

Omegem: F(x) = ge
b=..,d=

b+ dk+Crea=...,

.« (a, b, d — nenvie yncaa).

4. HaiiTu HeonpeaeNeH B HHTerpat j

2x-1¢

Omeem: (ax+ b +C,raea=...,b=...(a, b—
LEJBIE YHCHA),

5. ' Haiimu HeolpedeneHHbIH HHTErpan
I (2-x)e¥dx.

Omeem: ¢ = (ax - 3Vb+C,rnea=...,b=...(a, b —
LIeJIble YHCNA).

6. BriyHcauTh onpeAeTeHNEIH HHTErpaJ
s
IGx 5-xlds.

7. BoiuncauTe

onpeneeHHBH HHTErpan
e
IJZ Inxde.
1
Omeem: (.v.:e}"2 +4ybh, raea=...,b=..(a, b —
LIETBIe YHCIA).
8. BBIYHCAHTD onpeaeneHHBIH HHTErpan
2
I dx
; X’ +6x+5
1. & '
Omaem: -—ln?, riea=...,b=...(a, b — nennie
a
yucna).

9. Haiitit muowmaake ¢$hurypel, crpaniyeHHOH JTHHHS-
MEy=-x+4x-3, y=2x-3,

Omegenmt: a/b,taea=...,b=..
na, a Apobk a/b HecokpaTuMa).

10. Haiite nnowaar Gurypsl, orpaHHieHHol ocamu
KOOPZMHAT M IMHASMA y =x"+ 1, x +y—3 =0,

Omeem: afb,rnea= ..., b= ... (a, b — uensie duc-
na, a ApoOk a/b HecokpaTHMa).

. (@, & — uenvie ync-




11. Buiuncnuts obbeM Tellz, NONYYEHHOro Bpallie-
HHEM BOKPYT OCH OPJIMHAT (UIypBI, OTPAHHYCHHOA NH-
paMHyY =Inx,y =0, y=1,x=0.

Omeem: 051 (" + b), rnea= ..., b=
Lenbie Yucha).

12, Bruncaurs ofbeM Tena, NOMyYeHHOTO Bpailie-
HMEM BOKPYF OCH abcuMce hHIyphi, OTpaHHUEHHOH JH-
HAAMH y=x,y=0,x+y=2.

. {a, b—

Omeem: an/b,rae a= ..., b= ... (0, b — nennie

YHcha, 3 Apolk a/b HecoKpaTHMa).

13, Ilycte y =y (x) — AnTerpanbHas Kpupas audide-
peHlmaLHOro ypaBseHus (x + 13%° = 1, npoxonsmas
yepes Touky (0; 0). Haiitn y € -1).

14. Ilycte ¥ 2“tv(x) — pemelme InddepeHIHATIBHO-
To ypaBHeHHS ¢ = “dy + (3 - x%¢®) dx = 0, ynosnerpo-
paomee ycnosuio y(0) = In1,5. Haittn y (1).

Omaent. ln{-;-_e"z +%J, mea=..b=..(a b—

LieJIbIE YHCIIA).

15. Haiiti uestoe 3HayeHHe napamerpa a, TPH KOTOpOM
HHTEIpanbHad KPHBAS YpaBHEHHA y' +y = e, npoxond-
mas uepes Touky (0; 7/6), npoxomar uepes TOUKY (ln 2,
al6).

16. Haiiti y(In 2), rae y = y{x) — pemenue andide-
pEHLUHANIEHOTO YPaBHEHHS }" = €, yNOBNETBOPAIONICe
HaYansHHEM yeaoBwam w0} = 0,25; v(0)=0,5.

17. Y13 naHHeIX pxmon BEIOpATE CxopsfIMEcs:

D 3 2) Z =i 3) Z,r' K Z.U

n=l n=l
n

5) Z—

n=1

18. HccnepoBath CXOOMMOCTE paia Z C no-

m:[ﬂ +3
MoLsio npH3Haka JlanamGepa. B oTete ykazaTh NOAydYeH-
HOe 3HaYeHHE / H BRIBOKBL B CJIYYAC CXONHMOCTH pAaa —
qHcao 1; B CIy4ae pacxomHMOCTH PATa — YHC0 2.
Omeem: = ... . BHBOZ: ...
19. Y3 naHHbIX pAROB BRIGpPATh pacxonsiMecs, yc-

JNOBHO CXOAAILHECH, abComIOTHO cXomauIHec:
-+

(- 1) (=" =n™!. 2",
I)Z )Z3n Z n?+1
(l)n
4),§n +3

Omeem: pacxopamyecs ...

3 ¥YCIIOBHO CXOAAIMHECH
: aBCONIOTHO CXOAAIMIMECH ... Co




20. IepeuncnnTh PAAB! B NOPAAKS BOPACTEHHA HX pa-
[IMYCOB cxomom-

ﬂ'
] =] 2 nsg 1
2

4ﬂ L

ﬂaﬂpmz

x" . BuibpaTh BepHBIE BHICKa-
,,_o3n +1
IBIBAHHN;

1) pag cxoautes npu x = 0,5, npr x = |, npr x =-0,5,
[pH x =-1 H pacxoAHuTcA np¥ x = 1,5;

2) pan cxoanrca npH x = | 1 pacxoawrca npH x =—0,5,
x=40,5;

3) paa cxogntes npu x = 0,5, x =
xopurca npu x =1, x = 1,5;

4) pan cxoantea np x = 0,5, x =-1, x =—1,5 n pac-
xoauteanpu x = 1,5, x = -2,

~0,5, x =-1 u pac-

22, Bruncauts 3 Iln(l+2x)dx, BB ABa NEPBRIX

yleHa paNokKeHNd B pAl NOARHTErpanbHON GYHKIMA.

23. Haiiru wuanbonsmee ¢$ynkuun

2x
Z=-———— Ha Kpyre eIHHHYHOTO pajiHyca ¢ UeH-
l+x+y

TPOM B HauaJic KOOPAKHAT.

3Ha4YCHUEe

24, Haiitu HauMenbliee H Hanbonbillee 3IHAYEHHA
DOYHKUHE 2 = X+ 4y2 — 2x B TpeyronbHHKe, OTPaHHYEH~
HOM OCLIO OPJIMHAT ¥ NPAMBIMH ¥y =2 —xn y=—1.




Pasnen VII -

JJIeMeHTHI BbICIieH aaredpbl

I'nasa l 6

KoMniexcubie yncia
Cnpapounslii MaTepHan

1. Komnaexcrnoim wucrom HasHIBAETCA BRIpXKEHHE BHOA Z = X + iy, TOe
X B y — NeHCTBHTENLHEIC YHCHa, { — MHHUMad eqannua. Yrcno x = Re(z)
Ha3LIBACTCH OeiiCMBUMERbNOl YaCHbI0 YMCNA 2, a YHCNO y = Im(z) — muu-
MOl ¥acmbio YHCNA Z. '

Jlpa KOMNNEKCHRIX YHCNA Z; =X, +iy; H Z, =X, +i), paenwi, eCiH
X =X V=)

z=0, ecn x=0, y=0,

2. Apupmemuneckue onepanisy HAO KOMNACKCHUMI QUCTAMUL.

1. Caoorcenue (urvumanue): '

ztz, =x tx, +i(y ty,). (16.1)
2. Yunoxcenue:
21z, =(x X — Yy ¥) Hi(X y, + X3)- (16.2)
B vacTHOCTH,
g (16.3)
3. Henenue:
2y _xtiy (g )il —xys)
ol -1 = — ) (16.4)
z, x+iy; X5 + V5

Bce apuidmeTriueckie onepaliHi Hal KOMIUIEKCHBIMH YHCIAMH NPOBO-
DATCS MO NPABHIAM ASHCTBA HAll MHOTOWICHAMH X; + i)y U X, + iy, , CUH-

12
Tag i" =-1.
3. Tpuzoriomempuveckan Gopma KOMRALKCHO20 QHCAd.
z=r{cosp+ising), (16.5)

r=|d=yx* +)? (16.6)

—_— MO()}’JIb KOMILJIEKCHOI'D YHCHA; ¢ — apeymerm KOMINMCKCHOrQ 4Yucina

(Argz) —
coscp=;, sin(p=;.
fxz+yz [ 2 +y?
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M3 3HayeHwit ¢ = Argz BhiZenseTcs ITABHOE 3HAuYEHHe argz, yAORJe-
TBOPAIOILEE YCIIOBHIO ~T < argz = o,
4. Apudmemuneckue onepauun HAO KOMRACKCHMMU HUCAAMH 8
mpuzonomempueckoli opae.
1. Ymuoxcenue:
2,2, = ri{cosg +ising, ) r{cosp, +ising,)=
= nr, [cos(g, +9,)+isin(g, +9,)]- (16.8)
2. Henenue:
z #{cosg, +isin K -
L= L{cos e, — @) =—l[°°5(¢| —y) +isin(e, “Pz)]- (16.9)
zy, r(cosg, +ising,) »
3. Bozgedenue 6 cmenens. Popmyna Myaspa:
2" =[r(cosp +isin @)}’ = r"(cos np + isin np), (16.10)
17— [EJI0E YHCTIO.
4. Hzaneuenue xopus.

tz = g/r(cos @+ isin ) :V;[cos @+ 2nk +isin ¢+2ﬂk], (16.11)
n n _

raek=90,1,2,...,n-1,
5. Hoxazamensnan Gopma KoMnieKcHo20 wucia.
z=re", (16.12)

The r= |z|, p=Argz
Popmyna Jiinepa:
e =cosg +ising. (16.13)

16.1. Jaxw koMIulekcHbie uncna z, =15+ 8i, z, =4-3i.
Haittu: a) z, £z, 6) z,2,; 6) z,/z,.

PemeHnne:

a) z;+2z, =(15+8) +{4-3i{) =19+ 5j;

2,—2, =(15+8) —(4-3)=11+11j
6) 2,2, = (15 + 8i)(4 — 3i) = 60 + 32i — 45i ~ 24i* =84 —13i (6o i*=—1).
2, _15+8i _(15+8i)4+3i) _60+32i+45i+24i* _

a) 5
z, 4-3i 169§ 25
30T 44430800
25
16.2. KommnekcHbie yucna z, =1-i, 2z, =—+3+i npeacTaBuTs B

TpHroHoMeTpHueckoi popme 1 HaiiTu:
z
a) z,z,; 6) z—';e) 23, 2) %/Z
2
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Pemeunue:
a) Mo bopmyne (16.6) HaiineM MOIYJIb KOMINEKCHOTO YHCNa 2| !

r,=|z,|=.1]lz+{—l 2 =\5, a H3 cooTHollenuit (16.7) cos¢=-;-}_i—;

sin.cp=—J—§— noJyusM apryMeHT uncna z; (bepeM ero rnapHoe 3HadeHUE):

¢, =argz; = —E y T8 2, = ﬁ[cos(— %J + isin[— %}]

AHaJOTHYHO #, =|zz| =1}(—J§)2 +12 =2; cosg, = —g , sing, =l ,

2
Sn S5n . 5n
T O, =argz, =? Hzy,=2 cos-é-ﬂsm*-— .
Tenepe no popmyne (16.8):
22y = V2 2[003[—§+ %‘J + fsin[— % + %T]] = 2ﬁ(cos%+isin1§).

0) ITo popmyne (16.9);

7z, 2 s( ‘n 511) » ( n 5 ]
L=""|cos -——— [+isin| -—-—||=
5 2 46 4

6
=2 o130 a2 0T i 2|2 (5 ).

6 2
¢) Ilo dopmyne Myaepa (16.10):

<0 {fof-SJorsd-)] -
6 o) (a5

=16384[ cos(-7n) +isin{-7x) | =16384(-1+0i) = -16384.
2) [To dpopmyne (16.11):

5—“+2nk

5—n+21l:k
{{z_2={}—\/§+i=32 cos 6 3 +isin 6 3 "
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k=0, 1, 2, oTKyaa noayyaeM TPH 3HAUECHHA KOPHA:
npu k=90 ({/Zl = %E[cos?—: + isin?—:}

npn k=1 (JZ), {/_(cos—+ smT—BHJ,

npn k =2 (,j_)] \/_{COS——-‘+IS HZ;)_SR} >

16.3. Komnnekcnble yucna z, =1+, z, =—+/3 +i npegcrasuts B NoO-

xa3aTenbHOH dopMe.
P ¢ w e H K e. B 2agaue 16.2 Gein0o nonyveno:

o EwE)

Z, =43 +i=2[cos-5—15+fsin££}
B 6 6

CneaoeateneHo, o gopmyne (16. 12)
S)t

z,=l—£=\Ee—r , zq—2e . p

16.4. Peluuth ypaeHeHue:

a) X +9=0; 6) x"—x+1=0;6) x* —6x* +25=0;2) x*-1=0.
Pewenne _

g) Tlepenmmem  ypaeHeHme B BAIE x> =-9, orkyaa

&) Ilo popmyne KOpHEl KBAAPaTHOTO YPABHCHUA
1+4-3 _1+if3
2 2
¢) Monaras x° = y, nonyuum ypaBHeHNe
2 ,
y —6y+25=0,01kyma y, , =3+4J-16=314i

X2 =

Teneps x> =3+4i n x° =3-4i.
ITepestii enocod. PeiinM neppoe ypasnenne, [IpHeeneM KOMIIEKCHOS
uyucio 3 + 47  TpuronomerputcckoMy BHAy. [lomyunm (anamorngso 16.2):

3+4i=>5(cos@+ising), rae cosq):%, sin(p=g.
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Toraa x* = 5(cos¢+isin@) u no dopmyne (16.11)
X, = Jg[cos (p+221tk +isin tp+221'rkJ , k=0,

2 1
Mpn k=0, x =£(cos3+fsin_3)=J’(—+—f)=2+s,
P : PRRNEY M W

rae y4iM, 910

cosg=+Jl+cos¢ =\Il+3/5 2

2 2 2 45
sin® = Il—coscp =\11—3/5 =L'
2 2 2 5
e+2n .. o+2n
Ipu k=1 x, = /5! cos > +isin > =

=\/§[—c052—isin2}=—2—i.
2 2

AHAJIOTHYHO pElICHHEM YpaBHEHRa x° =3-4i GymyT n=2-in
Bmopoii cnocob. Penunm ypasHeHHe x* =3+ 4i. [TycTb KOMIUIEKCHOE

YHCHO X=u+iv, TAe ¥ U v — Oeficmeumenvuvie uncaa, Torga

(u+iv)® =3+4i mmm (122 —v*)+2uvi=3+4i,

H3 YCJIOBHA PAaBSHCTBA KOMINIEKCHBIX WHCEN NOITYYHM CHCTEMY !

w—vi=3,
2uv=4,

" u =2, u, =-2,
peluas KoTopylo MeTONOM NMOACTAHOBKH Hailaem: { '_1 M { z )
1= 2=—h
oTKyAa x; =2+1i, x, =-2-1i
AHANOTHYHO pellSHHSMH ypaBHeHHs x> =3-4i GyayT wuncha

2) Mepennmem ypaeuenue B suae x° =1 u no popmye (16.11) naii-
JeM wWecTh KopHeH ypapHeHud (mpu k=0, 1; 2, 3, 4, 5}

’ 2
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16.5. [locTpoHTe Ha KOMINEKCHOH MNOCKOCTH MHOXECTBO TOYEK Z,
YAOBNETBOPSIOLIHX YCIOBHAM:

a) [ <2, ;sargzsg;ﬁ) 2<iz-1+43, Re(z)22.
P e e u u ¢ a) Hepapenctsy |z| < 2 cooTBercTByeT Kpyr paauyca 2 c

LIEHTPOM B Hauajie KOOPAHHAT, 2 HEPABEHCTBY —E-s arg z sg — yron AOB

(pnc. 16.1). Hekomoe MHOXECTBO TOYEK BRIACTEHO INTPHXOBKOIL.

6) Ecnu npon3sombHOE MHCIO Z H306pakaeTea Ba KOMILUIEKCHOH M0¢-
KOCTH PaHyCOM-BEKTOPOM 3TOH ToukH Oz, TO YHCIO Z — Zg, THE 2, =1—i,
wiobpaxaercs Bexropom OZ, rme O'(;-1), u6o Oz=0z-00
(pnc. 16.2). IlostoMy ‘Hepanencmy 22|z-(1-i)|<3 cooTBeTCTBYET

KOJBLIO, OTPAHHYEHHOE OKPYAHOCTAMM PAIHYCOB 2 H 3 C TIEHTPOM B TOYKe
O'(1; —1), a HepaBeHcTBY Re(z) 22— npaeas noAymiockocTs x =2 (cM.
prc. 16.2). UckoMoe MHOXKECTBO TOYEK BBLAENEHO LUITPHXOBKOH.

A

Puc. 16.2

Pac. 16.1

Sanaun A HOBTOpPEHUA
) . . Iw
16.5. Brrusicauts: a) _(24'3‘)(?‘!) . 6) [l_—_:_] .
2+i 1+1i

10
16.7. Boucants (z,2,)° u [Z_IJ , €CNH z, = 2(cos15° —isinl5") u
Z

z, =3in30° +icos30°.
16.8. Pewunts ypaBHenun: z° —8iz—15=0; 6) z° -9z +8=0.
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16.9. [TocTponTh Ha KOMIUIEKCHOH NACGCKOCTH MHOMECTBC TOYEK Z,
YAOBNETEOPAICIAX YCAOBHAM:

a) Re(z)<2, |Im(z)|<]; 6) 1<|z+24<3, -2<Re(2)<2,5.

KouTpoannsie 3a1aHus
no raase 16 <KoMnieKcHbIe YHCIA»

Ne

Bapuanm 16.1

! Bapuanm 16.2

| Bapuanm 16.3

JlaHE! KOMIUIEKCHBIE YHCA Z) H 23,
Haitw: a) 2, +z,; 6) 2, -2, 6) 2,255 2} 2,/2,:

z, =8+3i, z, =251, z, =3+7i,
z, =8+ 6i z, =6-8i z, =-8+6i
2 |KOMIJIEKCHBIC YHCNIA Z| W Z; IPSACTABHTE B TPHUTOHOMETPHUECKOH
dopme. Haitmu: @) z,z;; 6) z,/z,; 6) 2,°; 2) Q:
Zp=—v3 +i, z =1+, z,=\/§+i,
z,=1-i z,=v3-i 2, =-1+i
3 Haiitu z:
) R o 1)
(W3+p* i+ (v3+if
4 PellnTs YpaBHEHHA:
a) 3x° +8=0; a) 4x? +5=0; a) 2x* +7=0;
) x'—2x+2=0; |6) F*—6x+16=0; |6)x*+10x+28=0;
&) x* —10x2 +169=0; |8)x* -30x% +289=0; |g)x* +6x* +25=0;
2) x* +64=0 2 xt+4=0 2) x* +1=0
5 [MocTpOHTE Ha KOMIUIEKCHOM MIOCKOCTH MHOXECTBO TOUEK:
a) |z| =3; a) |z| =7 a) |z| =1;
6) argz =mnf3; 6) argz =n/4; 6) argz = n/6;
) |z| <4 8) |z| <5 6) |z| >3
z)|z—3|<5 e)|z+4|26 z)|z+l|£2
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Tecr 16
1. Haiith |z|,ec.rm Z=—43+i

2, Haiimn (B rpanycax) ¢ =argz,ecmd z=—+3 +#, —180" <¢<180".
3. Haiftn |2}, ecnm z=2,~2,, z,=13-5i, z,=1-21i.

4, Hajirn ﬁeﬁcmu'renhuyio YacTk Re(z), ecim 2=z, + 24,

z, =2(cos60° —isin60°), z, =3(cos120” +isin120").

5. Haiiti |z|, CCIH Z =224, 2 =8-15i, z, =6 +8L

6. Haiitn (B rpamycax) @ =argz, ecim z =z, /z,

7y =-1+if3, z, =1-i

7. Haiimn |z|, ecu z =(-8+6/)°.

8. Haitm (8 rpanycax) ¢ = arg z , e z = (1~ iv3)%, —180° <@ <180.
'Y-1 m3aro xommiaekcHoe qﬁcno,
uMmetonlee Hanbonbwmii argz = ¢ (—180° <@ <180°). Haiitn 310 9.
10. Ha puc. 16.1 BrgeneHs MHOMECTBA TOUEK Z =X + /Y KOMIUIEKC-
HO#i TUIOCKOCTH.

9, V3 Bcex MecATH 3HAUCHWIL

o -5
Puc.16.1
JIs KaKPX MHOXECTB TOYEK OHOBPEMEHHO BHINOMHAIOTCA YCIOBHA
ls|z|£2, ~-m<argz<-nf2?




OTBeThbl

I'naea 1
1 -18 2 28 5 2
1.6.C=( 21 l} 1.7. C=|7 4 -5 1.8. [7 0].
0 -10 -3
1 5 -5 11 =22 29
2 0
1.9.13 10 0l 110.| 9 -27 32| 1.11, 0 3
2 9 -7 13 =17 26
21 5 0 33 (5 1
1.12. AB= . 113, BA4A= . 1.14, Bd=A=(0 2|
6 3 13 2 2 3 :
1 3
- 2 13 -14
1.15. AB= 29 -2 : BA= 5 1.16. B= cirB=-9.
: 31 -24 7 0 21 =22
304 -61
117. B= ctrB8=242. 1.18. auC=16. 119, trC=trD=16.
305 -62
21 -23 15 -j2 =12 8
120.1-13 34 10(.1.21.| 4 -4 2 |.1.22.Her. 1.2 [1a. 1.29, 11,
-9 22 25 -4 -8 -4

1.30. 13. 1.31. sin{fc—P). 132, 0. 133, 1. 1.34. B. 137, =0, x, =1.
138, x, =2, x,=3. L39 Ba+156+12¢—194. 1.40. —8a+2b+4c—14d.

-8 -5 6
141, 8. 1.42. -180. 143. -10. 1.44. 2. 145. 47'=[ 18 11 -13|
[ G
1 23 1/3 10 0)
146, A™' =0 ~1/3 1/3 147. 471 =(-2 1 0}
CR 5 -3 1

(4/3 -1/3 1/3 -1 2 -1
148. 47" =|7/3 -4/3 /3| 149. 47 =|1/4 -9/4 3/2|
5 -3 1 /4 34 ~1/2
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24 3 -4 -8
~23/2 -1 2 12

1.50. . 154, 3. 1.55. 3. 1.56. 2. 1.57. 3. 1.58. 3.
10 1 -2 -3
-5 0 1 1
1.59. 3. 1.60. 2. 1.61. 3. 1.62. Her. 1.63. [Jla. 1.64. 3. 1.65. 2.
512 6 5 -1 110 1 11 -1
L7L.a)|10 9 8 4£6) B=[-1 1 1 1|; B,=|0 1 0 -1}
13 13 12 9 -1 10 1 0 -1 0 1
1.72. C = (250; 180; 150); 1-it permon. L.73. (680 2040 540 1020).
1.74. 1) §=(700 1000 900); 2) C =63 000.

0 0 0 0 0 0
=100 100 100 100 100 100
- 200 0 200 200 200 200
1.75. 0 0 . 176, Yepes lroa: 17% —
-300 -100 100 300 300 300
-400 -200 0 200 400 400

-500 -300 -100 100 300 3500
Manslii peMOHT; 56 % — cpenunii; 27 % — cnoxHui pemoHT. Yepes

2 roaa: 29,1 % — manulii peMonT; 49,0 % — cpenumii; 21,9 % — cnoxHeI
pemontT. UYepes 3 roma: 25,85 % — manwiii pemont; 50,72 % — cpeanmii;

51 7
9 7
23,43 % — cnoksnif pemont. 1,77, [21 13];—30. 1.78. |4 6 17|; 345; 41,
6 5 30

2 -1/2 -142

1.79. 203. 1.80. a=#1; a=6. 1.81. |3/2 -3/4 -1/4( 1.82. 3. 1.83. 1.

-1 172 1/2

1.84. -1. 1.85. Yepes | roq: a} 3(%; 6} 47%; B} 22%. Uepes 2 roaa: a} 34,7%;

5 9)

6) 35,9%; B} 294%. Koutpoawvuwte 3agawus. Bapuenm 11 L |13 7|;
4 9

1 -1 141 -15 -27 50
-1 1|2 C_lz—l— -10 50 -25( 3.0 42 A s 2)410.
345 80
0 1 -46 -115 92
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4 6)(-2 -2

6. (0,68; 0,32), Bapuaum L2 .(11 71 -1 -11
56 1 0

34 -11 -3

2. C"=é -22 23 -6/3.0.4.3.5.1) :g]; 2) 320, 6. (0,65; 0,35).
-3 =3 36 \
3 (-1 0 (78 -7 -13).

Bapuanwm 1.3.1,|6 8[| 0 0.2.c"=31a -12 26 2}3.0.4.2
g 3) 01 -96 -62 70

5. 1) (22} 2) 260. 6. (0,62; 0,38). Teer 1. 1. 4; 6; 9.2, 10.3.a=1; b = 0;

c=0;d=32.4.81.5.3.6.9.7.9.8.2; 1;3;4.9,2. 10, 41,

Tnaea 2

26.(16; 7. 2.7.(2:3). 28.(1;3,5).29.(3; 1, -1). 2.10. (-3; 2; 1).
211 (-1; 1; =2). 212, (2; -1; 1). 2.3, (2; -1; 1). 2.14. (10; 5; 7).
2.15. Cucrema necopmectHa. 2.16. (1; —1; 1). 2.17. (-3; 2; 5). 2.18. (0; 1;
2; =3) 219, (1; 2; 3; 4).2.20. Cucrema HecoBMecTHa. 2.21. (-2; 3; 5; 2).
222, (9 0; 8). 223, (5 =2 4). 224, (2; 3; 1) 225 (0; -3; 6).

11 13 4 -3 1 1
2.26. | 2.27. . 2.28. | 2.29. 230. | |
e [y o 2 (Lo o) o o Tof 2 o) )

| 1 -2 1 5 -3
23 4 -2 41232.(2 -1 -2| 2.33.7komnelotepos, 10 cTonoe,
-6 2 3 3 5 0
13 cryaee.2.34. Cebecroumocts kocTroma — 1,8 Thic. yen. ef., nnama —
2,6 ThIC. YCIL. e, Kyptku — 2THC. yor. ea. 237. x =cf5+2,

xr=4ef5+2,x3=c; (2; 23 0), (LS; 0; -2,5), (0; —6; ~10). 238, x =c,
Xy =2c-1x3=-6; (0,5 0; —-6), (0; -1; —6). 2.39. x =-2c-2,
L=c+5 = O 4 1) (8 0 =5, 25 5 O
240, x,=—¢,/4-9¢,/4+2, x,=-5¢,/4-0c,/4 x3=¢|, x3=03; (2;0;0;
0), (0; 0; —2/11; 10/11), (0;-2/9; 0; 8/9), (0; - 10 8; 0).
241 x, =5¢,—cy + 1 2, =-3¢/2-2¢0,+1; xy=c¢, xy=0y; (1515 0; 0),
0 -1; 0; 1), (0.5 0; 0 0,5), (13/3;0;2/3,0), (0; 1,3; -0.2; 0),
(0; 0; —2/23; 13/23). 242. x =3¢ /2-¢,/12-7/12, X3 =¢,
X3 =-5¢,/6+1/6, X4 =25 (-7/12; 0; 1/6; 0), (-0,6; 0; 0; 0,2),
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(0; 7/18, 1/6; 0), (0; 0,4; 0; 0,2), (0; 0; 6; 7). 2.43. x =2¢, —15¢, +17,
Xy = =€ +3cy =3, xy=¢), x4=¢,; (17, -3;0; 0), (11; 0; -3; 0), (2; 0;
0; 1), (0; 5,5 -8,5; 0), (0;2/5 0; 17/15), (0;0;2/3;11/9). 2.44. x, =¢,,
X, =€, a3=13, x,=-3¢ -2c,+19, xs =—34; (19/3; 0; 13; 0; - 34),
(0; 9,5, 13; 0; - 34}, (0; 0; 13;19; —34). 2.45. Ilpn o = —4 cleTeMa HECORMe-
CTH3; NpH oz —4 x =(a+3)/(2c +8), Xy = (ot +1)/(20 +8),
x3 =—1/(c +4). 2.46. [pu o = 0 cucrema HecoBMecTH2; npu « 2 0 x| =1/,
% =02a-3)}/8a), x=Qoa+D)/(4x). 247 Ipn o = 0 x=3-2
¥ =2-5¢, xy=c;appaz=0 x, =22, x,=0, x; =0,4. 2.48. Fpu o« = 0 cue-
TEM& HECOBMECTHA; NpH =0 x, =2-5¢, x,=-3¢, x;=c¢. 250. (1;2;3).
251, x =211+ /11 9, /11,  x, =10/11-5¢, /11 +¢c, /11, x3=¢,
Xy =Cy. 2.82. xy=¢, x,=3¢-13, x,=-7, x,=0. 2.53. Cacrema Heco-
BMecTHA. 2.55. (8; —6; 1;0),(-7; 5; 0; 1). 2.56.(-9; -3, 11; 0; 0), (3; 1; 0; 11; 0),
(10, 4;0;0; 11). 2.57. (-7, 5; 1, 0), (7; -5; 0; 2). 2.58.(-9; 3;4; 0; 0), (-3; 1, 0;
2; 03, (=2: 1, 0; 0; 1). 2.59. Cricrema nMeeT TONBLKO HyJIeEoe pereHue. 2,60, (0; 1; 3;
0 0), (0; -2; 0; 0; 3). 2.62. a) uer; 5)."13; g) ma; 2) uet. 2.63. X = (1000; 1000y,

0,2 04 016 04
AX =(184; 132). 264, A= . 285 A=
0,55 01) 0,14 0l
129 0, 22,5
= 057 \ = 6 266. AX =(23; 56; 27,
02 L2 430
AY =(3,6; -11,6; 18,6Y. 2.67. (1; 3; 2). 2.68. (-1; 2; 1). 2.69. (1; 0; -2).
2.70. (i ;) 2,71. Kynneno 5 akuuii nepsoii rpynnsl, 10 — sropo# u 20 —

TpeTeeil. 2.72. x, =%‘—2%+%, X, = —3&+l3i—l, X3= €1y X3 = C3, 6 Oa-

5 1 2 1 9
- == 00 0; ——;0 G; 0; 0; 2;-5;0),
IHCHBIX PEUICHUI: {? 75 J [3 3 J {13 3 J { )

(C; 0; -9; =2). 2.73. x;=0,76 - 0,02¢, x,= ¢, x3=10,64 +2,22¢, x,=-0,48 -
-9
10a+1°

. 2.75. (7; 13; 5; 0), (-9; -16; 0; 5). 2,76, Marprna

—0,54c¢. 2.74. Ilpn a = 0,1 cucrema HecoemecTHa; npu a =-0,1 x, =

17a-1 _lla+2
10a+1" 7 10a+1

X =

2,5 1,25

pa. 2.77. a) S= , 6) X= 4030 B) AY = 450
NPORYKTHERR. &I B A “L2750 ) “L300)

6 12
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2 3
Konrposeabie 3agauna. Bapuanm 2.1 1.(-1;3;4). 2. X ={ 3 2} 3.(1;

53204 x=2¢-3, x5=6c-7, x;3=5¢-7, x,=c¢; 4 Ga3UCHLIX pelue-
mua: (-3; =7; =7: 0), wam (-0,2; 1,4; 0; 1,4), wm (-2/3; 0; -7/6; 7/6), nan
(0; 2; 0,5; 1,5). T O N ;. 25 0, (4 0 O 1).
6. AY=(120;10), AX =(130;180). Bapuanm 2.2. 1. (-2; -1; 2).

-1 1
2. X=(0 3]. 3. (I =3 2, 1) 4 x=6c-11, x,=——c-1, x=¢

x, ==3c+7, 4 6azucHux pemenns: (0; —17/6; 11/6; 3/2), umun (-17; 0; —1; 10),
am (-11; —1; 0; 7), mmm (3; -10/3; 7/3; 0). 5. (-3;-5;1;0), (-2;1;0; ).
6. AY=(86;10), AX=(160;230). Bapuanm 23. 1. (1; 2; -1

1 01
Xy =¢, Xy =4-—2¢; 4 6azuchnix pemenns: (—1; 2; 0; 4), wia (0,5; 1,5; 2; 0),
i (5; 0; 8; -12), mam (0; 5/3; 4/3; 4/3). 5. (11, 7; 1; 0), (0; =2; 0; 1).
6. AY =(44; 36), AX =(250,360). Teer 2. 1. x;=1, x,=-1, A;=7
2. x =5 x=-2, a;=10. 3. (-1;0;1). 4.3.5.3;5.6.3.7.3.8. 15 4.
9. ¥, =270, y» =470. 10. x, =100, x, =100.

-1 -2 3
2. X;( } 3. (-1; 2 0; 4). 4 x,=075c—1, x,=-025c+2,

Tnaea 3
3.5.120° 3.6 17. 3.7.90° 3.8. 74/2; v2/2. 3.9.20.3.10. a) =4,
B=-1; 6) a=c,Pp=c+9, roe ¢ — moboe mpeHCTBUTENBHOE YHLIO.

312 F=2b-23 33, p=(41); p=-3G+5b. 3.14. a=(3b - +d)/2.
3.15. |d|=7; cosa=2/7, cosB=3/7, cosy=-6/7. 3.16. 45° umm 135°.
3.07. M My|=9; cosa=-1/3, cosP=2f3; cosy=-2/3. 3.18. 45°.
3.19. m=—6. 3.20. 42/3. 321, 5/4/89. 3.22. d =-(3/2)F +(3/4)] + B/ D)k

3.30. a) na; 6) Her; ¢) BeT. 3.31. @) fia; 6) Aa; €) BeT; 2) Aa. 3.32. Jla. 333, a= 0.
3.37. Ja. 3.38. Ilpn moGom m. 3.39. m=5/3, 3.40, JIuHeHiHO 3aBHCHMEL

3.41. Jluneiino uezapucumel. 342, 6) d; =(8/5; —1/5). 3.43. Her. 3.44. Jla.

0 -1 1
345 x=(—4-88). 346.4=|1 0 1, 347 ¢=(513-3/13),
1 20

e, =(1/13; 2/13) 348. ¢ ={1;1/3;0) e, ={~1/2; -1/3;1/2), e, =(0; 1/3; 0).
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349. &5=(2;1;0). 350. 4= of 3.51. 3450 yen. en.; 80 yen. en.

1 00

352 (x, ) =-90; |4 =226, |y|=+105. 3.53. arccos/5/42 = 70°. 3.58. [la.
3.59. Her. 3.60. Her. 3.61. Jla. 3.62. Jla. 3.63. Jla. 3.64. y =(2; 3). 3.65. y = (1; 3; 4).

o

, -2 1 7
-2 3 2 0
3.66.y =(-3; 3). 3.67. | 2} 368 A=|-4 14 8| 3.069. ( 1 3}.
b 5 -15 -8
: 1 -9 -24 .
3.70.5 1 7 0. 3744, =1, k; = 2;(4c;; — ), (€55 —03), ¢ #0,
-1 -1 10

Cy #0.3.75. 4, =5, 0, =-1: (2¢5¢)), (353}, 20, 6520.3.76. 4 =1,
M=3, =3 (205 0) (0055 ¢,), (6c3;~Tes;55¢,), 20, ¢, 20,
cy 0. 3TL 0 =2,0=3;(2c;0;¢,), (0;¢5;0), ¢, 20, 5 #0. 3.78.},=2,
M =3 =3 Ger-Seis ) (BepsBien), 2oy O—c3), =0, ¢ %0,
#7037 M =3 =4 k=1 (0;¢;0), (3¢ 5¢; —3), (204:0;¢4),
a#0, c; 20, c;#0. 3.80. L, =0, &, = 1, &; = 2; (-a; 0, ¢;; 0),
(c2;0,0;0), (0;¢65;0;0), ,20, 320, ¢3#0.38LAL=1,%=91=2;
(40c;; —c; =83 9¢)), (023 =2ca+e3)s 3% (052045 €43 2¢4), € 20,
eF+c2 20, ¢, 20. 382 (-c;¢) (c;2¢,), € #0, c,#0. 3.83.
(e5-2¢), (cs¢3). 20, ¢ 20. 3.84. (¢; 2¢5 2¢¢), (2635 €33 —2¢5),
(203; - 2¢35¢63), ¢ 20, ¢, 20, ;0. 385 4" =diag(l; 5). 3.86. He npuro-
avrcs. 3.87, 4" =diag(—6; 2; 3). 3.88. He npusonmtcs.
{ 3 _llzJ[xl} 1 -1 5/2Y(x
394, (x,x, 395 (x,x, x3) | =1 O Of|x}|
-1/2 1) x,
52 0 1)ix

2 12 . N(x
396 (x, %, x) |12 3 3/2||x, [397. 2. 398, 2. 399. 2. 3.100.
132 -2)\x

L =19y —2y2 - 10y, y,. 3101, L =22p% +12p3 +3y2 + 11y pa +
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HIyys +8yy05. 3002 L =5y]+7p; +4y; +4y,9, 559, = Tnp,.
3.103. L=2y}-2y2-3y%, ecmm y =x ~Xo+ X3, Yy=X3+X3, Yi=X3.
304, L=y{-)+y5, M y=x+X, ya=X=X, W = X3.
305, L=ypi-4yi+yl, eom yp=x, y=x, y=-25+x.
3.106. L =y H2yF 4P, eCU Y =X 4 Xy Xy, Pa =Xy Xy, Yy =X
3.107. TlomoxnTtensHo onpedencHyan. 3.108, OTpHUATENEHO ONpeHeNEHHAA.
3.109. He asaaerca sHakoonpenenerHod. 3.110. He sBnserca sHakoonpene-
neutod. 3.111. Hu npy xakoM m He ABIACTCA OTPHIETENBHO OTIPEAENEHHORN;
pH M > 4 — NONOKHTENALHO onpeacneHHan. J.112. Hu npu kakom m He apns-
ercs 3uaxoonpeacneHHoi. 3.113. Hu npu kakom m He SBNAETCA 3HAKOOMpe/Ie-
nenHoi.. 3114, m > 1. 3115, m > 0,5, 3,116, m> 1. 3,117. Taxax 3HaueHH# m
ver, 3,118, Tawux suavenmii m Het. 3,119, m < -2, 3.120, Talox 3ma4eruit m BeT.
JA2l.m<-25 3.123.2:4:3. 3.124. 146 : 146 : 220 : 121. 3.125. 134 yen.
en., 201 ven. ea., 67 yeu. ex.  3.126. 198 yen. e, 114 yen. en., 90 yen. ea. 3.127.
90 yen. en., | 14 yen. en., 198 yen. en. 3.128. 134 ycn. en., 67 yen. en,, 201 yen. ea.

3029, F=53+2h. 3130, F=(L0;-1) wm &=(-1/34/31/3).
331 |a+5] =15, |a~B =59B.3132 44 =(0;-3-6), @=arccos(6/5v26)~76".
3133, d=(=6;3; 6).3.034. &=(2/3)a—(1/3)b. 3.135. JTwoGoe, xpome ¢ = 3.
3.136. & = (440; 190; 165; 180; 265; 260; 305). 3.137. d=(2; -2; 1). 3.138. m =1.

: : -1 18 -3
3.139. (-17/25; -3/25; 9/25). 3.140. y = (2; 1;-1; 1). 3.141. A*=}{ -1 8 0 |.
-2 10 2

3142.a) =1 &, =-4 (g; 26), (26, g)1he ¢ 20, ¢, #0; 6) A, =2 A, =3
(¢ e ehle, +o056) the ¢ #0, ¢ +¢2 #0. 3.143.He npusoantcs.
3144. L=y} +y, +5y;, the y, =x+x%,+X, ¥, =X +%, ), =X.

3 1 -y(x

3045 L=(x,x,x) | 1 -5 1||x[ A =-2<0, A, =-3<0,A; =—6<0,
-1 1 3)x

T.. KBampaTHuyHat ¢Qopma L — oTpuuatensHo onpenencHHad, 3.146.

A =-3<0, A, =14>0, A, =-36 <0, Te. kpagpaTHuHad dopMa L — oTpuua-

TeNbHO onpenenekHad. 3.147. Kranparnusas dopma L 3HaK0ONpEaenCHHANA, €CITH
auckpumutant D = 5 — 4ac < 0. 3.148.24:7:21.

KonTpoasenie sanamus. Bapuanm 3.1. 1. a)arceos f12/37 =55°; 6n/7.
2. Jlumeiino saepcamel. 3. b=—a, +4a, +3a,. 4. (—¢;—q¢), (¢35 —¢31¢3),
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ct+ci20, %0, A =diag(; ;3). & L=y'-yi+yl, eom
W =X 420, +2x5, Y, =2x,+X;, y3=x5; r(L)=3; He spaserca anaxoon-
peneneuoli. 6. 15 : 11 : 9. Bapuanm 3.2. 1. a) arccos(6//39) ~16";
6) —19’ 2/7. 2. Nluneiino nezapucumer. 3. b= a +2a,+5a,. 4 (~c;3—¢;5¢)
(¢ -0 6), =0, 3+ci#0; A =diag(l;33). 5. L=y} -y +73,
E€CIH ¥ =2X) + X3 +2X3, ¥y =2Xy +X3, ¥y =X3; r{L)=13; He aBnAerca 3Ha-
xoonpeaenennoil. 6. 45 : 29 : 23. Bapuanm 3.3. 1. a) arccos(Z/ \ﬁ Y= 417

6) —-9/2413. 2. Juneiino 2aucumL. 3. b= 2a,-2a,+a,. 4 (c;¢; ),
(¢ ey), ©#0, cj+ci=0; A" =diag(3; 5 5). 5. L=y] -yl -»i,
ecIH y, =2x) + 2%, + X3, Y3 =X, +2%;, ¥y =x;; r(L)=3; He ABnAeTCH IHa-

koonpegeneHuoi. 6. 23 : 11 :9. Teer 3. 1.1 —6,2 —a,3—2,4—6. 2. 12,
3.-15 447 8356 a=2; p=-3. 7.,4.8.a=04b=-02.9.a=15

b=-05.10.044. 1.y =(2;3). 12. 4, =2, X, =3; a=2, b=1L 13.a=2;
b=3. 14.1.15.47.
Tnasa 4

4.8. (-6; 0) m (10; 0). 4.9. (8; 0) v (0; 8). 4.10. (2; =1} u (3; 1). 4.11. D(-3; 1).
412 (0; -3), (4; 5) u (8; 1). 413, 263. 414, (2; 1). 415..16/3. 4.16.
3x+y-1=0. 417 x*/5+y* =1. 418 y=x*[4—x+2. 419. y* =8(x-2).
420, X2+ y? =4, 4.21. 400 kM. 4.22. y=60x+5; 1205, 4.23. Jlewar. 4.24.
y=x—-6. 425 y-1=0, x+4=0. 426 3x+7y-2=0. 427. 90°. 428
I +Ty—27=0, Tx-3y—5=0. 4.29.0) 2x+5y-13=0; 6) Sx-2p+11=0.
430, 3x+4y-16=0, 5x+3y-1=0, 2x—-y-7=0. 4.31. 3x-y+5=0.
432.49xm. e 433. x/4+y/10=1 wm 5x-2y—-20=0. 434. 4x+9y—22=0;
x+5y=0; 3x+4y=0. 435. x+3y-2=0. 436. llx+22y—-74=0.
437, 4x-8y+1=0. 438. @) AB:S5x+4y-7=0, BC:5x~2y-19=0,
AC y=-3=0; 6 5x+y~13=0; 6) 4x-5y-5=0. 439, x+y-5=0n
x—4y-20=0. 440, 3x—4y+10=0; 4x+3y+5=0. 441, Sx+y-9=0,
x=5y-T7=0. 442, x-y+2=90, x+2y-4=0, 2x+y-8=0.
443. AB: x+y+1=0; BC: Tx-2y-29=0. AC: 2x+3y +1=0.
444, x—Ty+6=0 1 Tx+y+4=0. 445, 6x+7y+25=0. 446 A(4/3; 2/3),
B(6;0), C(2-4). 4.55. (,-4/3%, R=5/3. 456 (2; 1); R = 5.
457, (x-16)2+(y-8)2 =100 u (x-2)>+(y+6)>=100. 458 (x-2)*+
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Fr+D2 225 459, (x-37+32=9. 460, (x-2) +(y—4) =10.
461, x+y+8=0, 4.62. x* +(y—4)7 =16. 4.63. a=2, b=+3; F(-}0),
F(Li0); €=05 464 e=2J2/3 465 x*/144+y/108=1; 2c=12.
466 x216 + 32 fa=1; £=43/2 2, =4-1f3, z, =4+43. 467. (-15/4, £63/4).
4.68. £=4/0,4. 4.69. x*/36+y*/4=1. 470. x*/16-y?/9=1; F(-5;0),
Fo(50); A{-40), 4,(40), B(0;-3), B,(0;3); £=5/4; acumirroTsl
y=13x/4. 4. 2f2-y =1 472 x2f12-y*fa=1; =643, r =243.
4.73. d =b; ¢=2arctg(b/a). 474. x*[16—y*/9=1. 475. y+2 =12 x/2.
476. y =8/x wm y=-8/x. 4T x=3,y=2(6;5,{0;-1). 478, x-y—-4=0 u
x+y+2=0. 4.79. y* =-9x/2; F(-9/8;0); x=9/8. 4.80. a) y® =9x;
6) X=-p. 48l y=x'[2-2x+2. 482 417. 483. 8x+10y-46=0.
484, (x-pf2* + +y*=p% (p/2tp). 485 y=-x}[2 y=05.
4.86. = px. 493, a) 3p+z=0; 6) x+2z=0. 494. y+4=0.
495 x/1+y/(-1)+ z/2=1 vk 2x-2y+z-2=0. 496, 3x+2y—-z-5=0.
4.97. x+3y=0 1 3x—p=0.4.98. x—4y+ 5z+15=0. 499, x+y-z+2=0,
4100, 9x— y+72-40=0. 4101 3x—4y-3z+4=0. 4102 3x+3y+z-8=0.
4.103. (x+D)/1 =(y-D/(=3)=(z+3)/4. 4.104. (x—2)/1=(py+1}/4=(z+1)/0.
4105, (x-D/¥2 =(r+5)/1=-)/(-1). 4106 (x-1)f(-2)=(y+3)/4=
=(z-5)/5. 4107. (x-3)/5=(y+2)/3=(z-4)/(-T). 4108. (5:-1;0).
4109, (-1/2; —1/2:2). 4.110. J82.4.111. ¥* /5+y°/1=1. 4112 x-3y-11=0 4.113.
(26). 4114, 264115  (2:4.4116. x+y—-6=04117. 149/32,
4.118. 5x-3y-2=0, Tx+6y+4 =0, p=arcig3. 4119, (%; ) u (5 2) wm (0;7) u
(3 8). 4.120. (=3;2); R=5. 4121 (£4J6/3; +2/3/3). 4122, (-11/13; 8/3/13);
(~11/13; -8/3/13). 4423, @/V15; 1/V15); (J15-2)/45. 4124 £/1225- 7 1675=1.
4125 x°* =2p. 4126.2.4127.2x + 3y—z— 14=0.4.128. 3y— 8+ 13=0.4.129. x—z=0.
4130, (- 3)/1 = (v + 22 = 200. 4131, (1;-2; 3). 4132, Tx — 8y - 22— 23 = 0.

4133. (5; 0; 7). Komrpoanupie 3agauna. Bapuanm 4.1, 1. Tlapabona
y* = —4(x-3). 2gdm, y-1=0; h; Tx+24y—45=0; §13x-9y+ +70=0.

3.(x+7/2P +(y-7/2*=25/2. 4 Tx-5y+6z-31=0. 5 (x-5)/5=
=(y-2)/(-9)=(z-2)/6. Bapuanm 4.2. 1.TIpamas 14x+ 4y+3=0.
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2, ay mg: 22x+104y—11=0; A:4x+3y—-99=0; 6) llx+2y-26=0. 3. 3.
4. 2x-19y+10z+45=0. 5. (x+6)/1= (y = 1}/(-1) = (z - 3)/0. Bapuanm 4.3.
1. Oxpynaiocts 3x2 +3y” +32x+ 4y +60=0 wm (x+16/3)° +(y+2/3)* =80/9.
2aym,y-3=0; h;: Tx+24y-58=0; 6)13x-9y+153=0. 3. x2/4+
+y?[8=1. 4 11x~ 2y+12:-13=0. 5. (x-6)/4=(y—1)/(-4) = (z-2)/5.
Teerd. 1.2. 2. =23, =1. 3, 45°. 4. 1;3; 5.5, B=-7, C=37. 6.7,2.
7. xy=5,yp=4 R=3.8 d =8 d,=20.9.510.1 —6,2 —a,3 —e,
4 —2 1L.B=-2,C=5D=3.12. x4=1, y,=-2, z5=3. Yuebno-
TPeHHPOBOYNLIE TecThl, Jecm JIA-1 1. 2; 5, 2, 24. 3. 1. 4, 2, &,
X =-3;%=x=2.61;4.7.1.859.2.10.-2. 11, 1. 12.2. 13. 3. 14. 3.
15. -6.16. 5. 17. 3. 18. 3. 19. 3. 20. 0,7. Tecm JI4-2. 1. 3. 2. 6. 3. 6. 4. 1. 5.
X = I X, = 2; X, = 0.627-1.8.6.9.3.10. -1.11. -2.12. 3. 13. 2. 14. -2,
15.-2.16.5.17.4.18. 4. 19. 1. 20. 4. Tecm JIA-3. 1. 1. 2. 2. 3. 3. 4. -3. 5.
x=2x=-5x=061;37-3.8349210611.-1.12.2.13. 1.
14,-8.15.0,75.16.3.17. 1. 18. 1. 19. 2. 20. 12.

Inaea §

£.12. xe(-1 Dod; 10). £13. xe{—4; 0y (0; DU 2)w(2; 4).
514, xel-2-m/2)u(-n/2n/2)u(n/2; 2] 515 xe(®; DU 2).
516. xe(;)usn/2l 517 ye[-v29;429]. 518, ye(0;1].
519, yel[-1515] 5.20. y<[0,75;1,5] 5.21. ye(-o;1]. §.22, Heuernas.
5.23, Yernan. 5.24. Ueras, 5.25, O6mero Buaa. 5.26. Heuenas, §.27. 2x/3,
528, nf4, 529, n 5.30. Henepuommeckas. 5.31. Henepmoamueckas.

532 = 533 L s34 5(":1”. 535, -0,5log, x. 5.38. 89,25 Tric. py6.
X— X X

5.39. 1,8. 5,40, a) = 11576,25 py6.; 6) = 8227 pyb.

540, x e (-5 20J(2; UG J(4; 5). 541, xe[-5;-4].542. ye[-5 5]
543, ye[2/4;42/4]. 544, Hevernan. 5.45. Yernas. 5.46. /3. 547, x.
5.48. 0,51gx. 5.49. a) 120 000 py6.; 6) & ner. KonTponnHbie 3a5auus. Bapuanm
511, xe(=55). 2 xe{l} 3.Yernan. 4. Obwero suma. 5. y €[-2; 1]. 6. n/4.
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Bapuanm 5.2. 1. x [0, 2) (2, 3). 2. x € @. 3. HeuetHan. 4. Obuiero euja.
5. y[-10; 10] 6. 4n. Bapuanm 5.3. 1. xe[-2; 4).

2. xe[-1; —n/s)ul-=/5 0)u(0; n/5)u(n/s; 1]. 3. OBmero suga. 4. He-
uernas. 5. y€(0; 2] 6. % Teer 5.1.1:4.2.2;3.3. 1;4. 4.2;3;4.5.1;3.
6.1;2;5; 7.7.4.8.18.9.72°.16. 2. 11. 2. 12. 11.

Ihasa 6

6.18.-3,5. 6.19. 0. 6.20. . 6.21. 0,5. 6.22. —1, nput x —> +<0; 5, NPK x = — .
623. -1. 6.24. 320. 6.25. 1/3, npn x — +0; —2, npu x —> —0. 626.3. 6.27. 1/3.
6.28. 1,875. 6.29. 0.2. 6.30. . 6.31. 0, npu x — +w; 40, PpH X —> —c0,
6.32.-0,5. 6.33. -0,25. 6.34. o, npn x — +w, —1,5, Opn x —> —0. 6.35. 1,
6.36. 1. 637. 2. 6.38. -0,5. 6.39. 1. 6.40. |. 6.41. 2. 6.42.3. 6.43.08.
6.44. -5. 6.47. —1/3. 6.48. 2,5. 6.49. 0. 6.50. 0375, 651 4. 6.52. -4,5. 6.53.
28+/7. 6.54. 0. 6.55. 1,5. 6.56. 0,5. 6.57.—6. 6.58. 3/2/2. 6.59. 0. 6.60. 0.  6.61.
~1/3. 6.62. 0. 6.63. 1. 6.64. . 6.65. 4. 6.66. 0. 6.67. 0.6. 6.70. . 6.71.-1.
6.72.0,5.6.73. 1/6. 6.74.0.6.75.0,5.6.76.-5. 6.77. . 6.78. . 6.79. 0. 6.80. 4.
6.81. 0. 6.82. 1. 6.83. -5. 6.84. . 6.85. . 6.86. 0,5, nmpux —> +o0, —0,5, npu
x—>—o, 6.87. 0. 6.88. 0. 689 «. 6.90. 0. 6.91. 1,75. 6.92. 0,25, 6.93.
~\3/2. 6.94. 12/4. 6.95. 2,5, npu x — +0; 0, npu x - —. 6.96. 0,25.
6.100. ¢°. 6.101. ¢7'*. 6.102. ¢, 6.103. 1. 6.104, ¢™°. 6.105. &*°. 6.106.

€. 6.107. &7, 6.108. €'°. 6.109. 1. 6.110. ¢, 6.111. I/e. 6.132. —1/15.
6.113. 0,05. 6.114. 0,125. 6.115. —0,1. 6.116. 0. 6.117. co. 6.118. 0. 6.119. o,
npH x — +<0; 0, npH x — —c0. 6.120. 2 (cnenars 3aMeny y=e4x—l ). 6.124.
2. 6.125. 4/3. 6.126. 6,4. 6.127. . 6.128. 0. 6.129. 1,5. 6.130. 0,75. 6.131. 8/7.
6.132. 4/9. 6.133. 0,125. 6.134. -1/6. 6.135. 0,3. 6.136. 4. 6.137. 1. 6.138. 8/27.
6.139. 1,25. 6.140. —04. 6.141. 7. 6.142. 0. 6.143. —1 (cuenarb 3ameHy

y= x—% ). 6144, 0,5. 6.148, -1,5. 6.149. 0,6. 6.150. 0. 6.151. «. 6.152. 30.

6.153. In5. 6,154, 6. 6.155. 5/7. 6.156. 4,5. 6.157. 5. 6.158. 64. 6.159. 0.5.
6.160. 0,25. 6.161. —6. 6.162. 9. 6.163, 2. 6.164. 4. 6.165. 2. 6.166. 8. 6.167.
0,125. 6.170. x = 0 — paspe® | poaa ycrpanmmelii. 6.171. ©yHKUMA HenpepsIEHA.
6.172. Oyuxipaa HenpepoieHa. 6.173. x = 2 — paspeip Il poda. 6.174. x =2 —
paspeiB 1 poma ycrpanametif. 6.175. 3. 6.176. «. 6.177. 2. 6.178. 0, npu
x—> +o0; =1, npA x = —0. 6,179, o, mpu x — +0; 0, mpn x —> —=. 6.180. 1.

6.181. 0,2, npn x — +o0; 0,25, npu x - —oo. 6.182. 0,125. 6.183. 0,625.
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6.184. 0,375. 6.185. 2/3. 6.186. —0,75. 6.187. 1/216. 6.188. o, mpu x — —1+0;
0, npn x —» —1-0. 6.189. 1. 6.190. 2. 6.191. 1. 6.192. 1,5. 6.193. ¢*’. 6.194. &°.

6.195. 2/9. 6.196. 1,75. 6.197. 0,25. 6.198. ¢”'. 6.199. 1. 6.200. 0. 6.201. 3.
6.202. 0,25, 6.203. 18. 6.204. 6. 6.205. x = -1, x = | — TouKH paspeisa | pona
(yCTPaHHMOTO M HEYCTpaHuMoro); x = 4 — rtouxa paspwiBa [l poza. Kon-

TponbHBIe 3anauna. Bapuanm 6.1.1.-04.2.1,2.3.0,5. 4. ¥7. 5. 1/24. 6.0,5.
7. @) gyHiums Henpepbieaa, 6) x = —1 — paspuis I poaa HeycTpanuMbIf. Bapu-
anm 6.2. 1.2.2.-12.3.0.4. &°. 5. 1/3. 6.05. 7. a) dyyinama HenpepbiBHa, 6) x =1 —
paipeis | pona peyctpanumeil. Bapuanm 6.3, 1.05.2. 0.3, . 4. ¢ 5.8. 6. 1. 7.

o) WyHKUMA HenpephieHa, &) x = 2 — paspsiB | pona HeycTpannmuii. Teer 6.
1.3.2,2;3.3.1;3;4.4.3.5.2;4,5.6.100. 7. 1,5.8.2.9. 2. 10. 0. 11, 10. 12. 16.

T.21.

7.23.

7.25.

7.29,

7.33.

736.

7.41.

I'naea 7

7x® —10x* +24x~* +¥/x. 7.22. -+ 4sinx+2cosx + ——.
Jx xln3
5*In5 - ?., —_32 + 12. 7.24, &" - 4 +L.
cos“x sin“x l+x 7%‘? 1—x?
—x*e™, 726. 9x*Inx. 727 x’cosx.  7.28. —5—2
(2x+3)
_ 24x . 30, 1 . 7.31'l+x+11;x' 3—2sfmx2.
(x2 ~1) Jx(1=+x) (1+x) (2 - 3sin x)

2 4 3
x4 x Jarctgx 734, 100+ iy 738 - %
x*(1+x%) x(5+2x7) 2-3x*

2
SN S T S S 2"y 26 739, —tg X, 740, ——.
#(l_ﬁ)? 2xdInx+1 cos” 2x 2 sindx
LR SONL B Pt (S S !

x*+4 xInx x> -5In2 Vxl16x-7

1

2 —Ccosx V2
745, — . 746 —— . 74T —BX 748, ',
x{x+1x+2) a1+ x’ J4sin® x -1
7.49. 2cos2x e, 7.50, —grecosts 203 751 ——.
V1-4x I+e™™
J; Inx =2x
752 £ _cose¥*. 753 -5 754, Ze . 7.55. arcsin=.
2‘J; x Jl_e-4x (I+e—2,\') 2
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7.56. ——arcsinyx, 7.57. — L 7.58 ! 759, —!
24x

x¥9x? -1 7-x? ' 1x?

2-x 1

7.60. J=—=.  7.61. 299-x®.  7.62. ——m—eee.  7.63. arccos>.
2+x Wi6-5 - 3

764 —— . 765, i‘ 7.66. Farcige®. .67 ¥ (1-Inx).
21— x? 1+x

cos® x

L 772 77—
1+sinx 3x2 42 2(x+3sin2x)

2/x(-Vx) 775, X+5)’
2*[21112 Jx(1- V) -Jx)-1) o o

777, 2EBILY gy COSpoyeosx pag Y g ylowoyt
x x+Inx sinx+ xsin y JJ_; x1+x2+)?

7.68. %x "1 Jinx.7.69. - x e (Inx+3). .70, (sinx)‘g"[l+ 1“5“”']_

7.71.

7.76. 2.

— ya™
781 (x+y)2. 782 —2—. 783 =% 784, »xhy-y 785, _E Y
-y y+x x ylnx-x’ eV —xe™

7.86. % 787, . 7.88. tgr. 7.89. —1. 7.90. ctg— 191, —lg[t-——:-].

6x* -0x? 42 o x+2

7.92- _tg3t. 7.93. _]. 7-94. 6x - 8. 7.954 3 7.96. 2 .
(i) (x+D)

4
(2x+3})

7«9?0 18C05 6x. 7098. -

T 799, ~4yt-2. 7100, &*(x+n).

7.101, —('”n_lf”'l)!
x
(-1)"mt3"
Gx+5)™
7114, y-x=0; y+x=0, 7115 y+8x+3=0; By-x+24=0. 7116
2y-x+3=0; y+2x-i1=0. 7117 y—x-2+m/2=0
y+x-n/2=0. 7118, y+x-1=0; y-x=0. 7119, p+8x-17=0;
8y—-x-6=0. TR0 4y—-x+5=0; y+4x-3=0, TRL g n/4; y-x+1=0;

. 7102, (5* +(=1)"57 )in" 5. 7.103. sin[x+§n}

7.104, 7108,

(*:}. 7113, y-3x+19=0; 3y+x+37=0.
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6) 3n/4, y+x=0. 1122 p-3x-1=0, 7123, y-5x-3=0; y-5x+1=0.
TA24. y—x+2=0. 7125. a) y—4x+14=0, y—4x+6=0; 6) y—x+3=0,
y—x—1=0. 7.126. @) y+x—1=0; 6} e’y+x+1=0. 7.127. S5y—-x-4=0.
7.128. a) arctg(1/3); 6) n/4; &) aratg(5v2/7). 7.129. @) 3, 8; 6) 0,05; —0,01.
7130, vy =9; ay =4, h,, =10,125. 7.137. 45; 35. 7.138. a) 95; 90; 6) 70;
4. 7.139. 80; 40. 7.140. 2,06; 0,58. 7.141. y'(2}=5; T,_, =0,04; y'(7)=-20

T...=-024 7142, y'(20)=-0,; T, o209 = ~0,0167; ¥'(40)=0,3;
T._4 = 0,0375. 7.143. g) 0,398; 6) 0,602. 7.144. a) = —1,62; 6} = -0,62. 7.145. 0,75

7146, x = 4, E; =1, B, = 0. 7.147. 1,2. 7.148. = —0,23. 7.149. = -0,31.
7180, a) -15; & 075, &) 0,5, -6. 7.151. a) (3; 6) &) (100, 225%

8) (60v3/5; 60). 7.152.2)4;6) -2/3; 2;6) =1,5%. 7.153.4) 5;6) -0,1; ~ 0,17;

2
8) =4,5%. 7.155. Inx(Inx+2). 7.156. 2 187 —Zsinx.
Ja+2x'y
& 2e™ 1
71588, ——. 71589, —————. 7160, ————;
e +4 Je —1(e* +1) 2J16- ¢
. & sine?
7061 S 7062 <t~ 1,706, S50
\h-—-ez' T+x* 2l-x
xarcsinx

x  x
7.164, . 7165,  carcige’.  7.166.  In’sin-ctg=.
\h—x2 373

7.167. ""‘( +cosxlnx) 7.168. (tgx)"“’(cosxlntgx+ ] ). 7.169,
x 0Sx

3 e
l+e 7170, x {—x —1:717. =X . 71m. \/_ 7173, c?sr tsing )
Sl Jxel sint +fcost

2—
2 =1 475, 2tgx(l+ig'x). 7176, —

7.174,

—. 7177 —4¢* cosx.
2t

7.178. cos(x+%n). 7.179. 2", 7.A8L 5x+6y-13=0; 6x-5y+21=0.
7182, a)dx+y-~17=0;, 4x+y-1=0; &) x+y+1=0x+y-T7=0.7.183.
x—y+2=0; 5x—y-2=0. 7.184. =5236; ~1,76;~633,33. 7.185. =0,38;
=(,82. 7.186. a) ¢ ; 6) =—0,07; =0,07; 8) =9,2%. KoHTpOAbHLIE JATABKA. Bapu-

anm 7.1. 1. a) 3ln(\)l+4x2+2x) ?/(h D . 6) l 2 - 3.
1+4x? +x
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1) 2" .
4 2 T 5 yox-1=0, y-x-5=0. 6. (10; 20). Bapuanm 7.2.

(2x_3)n+l )
] n
1. ) Sin(Viv0x -3x)- 222, L3 evg
5 y-2x-13=0, yp-2x-5=0. 6. (5 10). Bapuawm 7.3
1.2) —1n(J1+25x2+5x)+M. G)-—— . 3 e
J1+255 Q- x2Wi—s?

11"l 57
%s y+3x-4=0. 6. (10;20). Teer 7. 1.2;3.2. 1,3, 5.3.0.

(5x+2)™

4.1—6,2—6,3—a.5.6.6.2.7.0.8.0,5. 9.0,15. 16.0,3. 11, 1,25.
12.-2;9.13. 1. 14. 90; -100. 15. 5625.

rnana 8

8.4, He npomvBopednT, Tak kak y (0) Be cymectsyer. 8.5, Ha mpomenyTke (0; 1) Moo,
8.6. Teopema Jlarpania MoxkeT OMTL NpHMetena. 8.7. a=2. 8.8. He moxer.
8.15. 0. 8.16. 1. 8.17. 32. 8.18. 1. 8.19. 0 8.20. 2,5. 8.21. -0,5. 8.22. . 8.23.

V2.8.24.1.825. 3/(2-6In3). 8.26.2. 8.27.1, 8.28.1.829.1.8.30. .
8.31. 1. 8.32.-1/n.8.33. 1. 8.34. «. 8.4L. y,..(-2)=-8/3; yam(1)=-13/12;
Ymax{0}=0: ¢ynxkuna sospacracr Ha (-2; 0) m (I; +), yOrBaeT Ha
(—0; —2)n (0; 1). 8.42. y_ . (e)=¢; dyHKLUMA BO3pACTAET Ha (e; +0), YObBa-
erea (0; 1) w (1; ¢). 843, .., (3/2)=4e™¥*; (ysmamn noopacraer 1 (—c0; 3/2),
yopmaer Ha (3/2; +0). 844y, (-3/2)=-27/20; ¢ymam sospactTaeT Ha
(~3/2; -1) u (-1 0), youmaer ua (—o0; —3/2). 848 .. (3/4)=-27/256;
dyuxuna sospactaet Ha (3/4; +o0), y6uiBaer na (—o; 3/4). 8.46. ®yuxumua
BO3PACTAET Ha BCE THCIOBOH OCH; IKCTPEMYMOB HeT. 8.47.. y . (—1/2) = 2/e;
dyuxuua sospactaer na (—1/2; + ), yboieaer Ha (—o; —1) u {-1; —1/2).
8.48. ymin(l/Z) =-1,25¢7"%*; Ymax(2)= 5¢7*5, tymxums Bospacraer Ha
(1/2;2) ybumaer ma (-;1/2) w (2 +) 8.49. y.(-D)=-e"%
Ymaxl(1)= e"", $yHKuns Bospactaer Ha (—1; 1), yGrisaeT Ha (—oo; —1) u (1; +wo).
8.50. y,.( l/ 3= m ; (yukims Bospacraer Ha (-1/3; + ), yGrBaer
Ha (=o0; —1/3) 8.51. DkcTpeMymoB HeT; GYHKINHS yObiBaeT Ha (—oo; 0) B Bo3-
pactaet Ha (4;+), 852 v, (e’)=-¢’; dyHkums BospactaeT Ha
(€?; + ), ybuBaer Ha {(0; ¢*). 8.53. Ymax (277) =In3; dyAkOus rospactaer
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Ha (=2n/3+2nm;2nn), yGniBaer Ha (2nm;2nf3+ 2an).
8.54. y,... () =arctg(l/e); dyagmn pospactaer ma (0; ), yObmaer Ha (e; + o).
&S&ymhﬂ/\/;)=—l/e; dysxpm  BospactaeT Ha (l/\/é;+oo), yOpIBaeT Ha
(0; l/x/e_?) 8.56. ymin(\/;)=2e; dymiams Bospacraer Ha (e; +0), yOumaeT Ha
(0, ). 887, .0 (1) =1/2; dymama pospactaer xa (0; 1), yoomaer Ha (1; +0). 858,
ymm( 2“")=—l Y™ =1; dyrianm Bo3pacraer Ha | (2”’ 2""*‘) YOBIBICT Ha
(ez’"’ b 2"") 859. y__ (¢®)=1/4; dpymamn Bospacraer a (I; ¢°), yGuiBaer
Ha (0; 1) m (e ;+o). 8.60. y. (2rn)=2; dyHKIHA BO3pacTaeT Ha
(—=/6+mm; n), yOuIBaer Ha (nn; /6 + mn).
86L S (D= fra(D =4 Suans{4) =16. 8.62. fuauu“/e)=_|/e;
SransM =0. 86 [0 =0 fras(D=V3. 864 [ (n/4)=3/V2;
Suans(mf12) = 3sin(n/12) + 400s>(1/12). 865, fr(-D=0;  frps(®)=1.
8.66. Joanu (D =-1, f«au6(0)=_v2' 8.67. fuauu(u/4)=2; Shane =
=(05arctg(2/3))=VI3. 8.68. fuuml-{IB)=-¥27/2  funsD=16/17.
&69 fmuu(o) 0 fuauﬁ(l) fuauﬁ(_” 3 amfmmmerfmﬁ(l)_ 1»2-

871 fam (0) = 2; fiuc He cymectsyeT. 872 fum (0) = 0; fus He cymectsyer.
873, fan(/2)=3/5; e He cymectsyer. 8.74. He cymecteyer s Ranfonsuero,

waserma, 875, 2; 2; 1% ¥ = 4. 8.76. V247, V247, V7 2).
J3(2+m) . 6R

18+ 32+ n)* poas 18n+3(2+n)° p. 878 S=ahs
882, (0; 0)u (:I:JS'/_Z; FI3/82 2} — Toukn nepernda; QYHKINA BRIMYKNA
BBEPX HA (—0; —J?J-2) n (0; J?:_/E) BEIDyKna BHH3 Ha (—o0; 0) u (3/2; +).
883 (0, 0) — Touka nmeperuba; ¢yHKUMA BBIOYKIA BBEPX Ha
—0; —Jﬁ) n{0; Jﬁ) BLIMYKTA BHH2Z Ha (—ﬁ; Onu (m; + ).
8.84. (0; 0) u (2; 0) — Toukn nepernba; hYHKUMA BHITYKIA BBEpX HA {—o0; 0) |
(2; +oc), Bemykna pun3 Ha (0; 2). 8.85. (0; 1) u (1; 0) — TOUKH meperuda;
$yHruMA BRIMYKNA BBepx Ha (0; 1), BRInykia w3 Ha (—o0; 0) 1 (1; +«). 8.86.
(1; ®/2) — Touxa mepernba; QyHKUMS BHIMYKNa BRepX Ha (I; +00), BRITyKIa
srms Ha (—o0; 1). 8.87. (0: 0), (2L £e™?) u (£V6; +6+/6e™) — Tous nepe-
ruGa; GyHKUMA BBINYKIA BBEPX Ha (—o0; —Jg), 100 u (l; JE), BEIMYKJIA BHU3
Ha (—/6; ~1), (0; 1) n (6; +). 8.88, (e%%; 5/(6¢"”)) — rouKa nepernuta;

877. R=
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(YBKUHMA BEITYKNA BBEPX HA (—oo; es"é), BHITYKJIa BHM3 Ha'(e’“; +oo). 8.89,
Touex mepernba Het; GyHKUMA BRNMYKNA BBepX Ha (—0; 0) u (0; +w0), $.90,
(e's*“S ;—5/ 6¢75 +l) — Touka nepernfa; ¢GyHKuUMA BHIOYKIA BBEpX Ha

(0; e-s,rsl BBITYKNa BHH3 Ha [e'sfﬂ; +oo) 8.91. (a—ﬁ; 2/\/5) H (JE, Z/Jg)

— 1oyxu neperuBa; YHKLHA BHAYIIA BBEpPX HA {—o; -\E } B (\E; +%0),
BIMyKna BHH3 Ha (~v/2; v2). 8.92. (I; 49/36) u (2; 44/9—(8/3)In2) — 1ou-
k¥ nepernfa; ¢yHKUMA BHEITYKNA BRepX HA {1; 2), BhmyKNA sum3 ua (0; 1) u
(2; +0). 893, (-3; 1} — TouKa neperrGa; QyHKIMA BLUTYK/A BBEPX Ha (—0; —3),
BBOTYKNA BHAS Ha (-3;-2) 1 (-2; + ). 8.100.x=2; y=1/3. 8.101. y=x — npa-
BOCTOPOHHAR; ¥ = 2/3 — nepocTopokHas acuMITroTel. 8.102. x = 0; y = 0 — nparocto-
porHad acymrmora. 8103, y = 0— asycTopoHHAA acuMnToTa. 8.104. x = iJE/Z

8.105. Acumirrots! oTCYTCTBYIOT, 8.106. x = 0, y = 0 — nMpaBocTOPOHAAA ACHM-

mrota. 8.107. y = 0 —— apycropoHman achimirrora. 8,108, ©ynkuna nedernas. y =
0 -— ABYCTOPOHHAA TOPH3OHTANBHAA ACHMITOTA. Y, . (=1 y_.(-D=-1.
tbyl_iku.uﬂ Bospactaer Ha (—1; 1), yOemaer Ha {-¢0; -1) u (I; +w). (0; 0),
(j:ﬁ 3t JE /2) — Touwn nepernba. OyHKLMA BBIMYKIA BBEPX Ha (—0; —J§ }
H (0; \/3_»), auriyma BHH3 Ha (—J?T 0)n (ﬁ; +a0). {0; 0) — Touka nepeceue-
Huf Tpabkka ¢ ocamd koopauHar. 8.109. Acwmnror Her. y_, (2)=16;
Yoin®=0; »y.,(4)=0. Oyuxuua sospacraet Ha (0; 2) u (4; +»); yOuisa-
eTHa (—o0; 0) n(2;4). (2 21/5/3; 64/9) — TouKH nepernda. GYHKUMA BbI-
MyKJIa BBEPX Ha (2—2']37/3; 2+2J§/3], BBITYK/I2 BHH3 Ha {—<0; —2-J§/3) H
(2+ 2\/5 / 3 +w). {0; 0) n (4; 0) — Touxu niepecederun rpadura ¢ ocaMu Ko-

opounar. 8.110. x= —-3\/5 — BEpPTHKANBHAS ACHMNTOTA; ¥ = 0 — ABYCTOpOH-
HAA ropmomanbnas acHMOToTa. Y., (1)=2/3. Dyuxums Bospactaer Ha

(— - ) ( l yObigaeT Ha (1; + o0}, (J_ -\/—/3) — ToYKa neperxoa.
OyHKUMS BOOTYKTa BBEPX HA (—1/—; %/_]. BHYKIA BHHM3 Ha (—W;—VE) q
({/Z; +ao). (0; 0) — TouKa nepeceucHnA rpaduka ¢ ocamu koopmar. 8111,y =0—
TIPABOCTOPOHHSS TOPH3OHTAIBHAA aCHMITTOTA. V.., (0) =1. (Dymama BospacTaeT Ha
{~00; 0), yOumact Ha {0; +w). (1; 2e) — Touka nepernba. PyHKWHA BEITYKIA
BBepX Ha (—oo; 1), BEIMykna BHU3 Ha (I; + o). (-1; 0) 1 (0; 1} — TouKM mepece-
yeHua rpaduxa ¢ ocaMy koopauHaT. 8.112. DyHkUKA HeveTHaa. y = 0 — apy-
CTOPOHHAA TOPH3OHTAIBHAA ACHMITOTA Y, (1) = l/J;; Ymin(-1}= —l/J;.
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Dymxuma Bospactaer Ha (—1; 1), yOnsaer Ha (—oo; -1} n (}; +o). (0; 0),
(:th ; +3e™Y 2) — ToykH nepernta. OyHKUHA BHITYKTA BREPX Ha (—oo; —\/3_)

1 (0; /3), Bnykna Bris ga (—3; 0) u (V3; + ). (0; 0)— Touka nepeceeAms
rpaguka ¢ ocaMH koopammar.  8.113. dyrkuns onpenenena va (0; +©) y=0—
MPaBOCTOPOHHSA TOPHIOHTATLHAS ACHMIITOTA. )., (¢} = I/e. ®yHKuns Bospac-
taer Ha (0; e), yObiBaer Ha (€] +0). (ey 2, (3/ 2)e™Y 2) — TouKa meperuba.
@Oyuxuma BoOTyKna Beepx Ha (—oo; —3) W (0; 3), semykna BuH3 Ha (—3; 0)
(3; +2). (0; 0) — Touka nepecedenns rpadiKa ¢ ocamu koopamHar. 8.114, OyHk-
1M HeYeTHAd. ¥ = | — NpaBOCTOPOHHAN FOPHIOHTANBHAA acCHMITION, v = -1 —
JIEBOCTOPOHHAS FOPH3OHTANBHAY ACHMIITOTA. JKCTPEMYMOB HET, QYHKLHNA BO3-
pacTaeT Ha Bceit ynenosoit ocn. (0; 0) — Touxa nepernba. OyHkuMA BRIV
BBepX Ha (0; +oo), BeHTYKNa BHU3 Ha (—0; 0). (0; 0) — Touka nepeceucHus rpadu-
KA ¢ ocaMH KoopauRar. 8,115, Oyuxiys onpeaenexa Ha (; + ). x =0 — npaso-
CTOPOHHAA BEPTHKANBHAA ACHMATOTA. JKCTPEMYMOB HeT, GyHKUNA YORBaeT Ha
(0; +). (”; Y2/3) u (e; 0) — TouKH nepernba. PyHKIES BRNYKIA BBEPX KA
(€”; e), Bemyxna B Ha (0; ) u (g; +). (¢; 0) — TouKa NepeceyeHMs rpa-
¢uKa ¢ ocklo abcumce. 8.116. x = 0 — NpaBOCTOPOHHAS BEPTHKANLHASL ACHMITTO-
Ta. xl_i)rg_ J(x)=0. y = | — ABYCTOpPOHHSA I'OPU3OHTANLHAY ACHMIITOTA. JKC-

TpeMyMoB HeT. @ynxuma yOuiBaer Ha (—0; 0) 1 (0; +). (- 1/ 2; ez) — TOuKa
niepern6a. GyHKLMs BRIMyKNa BRepX Ha {—0; —1/2), Brmyxna sums Ha (—1/2; 0)
H (0;+). 8117, x = 0 — npaBoCTOPOHHAA BEPTHKATIEHAY ACHMNTOTA.
xl_i,"(;" f(x)=0. y =x — HBYCTOPOHHAS ACHMITIOTA. Y, (1) = e. DYHKUHS BO3-

pacract Ha {—o; 0) n (1; + o), youiRaer Ha (0; 1), OyHKIMS BRINTYKIIA BBEPX HA
(—; 0), epimyrna BHK3 HA (0; 4+ 0). 8.118. x = 0 — BepTHKANBHAA ACUMIITOTA;

¥ = | — NeBOCTOPOHRAA FOPNICHTANBHAA ACHMNTTOTA; ¥ = 0 — MpaBOCTOPOHHAS
TOPH3OHTANBHAA acHMOTOTA. JKCTpeMyMOB HeT. (DYHKUHA BO3pacTaeT Ha
(—0;0) u (0; +0). Touek neperuba ser. (DyHKUHA BBIIYKNA BBEpX Ha

(0; +0), Bomykna BuM3 Ha (—oo0; 0). 8119,y (nf6+2ma)=
= Yo 36 +2m0)=5/4,  y . (~-n2+2m)=-1;  y.(n/2+2mm)=1.
@DyHKuMd BO3pacTaeT Ha (—x/2+2mn; #/6+27n) u (nf2+2mn; Sn/6+ 2nn);
jﬁmnae‘r Ha (nf6+2nm; n/2+2mn). X =mn+(-1) arcsin((l + Jﬁ}/B) —_
Touke nepernba. 8.120. Gynkiua Bospactaer Ha Beeft uncnosol ocH. (0; 0) —

Touka nepernba. 8.121. dyHknHA BospacTaet Ha Beel uncnosoi ocu. (0; 0) — Toy-
ka neperuba. 8.122. y_. (5nfd+2mn) =-2. y_. (n/4+2mn)=1/2. Oynkuna
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Bo3pacTaeT Ha (/4 +2nn; 3n/4+2nn) w (3n/d+2nn; Sn/d+2nn); yOuiBaer
Ha (=3m/4+2mm; —nf4 +2mn) n (—n/d+2nn; nfd+2nn) . OyHRIHA BLTYKIA
BBepx Ha {—3n/4+2nm; 1/4+2nn) u (—nf4+2nn; x/4 + 2nn), BENYKIA BHU3
Ha (%/4+2mm; 3n/4+27n) n (3nf4+2nn; Sn/4+2nn). 8,123, OyHKuks get-
Had. y = (0 — OABYCTOPOHHAA TOPHIOHTANLHAA ACHMITTOTA. Y., (0) =2, DyHK-

1A Bo3pacTaetT Ha (—wo; 0), yOeipaeT Ha (0; +w) . (tl; \5) — TOYKH neperHta.
DyHIAMS BHITYIIA 882X HA (—1; 1), Beirnyioia BHIS Ka (—o0; —1) K (1; + ). (0;2)—
TOMKa NlEpeceHeHHA rpaduka ¢ ochio opavHar, 8,124, Qyukuus HevetHas. x =11 —
BEPTHKANBHEIE ACHMNTOTEL ¥ = () — ABYCTOPOHHSS MOPH3OHTANEHAA aCHMITTOTA.

IuctpeMymor Het. Pynxaps yormaer Ha (—oo; ~1), (-1 1) n (} +w). (0;0) —
TOYKa nepertta. OyHxuHA BHIMYKNa Beepx Ha (—w; —1) u (0; 1), BHIMyKIa BiM3 HA
(=1; 0) 1 (1; +). (0; 0) — TouKa nepeceuckHMs rpadHKa C OCAMH KOOPIMHAT.
8.127. 30. 8.128. 2. 8.129. 196. 8.130. dlog, In2. 8.131. 90. 8.132. 0.
8.133. 76(In1920-1). 8.134. 4. 8.135. 4. 8.136. 4. 8.137. 5. 8.138. p = 1.
8.139. p=1-p,. 8140, Ha 5emvuun. Cpennue HIACPKKM YBENHYATCA Ha
125/14. 8.141. 1000. 8.142. [2; +oo) 8.143. 1 mm py6. 8.144. p, /2. 8.145. 400,
8.146. 245. 8.147. 625. 8.148. 33){. 8.149. p>1/4. 8.150. a) ner; 6) na.
8.151.x=0. 8.152. 17. 8153 - 8.154. 0. 8.155 1. 8.15. 0.
8.157. y,, (-1) =¢’. dyuxums BospacTaer Ha (—o; —1), yOuBaer Ha (—1; +w).
8.158. y..(-T)=-14; y..(1}=2. Oyuxiua so3pacraeT Ha (—7; —3) u ({; +0),
yOmBaeT Ha (—o; -7) u (-3; 1}. 8.159. y, (1)=2. OyEKous Bo3pacTaeT Ha
(l/e; 1), youiaer ua (1; €). 8.160. y_. (1/ve) = "***. Dynkuma pospactaer Ha
(UJE ; +oo), yOrieaer Ha (0; Je ). 8161, y . (0)=In(n/4). OyHxoua pospac-
Taer Ha (-o0; 0), ybuiBaer ua (0; +ew0). 8.162. vy, .(2)=10; p, . (D=-5/2.

8.163. y,,,u5 HE CYIIECTBYET; Vig{0) = 0. 8,164, via5 (1) = 1, Yiauu HE CYIIECTBY-
er. 8.165. He cyuectesyer HA HauQONbUIEro, HM HAMMEHBMICTO 3HAYUCHHA.
8.166. 3(0) = 0; y{1)= 0 — TOuKM neperuba; QyHKIHS BBITYKIA BHA3 HA (~<0; 0)

R (1; +o), Brmykna Brepx Ha (0; 1). 8.167. w(—V3)=—-J3e7'%; 30)=0;
y(+3) = 3¢ — Touxu nepernba; PyHKUMA BHUTYKNA BBEPX HA (-} —+/3 )
H (0; ﬁ); BLITYKAA BHH3 Ha (—«/3_'; ), (J§;+w). 8.168. x=1/("), y-1.
8169. x=1, y=—x-1. 8170. y=0. 8.171. OyHkuug vuerHad
Fuin (D= Y (D=0, 3, (1) =1. Dynxums sospacraer Ha (—1; 0) u (1; +w),
yOpiBaeT na (—o0; ~1) u (0, 1), y(ilf\ﬁ) = 4/9-— 1oukn nepernba. PyHKUHA
BHINYK/IA BBEpX Ha (—I!‘JST; 1!\/5), Belyxna BHU3 Ha (—oo; ~1!J3_') H
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(1/43;+). 8172. DN =[-L1]. Oynxana verHan. y, . (0) =1. Dyuxupsn
BLiflykna BBepx Ha [-1; 1]. 8.173. D(f)=(—ec; 0) u (0; +w). x = 0 — neso-
CTPOHHASA BEPTHKANEHAA aCHMNTOTA, JHR J(x)=0;, y=x-1 — gBycropoHHas

HAKNOHHAA acmmroTa. y, (-2)=—-4/ Je; Yun (1) =—1/e. DyHkuua vospacTa-
eT Ha {—o0; —2) 1 (1} +0), yGbizaer Ha {(-2; 0) u (0; 1). y (2/5) = (-8/5)¢* —
TOYKa nepernba. PyHxkuMa BEINYKIA BBEpX Ha (—<0; 0) n (0; 2/5), Brinykna
BHY3 HA (2/5; o). 174, DX fF)=[0; +0). y_, ((3/4)*)=(3/4) - (3/4)" =0,105,
ynkmus Bo3pactaeT Ha (0; (3/4)'7), y6umaet Ha ((3/4)'7; +oo); y (81/32)'%) =
(81/32) - (81/32)*~ —24,83 — 10uKa nepern6a, OyHKLHA BHITYKNA BBEpX Ha (0;
(81;’32)'2), BBRITYKUIA, H3 ((81/32)'%; +o0). KoHTpONBABIE 3a1aHHNA. Bapuanm 8_1.
1. 4/(1+81n6,75). 2. 1. 3. ®yuKuKS YeTHAA. X = 0 — BEPTHKANIBHAA ACHMIITO

Ta, y = 0 —- ABYCTOPOHHSA MOPHIOHTANLHAR GCHMITOTA. JKCTPEMYMOR HET.
Pyukung pospactaer Ha (—oo; 0} u yOoupaer Ha {0; + o). Touek neperuba
HeT, (PyHKUHA BHIMYKIA BHH3 HA (—0; 0) H (0; +x). 4. y = Ui(x-l) — HBY-
CTOPOHHAA BCHMITTOTA. ¥, (0)=0; y_. (-1)=-2. PyHkuns BO3ZpacTaer Ha
(-0, 0) M {2; +0). (3; 0) — Touka nepernba. OYHKIHA BLIYKNA BBEPX Ha
(3; + ) W ermykNa BHH3 HA {—0; 3}, (3; 0) 1 (0; 0) — Toukw NMepeceueHHs rpa-
(hHKA ¢ OCAMM KOOPAMHET. 5. 37, Bapuanm 8.2, 1, —6. 2, e. 3. OyHxuMs HeveTHas, X
= () — BepTHKANLHAA ACHMATOTA, ¥ = (} — ABYCTOPOHHAA FOPU3OHTARLHAA ACHM-
ITOTA. JKCTpeMYMOB HeT. PyHKUHA yOblpaeT Ha (—oo; 0) u Ha (0; + ) . Touek

nepernba Her, QyHKUMS BoUTyiIa BBEpX Ha (—o0; 0) M BEIMYKIA BHM3 HA
(0;+x). 4. y = x — | — \ABYCTOPOHHAS ACHMNTOTA, ymax(~2)=}\/z;
Yuin (0) = 0. @ynkums so3pacraer Ha (=3; -2) u (0 + ). (=3; 0) — TouKa ne-
peruta. QysKuURsA BHIMYKWIA BBEPX HA (—ov; ) W Beinyiuia BHA3 Ha (-3; «©). (-3;

0) u (0; 0) — Touku nepeceuenns rpaduka ¢ ocaMu KooparHaT. 5. 28. Bapuanm
83 10 2 e 3. x =0 — npaBocTOpOHHAA BEPTHKATbHAA ACHMOTOTA,

,l_i,r[,l_ f(x}=0. y = 0 — JNBYCTOPOHHAR TOPU3OHTANLHAA ACHMOTOTA.
ymx(—1/2)= 4/e2. dyuxkuua Bospacraer Ha (—oo; —1/2), yOupaer Ha
(-1/2; 0) u (0; +o0). x=—l/2i«ﬁ/6 — ToYKH neperiba. PyHKUHA BRINTYE-
la BBEPX Ha (r1/2—1/§/6; —1/2+-J§/6); BRIYKNAa BHH3  Ha
(~0; ~1/2=43/6), (-1/2+43/6) n (0; +w). 4. y=2x—1 — aBycropon-
HA BCHMITTOTA. Vg (0)=0; i (1) = — /4. ®ynxups sospacraer na (—; 0)
u (1; + ). (3/2; 0) — Touka neperuba. OyuKuya BLINYKAA 8BEPX Ha (3/2; + o)
H BLMTYK/a BHE3 HA (—o0; 3/2). (3/2; 0) o (0; 0) — TouxH nepecevenns rpaduka
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¢ ocAMH KoopaaHar. 5. 156. Tecr 8. 1.3.2.1.3.1.4.3.5.2 6.2.7.2.8.3.9.3.
10.2. 1. 2. 12. fas(2) = 12; fraun (1) = flan (0)=0. 13,a=20;56=30. 14. 1.
15.p=27.

I'naga 9
97 Ay = 1,712; dy = 1,6. 98 Ay = 0,009001; dy =0,009. 99. Ay =19/27; dy =1.

9.10. 1/2700 = 0,00037. 9.11. n/45=0,0698. 9.12. 0,01. 9.13. M

0.014. dx/(x*-36). 915 2xdx/Vi-x'. 916 (3x?—6x+3)dx.
9.17. (4x°-6x)dx. 9.18. 3sin2xsindxdx. 9.19, cth;dx/(ZJ;).
9.20. —tgxe /*¥dxfcosx. 9.21. —dx/(x* +1). 9.22. - A’dx/(x*(a? + x?)).
9.23. (Inx+ldx. 9.24. dx/(zJM). 9.25. (3x* +1,54x)dx.
926, 2xdx/Q+2x7+xY). 927, (4xxsinx +x% cosvx)dx/(2vx).
9.28. (x—z)dx/(z(x—l)m). 9.29. 2e¥dxf(1+e%). 930. a/(1-x).
931, —2dxf(1-x%). 9.32. Inxdr. 9.33. (80x — 14)dx’. 9.34. —4cos2xdx’.
935, 47 .2Ind(2x* Ind—1)cx>. 936, —4sin 2xdx>. 937. 8tg2xdx?/cos 2x.
9.38. 0,25 [(x-1¥%. 9.39. (2Inx+3)dx>.9.40. (2cosx—xsinx)dx’.

941. 1,2. 9.42. 0,02. 9.43. 2,03. 9.44. 0,57. 9.45. 1,007. 9.46. 0,8747.
9.47. 0,4849,9.48. 0,8104, 9.49, 1,043, 9.51. 14 ner.

9.82. vwdu+uwdv+uvdw. 953, udv+2dudv+vdiu.9.54. Ay =0,2Twm;
dy=02704m  9.55. a) —Tdc/x’; 6) (1/cos’ x+2x cosx—x’ sinx)dy;
B) =0, 5dc/(5—Vx)Wx)r) ~(sin(in x)+cos(In x))d/ x.

9.56. a) (2arctgx+2x(1+x7))dx’; 6) 2ctgxdy’ /sin” z;

B) xad(1-x")"; 1) dxPe™ (4x* -3)dx".

9.57. a) 3"e™dx"; 6) (12" sin2xdk™; B) (-1)"(n-1)ldc" / x". 9.58. 1,006.

9.59. 1080. 9.60. 0,3174 > 1 2,6%.
Koutrponbuwie 3apamna. Bapuawm 9.1. 1. Ay =0,007001; dy =0,007.

2. dy=(2-x)xe"dx; d2y=(x>—4x+2)e  dx. 3.4a)2,02;6) 1,015. 4. 0,004.
5. 1,5%. 6. 20ner. Bapuawm 9.2. 1. Ay=0,018004; dy=0,018.

2 dy=-xdef/i-x?; dy=-def(1-xV2. 3 a) 299 6) -001. 4.0001.
5.225%. 6. l4ner. Bapuawm 9.3. 1. Ay=0,015009; dy=0,015.
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2. dy=(xcosxInx+sinx)dx/x; dzy=(—sinxlnx+2cosx/x—sinx/x2)dt2. .a)
2,001; 6)—0,01. 4, 0,0005. 5. 0,75 %. 6. 7 ner. Teer 9. 1. Ay=2,63; dy=2,6. 2. 3.
3.2.4.0,1. 5 0,05 6. 2,16. 7. 2%. 8. 0,05. 9. 2. 10. 0,5625. YueGno-

TPEHHPOBOUHBIE TecThl, Tecm MA-1.1,1,5.2.-3.3.2.4.1;3.5. b. 6. 1; 2;
6.7.2;3.8.1;4.9.1.19. 2; 3. 11, 1,75. 12. -0,2. 13. 3. 14. 1. 158, xpuuu = 2;
Pramws = — 13 Xane = Yoo = 0. 16. 2. 17. 0,6. 18, a. 19. 4. 20. 3. Tecm MA4-1.2. 1.

8.2.2.3.3.4.4;6.5. f.6.1;4;6.7.2;3;4.8.1.9.4.10. 1; 3. 11, 2, 12, 45,
13. 0. 14, 3. 15. X0 = 1 Yuamw = U; Xuous H Vians HE CyLtecTBYET. 16. 1; 3. 17,
3.18. f. 19.3.20,2. Tecm MA-1.3.1,2.2,1.3.1.4.2; 5.5, f. 6.1;3;4;6.
7.2:4.8.2;4.9.5.10. 1; 4. 11. 1. 12. 1,5. 13. 0,2. 14. 0. 15. X0 = 3 Veae = 0;
Xy = 1; Va5 = 4. 16, 3. 17. 1. 18, A, 19,1, 20. 4.

Taspa 10

102 4x¥4/3+C. 103, (2/9)x° +2%*(1+In2)" +C. 104, (1/3)arctg3x+C.
105, tgx—x+C. 106, (I/Darcsin2x+C. 107, x*/2-x* +4** /in16+
+C. 108, 4x* /342 +2x+3xY 4+ C. 109, 2672[3-8x74[5+4x+C.
10.10. 8x+24x"? + 6|y - 2x7V? +C. 16.11. -0,5cosx+C. 10.12. —ctgx—

~tgx+C. 1013, 025x" —arctgx+C. 1014, 0,5x2+lr+x—_:<+c.
X+

10,15, arcsiny - |++J|+x2|+c. 10.16. 0, 5injcosx|+C.

i‘;l’q»c. 1021. ¢ V¥ +C.
x+1

1022, 2572 /3-x+dx- —dimfiex[+C. 1023 -3infoosx/3+C.
x/(l+Jx2+I’+C.

10.26. —0,5xv1—x2 +0,5arcsinx +C. 1027, Vx2+1-In

10,17, 025(tgx —ctgx)}+C. 10,18, 3x —x' +0,5In

10.24. —In(1+¢7*)+C. 10.25. In

1+ 4%2 + 1)/;{ «C.
10.28. —0,5¢"> +C. 10.29. 53x+2)*°/18+C. 1030. —(4x+3)*/16+C.

1031, (1/3) Inf3x + 1)+ C. 10.32. —242-x +C. 1033 Jxi+2+C.
10.34. q/ 6) ]n|2x3 + 5| +C. 10.35. —0,25cos(2x% +x)+C.

10.36. —0,25(2+cos3x) ¥ + C. 1037, V27V 1.,
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1038, 2(2+5¢5)Y2 15+ C. 1039, 2,55in(0,4x +0,2)+ C. 10.40. —coslnx+C.
1041, 0,25(arctg x/3)%° + C. 1042 (v2/2)arctg(x/2) + C.

10.43. (Ji/z)lnx 2+J3+2x2|+c. 10.44, 0,51nHex'i +C.
Je* +

10.45. 0,5%% —x+2Infx + 1+ C. 1046, —(x*/3+ x2/2+ x +Infx~1])+C.
1047, x—Inf2x+1+C. 1048. (1f215)In|(x/3 - V5)/(x43 +/5) 4 C.

10.49. 0,5arcsin(x2/4) + C. 1050, (1;3)|n|x3 +Jx6+]\+C.
1051, (1/3)In(3x® +2) + (1/ V6 Jarctg(4f1,5x) + C.

x+vx? +1

10.54. x— 3 arcig(x/V3)+C. 10.55, x+In(x’ +1)+C.

10.56. ((1/9)34,5, +3“f’2}2/m3+c. 10.57. 0,5(arcsinx)? —y1-x* +C.
10.58. 22 +9)"2/3-17(* +9)2 +C.  10.59. 0,5hn]x? -2 +C.

10.52. 24x% +1+ In +C. 10.53. 24/x +(1/3j|n3x+c.

10.60. 0,5In[x/(x+2)|+C. 10.61. arcsin"T“Bw. 10.62. 2vx* +4x+5—

x+2+4xt +4x+ 5| +C. 10.63. 0,25In|(x-1)/(x+3)|+C.

10.64. 0,25arctg(x +1,5)+ C. 10.65. — 2arcsin(0,5x + 1) - Y- x? —4x + C.
10.66. —24/2+cos® x +C. 10.67. 3x/8—0,5sin x + (sin 2x)/16+ C.

10.68. 0,5Injtgx{+C. 10.69. 2In|sin(0,5x +1,5)|+C.

10.70. (4/3)sin’ x-0,8sin°x+ C. 10.71. (-2/3)(1+cos’x)¥*+C.

10.72. (- 2/3)ctg x)¥2 + C. 10.75. 0,04e* (5x-1)+C.

10.76. — 2 2 (x? + 4x+8)+C. 10.77. (1/8)(4x’ —6x% +6x-3)e** +C.
1078, (x—Din(l-x)—x +C. 1079, (*/3-32*/DInx- /9 +3x*/4+C.
10.80. (in? x—(2/3)Inx+2/9)x*/3+ C. 1081, 2Jx In(1~ x)~ 4x ~
-21n|{J§ -/ +l)|+C. 10.82. (~1/3)xcos3x +(1/9)sin3x+C.

10.83. xtgx-+Injcos x|+ C. 10.84. 0,5xvx* -4 —21n|x+1jx2 —4|+C.
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10.85. 0,5xv2—x? +arcsin(x/¥2)+C.
10.86. 0,25x% +0,25xsin 2x + (I/8)cos2x +C.

10.87. xarctgy7x—1 —7x—1/7+C.

10.88. 2/x arcsinyx +241-x +C. 10.89. (x? - 2)sinx+2xcosx+C.
10.90. 0,4¢% (250 0,5x - cos0,5x)+C. 10.%1. 0,5x(coslnx +sinlx)+C.

1092, 2Wx-De’* +C. 1093, xIn(/1-x + i+ x)-0,5x+0,5arcsinx +C.
10.94. —x/sinx+lnjig x/2+C.  10.95. 0,5x1g2x +0,25Injcos2x - 0,5x* +C.
10.96. 0,5(x* — D In|(1-x)/(1 + x| - x+C. 10.97. 0,5x+0,Ixcos(2Inx) +
+0,2x8in(2Inx)+C  10.98. (x° /3)arctg3x — x* /18 +(1/162) In(9x2 +1)+ C.

xf[l 12 ] +C. 10.100. x(arcsinx)* +

+241-x? arcsinx - 2x+C. 10.101. 3* (sinx-+cosxIn3)/(1+In?3).

10.102. & (3sin 2x—2cos 2x)/13+C.  10.103. xin(x” +1)— 2x + 2arctg x + C.
10.104. (xinx)/(x+1)—In(x+1)+C. 10.107.(1/3)In| (x - 2) /(x + 1}} +C.
10.108. 0,5(1-x)2 +2(x=D"' —=In[1- x| +C. 10.109, x~' +

+Inj(x=1)/x+C. 10.110. ln[|x|/1}x2 +l)+C.

10.99. — x ' arcsin x + In

2x-1
g
10.112. (lf3)ln(| IRTINEE +x+1)+(1;J§).arctg((_2x+1)/ﬁ)+c.

10.113. (1+x) ™" +Infx/(x+ 1|+ C.

10.114. (1/6)In|x—1|=(1/2)In| x + 1} +(1/3)In | x + 2} +C.

10.115. 15(x+1)7"' +0,25In | {(x+ D(x-1)* | +C. 10.116. 0.2In|x-1}+
+0,8In|x+4|+C.  10.117. x+2,5In|x? —6x+10|+  +5arctg(x—3)+C.
10.118. x+(1/6)In| x| -4,5In]| x - 2| +(28/3)In| x - 3| +C.

10,119, 2In|x|+In|x+2|+10(x+2)" +C. 10.120. x° /3+x* —x+
+(4/3arctg (2x+|)/J§)+C. 10.121. -x ' —arctgx+C.

10.122. 228 0l + 02 + /(2 - 2 + )+ 2 Paretgle20-22) e

10.123. 0,5(2x~D(x? +2x+2)" +arctg(x + 1)+ C.

10.111. (1/3)In(1 + x)~ (1/6) In(x* — x + 1)+ (1/[3)arctg +C.
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10.124. 0,25Mn((x* +x+D/(x* —x+1))+0,5-3arctg x43 (1 - x*) +C.
10.125. x(4+x%)"' /8+16 arctg(x/2) +C. 10.126, 0,5In(x% +5)+
+0,1(25-3x)(x* +5)" -(3 f(lOJS_))arctg(x:’Jg)+ C.

10.127. 0,251n|(x - 1)/(x+1} - 0,5 arctgx + C. 10.128. (x-1)"' +
+in|(x - 2)/(x=1)|+ C. 10.129, - 6,5(x—4) 2 +3(x—4)"" +
+2In(x-)/(x-2)|+C.  10130.  -02x7 +x7/3-x" —arctgx +C,
10133, 2Jx—1(x-17/7+3x-12/5+x)+C. 10134, 05x-3x/2+
+2,25I2/x +3+C. 10.135. 678/ 7- x5+ xV2 /3~ x¥8 1 arctg V8 )+ C.

10.136. 0,0?5(2(2x+1)5f3—5(2x+1)’-f’)+c. 10.137. 6¥/x —6arctg/x +C.

10.138, 2[J(x+1)3—Jx_3 ) /3+c. 10139, (025x~ +3x2 /8% —1 -
x+1lx2—1|+C.

~3/®arcsinx +C. 10,140,  05Vx*-1(x-2)+0,5In

10.141. -2,J(x - 2)/x - ln(| xi( -Jm)zﬁ C.

10.142. 1n|(4m —“1*f(x+2+ JEﬁ)| —(2!J§}arctg((2w/m +)/V3 )+ C.
10.146.  —cosx+(cos’ x)/3+C.  10.147.  sinx—sin® x+0,6sin’ x-
~(sin” x)/7+C. 10.148. 0,2cos’ x—(cos’ x)/3+ C. 10149, - 2(1 + tgx/2)" +C.
10.150, 272 lnl(tgxfz+1—J§)/(tgxf2+1+J5)|+c.

10.151. 0,25Inftgx/ 2|+ 0,125tg%x/2 +C.

10.152. 157" 2arctg([0,6 tg x) + C. 10.153. x—1g 0,5x +C.

10.154. -0,5(1-cosx)> +C. 10.155. In|(1g0,5x—5)/(tg0,5x ~3)+ C.
10.156. — Infoos x - sin x| + C,

10.157. 2-3" ?aretg(37 21 0,5x) - 27" arctg(2 " *tg 0,5%) + C.

10.158. tg”(x/2+n/4)+2hcos(x/2 +n/4)|+C.

10.159. 0,6sin(5x/6)+ 3sin(x/6)+ C. 10,160, 0,0625sin8x —0,05sin 10x + C.
10.161. (cos6x)/24 —(cos4x)/16 - (cos 2x)/8+C.

10.162. 27 %(In [ tg 0,5x | +In | tg(0,5x + n/ 4) )+ C.
10.163. - 3cosx)*'3 /4 + 3cosx)'*'3 /5~ 3(cosx)'*? 16+ C.
10.164. x* /6—x* /8+x/8+(7/16)m_2x +1|+C.
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10.165. (1//10)arctg((+10/5)sin x)+ C.

10.166. 2x*e" —6xe™ +12Jxe™ ~12e" +C.

10.167. 0,5In(x? + 1)+ In{t+ x2*) - 0,5In|x*” - x*? +1[+ C.

10.168. (2+3sinx)" +C. 10.169. —x/2+(2x+1*/6+C.

10.170. 2x*2 /3 +10x"7 +C. 10.17L. 0,50 +1)In(x* +1)—0,5x° + C.
10,172, 1,25Inlx-2/-0,25In|x+ 2|+ C.

NE] N
3

10.173. arctg(—-f-(tgxiZ))+ C. 10.174. (2/3)In’(1+x) +C.

10.175. —(1/4)sin’ xcosx—(3/8)cosxsinx +3x/8+C.
10.176. Inx—0,5m{x* +1)+ 2arctg x + C.

x
x+3

2
10,177, 2[ J +C. 10.178. -0,2In(1+ &)+ x+C.

10.179. Sxe” +2¢" +C. 10.180. 0,5[3(xf2)+%tg3(x/2)+C.

10.181. —0,5In|x+1l+2In|x+2|-1,5n|x+3|+ C.
1-cosx
l1+cosx

10.184. x° —2,5x" —7x+C. 10.185, —%t;:os3 x+C.

10.182. Lin +C. 10183, 0,5x%° +0,5¢" +C.

2

10.186. 1n|x|+;2+L—1nlx+1l+c.
20x+1y  x+1

10.187. 0,511+ 1g x|-0,25In|1+1g’x] +0,5x+ C.

10.188. —x(1~x7)"2 74+ x\1-x* /8+(1/8)arcsin x +C.

10.189. 0,5Inbxd~1,51n}/x +2|+C.

10,190, 2In|vx -1+ 41n|Vx + 2|+ C.

10191, —x/8+(1/16)sin2x+(13/24)sin’ x sin2x—(7/6)sin’ x sin 2x+sin’ x sin2x-+C.
10.192. —Inlx|+41n|x- 2]+ C.

10.193. (1/3)x arcsinx+x*V1-x? /9+2J1-x2 19+ C.

m x
tg| = -= J+C.
g(4 2)'
10.195. 0,5x” —5x+(216/ N Inl|x+6[+ (/D lnlx-11+C.
10.196. -1/(21n* sin x)+C.

10.194. 2sinx+0,5In
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10.197. (1/26)e" cos(5x +6)+(5/26)¢* sin(5x +6)+C.

10.198. ardge"r; +C. KonTponwusie 3axaunsa. Bapuanm 10.1.

1. V2x=06Y02x)° +C. 2. 4ydxr+x+C. 3. Fx+D+C. 4.
—0,5x+({1/3)In|e* —1]| +(1/6)In(e* +2)+C.

5, 26arcsin (0,5x —1,5) - 5¢6x — x> =5+ C. 6 2,Jtgx + C. 7.0,25x* arcsinx " +
+(x? +2)m/12 +C. Bapuanm 10.2. 1. 3x* %/;/13-31'1%/;/? -
~6¥x+C. 2. 88-30x1-3x/27+C. 3. (/341,55 +2x)Inx~

—x3/9-3x%/4-2x+C. 4 We* +1 +]n((\/e’+1 -1/ (e +1 +1))+C.
5. x+3In(x* - 6x+10)+8arctg(x - 3)+C. 6. tgx—(1g’x)/3+C.

x + 414+ x2 —x3/3+C.
2. 2Q2Inx+x)2 [3+C. 3. xIn(x+V1+x2)-V1+x% +C.

x? +1

7. —0.,5x(sin x)~? —0,5¢ctgx+ C. Bapuanm 10.3. 1. In

4. 0,5In|x* —2x—15/+0,251n|(x - 5)/(x + 3} + C. 5.

arctg x ~ 0,5x+ C.

6. ¢* —0,5In(e™ +e* +1)+ Jiarctg((ze* +1)/43 )+ C.

7. 0,2(-x% +3x +0,08)cos Sx +0,04(2x ~3)sinSx +C. Tecr 10. 1. a = 4,
b=3.2.a=6,b=3,c=1.3.a=-6,b=-3,c=2.4.a=1,b=8,d=4.
5.a=-8,b=-2d=46.a=2b=13,d=8.7.a=1,b=2,d=-3.8.a=-16,
b=4,d=4.9.a=4,b=3,d=1.10.a=1,b=1,d=2.
I'naea 11

11.2.9.11.3. 100/27. 11.4. 2+2In3. 11.5. 7+2In2. 11.6.4.11.7. 2. 11.8.6.
11.9. 2. 11.10. In4—1. 1011 (2 +1)/4. 1112 e - 2. 11.13. /43 -In2.
1.14. (€% -5)fe. 1115, 0,5(c" +1). 11.16. 4. 11.17. —=/2. 11.18. 0,25.
11.19. 0. 1120 2/3. 1121, 2-n/2. 11.22. arctg 3 — arctg 2. 11.23. n//5.
11.24. In[(7 + 247)/9]. 1125. n/6+1-+/3/2. 11.26.05In1,5. 11.27. 1,5(n 4 — 1).

11.28. 0,5-0,5in2. 11.29. 81x/8. 11.36. £2 +1. 11.37. 16-\5/15. 11.38. 4.5.
11.39. 4lm2-2/3. 11.40. 7/12. 11.41. 7/6. 11.42. 0,5. 11.43. 44/15.
1.44. 1/3+n3. 1145, 3/In2-4/3. 11.46. 0,5. 11.47. 19/3. 11.48. 1/3. 11.49. 3.

11.50. 17/12. 11.51. 9.  11.52. 2n. 11.53. 3n/8. 11.54. ﬁ+ln(l+\5).
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11.55. 1+0,5InL,5. 11.56. In(e+Ve? —1). 11.57.8. 11.58. 7x/27. 11.59. 3.
11.60. 18n. 11.61. 67/5. 11.62. 1024n/21; 2567/15. 1L.63. 72/2; 2x°. 11.64.
12m; 247, 11.65. 128/15; 64n/3. 11.66. 112n/5; 40m. 11.67. 544r/15; 8r.
1168, n(e-2); me’+1)/2. 1169, 32y2n/3; 4n. 1170, 523

(128 12050 gy, D M8 3172 90 S v1s. 128 176
3 5 30 15 3 5

Pacxoawres. 11.77. 174, 11.78. n/+/5. 11.79. 0,5. 11.80. Pacxomres. 11.81.
Pacxonntes. 11.82. 1. 11.83. n/2. 11.84. 4. 11.85. Pacxoautca. 11.86. 1.

11.87. 1,5. 11.88. 0,5In3. 11.89. 6732, 11.90. 2m. 11.92. 0,6956. 11.93.
21,44; : 0,1064,
11.94. 37,8183; 0,1817. 11.95. 13. 11.100. 40. 11.101. 42 381. 11.102. 11,392 1.
11.103. 2,529-10%. 11.104. @) 0,0235; 0,283; 6) 0,073; 0,114; &) 0,0037; 0,45.
11.105. 341,3. 11106, 112,8. 11.107. @) C = 2250, P = 37,5; 6)C=667,
P=767. 11.108. n/6. 11.109. (5/3)}In2-(2/5)In5.

11110, V2/2+0,5In(v2—1). 11111, 7v/3/9-0,5In3. 11.112. 2+41n1,5.
1L.113. re"/5-3¢"/25-4/25. 11114, 0,5. 11.115. 4/3. 11.116. 3-2In2.
11.117, 7/6. 11.118. 2. 11.119, 2-1n1,5. 11,120, +2/2-0,5!n(~/2 - 1).

1L121, 16m(4-~2)/3. 11122, 1,5me* + 1/ 2; 6m(e’ —1).
11.123. 11n/16; 8n/3. 11.124. ~1/6. 11.125. Pacxomrres. 11.126. 0.
11.127. 1. 11.128. ~1/3. 11.129. In2-1. 11.130. Pacxomutcs. KOHTpobHEIe

sapanust, Bapuanm 1111, In(1++/e+1). 2. \E/2+ln(2—J§).
3. -135¢7' +54. 4. 1,5In 1/3~1n3/4. 5. 14/3. 6. 16%. 7.2. Bapuanm 11.2.

1. e—ve. 2. 4n. 3. -468/74. %lnB/S. 5. ¢2-2In2. 6..30m 7. 1/2043.

Bapuanm 11.3. 1. %%/?_5. 2. (56 —2)/27. 3.05In1,5. 4. %mm. 5.15. 6,

55 7.6. Teer 1l La=155=32 L.a=1b=1.3.0a=2b=2.4a=-Tb=
16.5.a=3b=64.6.a=14,6=3.7.a=112.8.74.9. 1. 10. - 0,5.

I'naea 12
12.9. 1. 12.10. 1/6. 12.11. ' = y. 12.12. xzy'—xy=};y’.

12.13. y'=cos[x,/1—( ¥y /y) 12.14. ()" +2p"=0.
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1217, & =CBx—1. 12,18, y=Ce¥** . 12.19. x>y =Ce¥. 12.20. 13-

2 |x-42

—y=05&""+C 1221 y=x+—In +C 1222, " - (y+ 1) =C.
x+42

2

12.23. arctg(x+ y)=x+C. 12.24. x+2y+3-ln|2x+3y—'?| =C,

12.25. fax+2y-1 —21n(J4x+2y—1 +2)=x+C. 12.26. y=e*(x-2)+C.

1227, x 24y =20+hfx/3). 1228, 2y +if-2Vx=0. 12.29.

»?=x?-1. 1230, y=-2cosx. 1233, y=Ce’™*. 12.34. y* =32’ In|Cx|

1235, y = xe™. 1236, 0,5In(x? + p?) +arctg(p/x)} = C. 12.37. y=Cx?/2-
1

“5os =0 R3B Ny =C 1239 3x4p+
+21n|x+y—l|=C. 1240, (y+2)° =C(x+y=1); y=1-x 1241, lny:I=
X
1+ 1242 sinZZF e, 1243, y=C(x’+y7).
x+y x+1

1244. x* +p? =Cr. 1248. y=Ce™ +xe™. 1249. y=(x—4+8/x)e"* +
+Cfx. 12.50. 60y*(x+1)? =10x® +24x° +15x° + C. 12.51. x=Ce’-2)" -
-4y -4, 12.52. x=Ce” - 0,5(1+ »?). 12.53. y = x*(0,5In|+ C)*.
12542 =x In(Chx).  12.55. y*(3+Ce™ )=x. 12.56. y% = x*(2e* +C);
y=0. 12.57. (C-In? y)=1. 12.58. Y +x+ay=0.

12.59. x2 +y2 ._Cy-l' 1=0. 12.62. y:jﬂ,s [xJC'lz —xz +CI2 arcsinCiJ+C2_
1

1263, y=C +Cyhnld 1264, y=(Cx-C2)e* 40y y=e?f2+C.
12.65. y=Ce“* +1/C,. 12.66. y=Ce™*. 12.67. y=Cx(x-C))+Cy;
y=x3+C. 1268. y=C—(x+C)INCy(x+C));  y=Cx+C,.
1269. 2y=C,cos2x+(1+2C)x2 +Cox+C5. 12790, 225(y-1)° =
=8(x-1)°Gx+2)%. 1271. Y -y=3x 1278, y=Ce > +Cye™.
12.79. y = €*(C, cos x +C, sin x). 12.80. y=e"(C +Cox+x7).
1281, y=Ce® +Ce> +x(01x—0,04)¢”*. 12.82. y=C,cosx+C,sinx+
+05xsinx. 1283 y=C, +C,e”™ +0,5x+0,05(2cos 2x ~sin2x). 1284 y = C, +
+Cye** = 0,1(cos x + 3sin x) - x° J6-x/9. 12.85. y= (e" +e?* )ln(e" + l)+
+Cie™ +Cre 2. 12.86. y=eF —¢". 12.87. y =sinx—2xcosx.
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1288, y=e*(x-sinx). 1289, y=xe"+xe"Injy 12.94. 2938
12.95. y=In(332"¥ —0,6). 12.96. 29.91. 12.97. 863. 12.98. a) py* = 20;
6) pify =6. 12.99. a) p=100-y; 6) p=20-2y. 12.100. ) p=15* - 5;
6) ne srngercs, 12,801, a) p=>5+2¢""%; 6) annaerca. -
12102, (1-y')'"7 =C(1+x%)"?, y=1. 12103, y=(x+C)/x*, x=0.
12.104. 2In|y/x|+y/x=-Inld+C, y=0, x=0.

12.105. y = (x+1Ke +C). 12106, y = e 4o, +ev /5.

12.107. =-Inlx|+C, y=0, x=0. 12.108. x=ClIn{(x+ y)lx)
12.109. y =Ce" +Cze2"+(0 Ix—0,12)cos x —(0,3x +0,34)sin x.

12.110. 1+¢’ = C(+x°). 12111 y=x"+Cx*, x=0.

12112, y =" (xInld +Cx+C,) 12113, y=¢ Inlx]+Ce*, x=0.

12.114. y=—x"'.Inlx| 12.115. y=-1,5¢" -0,5¢ + xe" +x* +2,

12.116. —In|x|=—x*/)* +In|y/x|+1. 12117, x=y" - p"".

12,118, y =(7-3x)e" . 12,119, y = Cx’. 12,120, y =log,{(15-2"* -1)/7).
Kourponnuwe 3anauma. Bapuauwm 12.1. L {Cx+Dy=Cx~Ly=1
2. yInCx=-x;y=0. 3.0,59% + y+ln|y—l|=—x_] +C.
4. +C =(x+C)% S x=Ce+y +2y+2. . 6 Jy—x-x=L
7. y=—l+e2x+0,25{x'—x2}—x3/6. Bapuanm 12.2. 1. y=xtglnCr;x=90.
2.y =C(x2-1); x=tl. 3. y=Cx+x’; x=0. 4 x+y=tg(y-C).
5. y=Ci(x—e )} +C,. 6. —cos2x+sin2x. 7. y=e*— (x+1)y=x" + x|
Bapuaim 123, 1. y = Cx*e ™. 2, y* = Clay-1): xp=1.

3 Cx+Cly=llCx+1]+Cy; 2y=2"+C,y=C. 4. p(x+C)=x+Ly =0.

5. In(x® +y*)+arctgy/x) =C. 6. x=y*(1-2Ily)).

7. ¥=3s8in2x—Tcos3x-2sin3x. Teer12.1.1—4,2—a,3-6.2. a=4;b= 13.0——1 b
=1;d=-3.410.50.6.10.7.4=-1,5=3.8.1,4.9.-0,75.10. 21.

nasa 13

134, §,=3(1-(05"), §=3. 13.5. S, =1/3-1/(n+3), S=1/3.
13.6. S, =1/12—]/(3(3n+2) ) S=V12. 13.7. S, =In(2/(5ri+2)); pacxo-
murea. 13.8. 3/4; pacxopurea. 13.9. 0; nononnyrensHoe mecnenosatne. 13,10
2/5; pacxogurea. 13.11. e pacxoayrcs. 13.12. 0; IONONHATENBHOE HCCNEIOBA-

467



nue. 13.13. 1/3; pacxomwrrea. 13.17. o =2; cxomurcs, 13.18. o =3; cxonmren,
13.19. o =1/2; pacxomurea. 13.20. o =1/3; pacxonurcs. 13.21. o =1; pacxo-
autca, 13.22, o =4; cxoaures, 13.23, o =1; pacxoaures. 13.24. o =1; pac-
xonutes. 13,28, o =3; cxomurea. 13.26, a=1/2; pacxoaures. 13.27. a=2;
cxoautca. 13.28, o = 4/3; cxoautcs. 13.29, Pacxoaurted. 13.30. Cxoaures.

13.31. Cxonurcsa. 13.32. Pacxonutes. 13.33. Pacxoautes. 13.34. Cxoautca.
13.35. Cxonprea. 13.36. Pacxomurca.  13.37. Cxoanrca. 13,38, Cxonutca.
13.39. /=2/3; cxoauren. 13.40. / =2/5; cxomntes. 13.41. [ =; pacxomut-

ca. 13.42. ! =1; pononHuTensHoe HeeneacBaHue. 13.43. 1 =1; aononauTens-
noe nccneposanre, 13.44. /=3/e; pacxoantea. 13.45. /=, pacxoauted.

13.46. i=-e"; cxonurca, 13.47. /= 2/5; cxonnTea. 13.48. 1=e"¥9; CXOMNHT-
cs. 13.49. [ =1/3; cxoaurca. 13.50. /=0, cxommres. 13.51. /=3/4; cxommr-

ca, 13.52. 1 =1/9; cxonures. 13.53. Pacxomnres.  13.54. Cxomures. 13.55. Pacxo-
onted. 13.56. Cxogurea. 13.57. Pacxonurcs. 13.58. Pacxonntca. 13.59. Pac-
xoantca. 13.60. Cxopwrea. 13.61. Cxoaurca. 13.62. Cxoanres. 13.63. Cxo-
anrca. 13.64. Cxomurea, 13.65. Pacxoamrea. 13.66. Pacxonutca. 13.67. Pac-
xoauted. 13.71. Cxonutca ycnosao. 13.72. Cxonutes aGcontorHo. 13.73.
Cxomnren abcomorHo. 13.74. Pacxoaurca. 13.75. Cxoppres abconoTho.
13.76. Pacxommrea. 13.77. Pacxoaures. 13.78. Cxoaures yenosno. 13.79. Cxo-
auTca yeiaoeno.. 13.80. Cxoautea abeoniotHo. 13,81, Cxoautcea aGConioTHO.
13.82. Pacxomnres. 13.83. Cxomurca yenosno. 13.84. Cxonures abcontorHo.
13.85. 99, 13.86. 9998, 13.87. 7. 131.88.4.13.89.2=4; 0,18127. 13.90. n=3;
0,23976. 13.91. Cxoaurca; § =1. 13.92. Pacxoanrca. 13.93. Pacxoanres.
13.94. Cxoanrea. 13.95. Pacxogurca. 13.96. Cxoaurcea. 13.97. Cxonmured.
13.98. Cxonpred. 13.99. Pacxoaurca. 13.100. Pacxoautca. 13.101. Cxoaures
aGcomortno. 13.102. Cxoautca ycnoeHo. 13,103, Cxoautca alcomoTHO.
13.194. 0,445, Kontpoasunie 3anauns, Bapuawm 13.1. 1. 1/5. 2. Pacxoput-

ci. 3. Pacxoguren, 4. Cxoautca. 5. Pacxonntes. 6. Cxoxamres yenosro. 7. 7.
Bapuawm 13.2. 1. 1/4. 2. Pacxomutes. 3. Pacxoaures. 4. Cxonutes. 5. Cxo-

autcs abcomotno. 6. Pacxoanted. 7. 6. Bapuanm 13.3. 1, 1/3. 2. Cxopures. 3.

Pacxonurca. 4. Cxoagnrea. 8. Pacxogurea. 6. Cxoautca yenoruo. 7. 6. Tecr
13.1.3. 2.2 3 13. 4 a—2,6 —3, e —1l,z—3. 8. aou=1;2; 6)

a=21. 6 1=5/2 2.7.1.8.2.9.3.10.3.

Taana 14

14.2. [-1;1] 14.3.(=2;2). 144 [-1;1) 145, {0}. 14.6. [-2; 2} 14.7. (-0,1;
01). 148. (-3 3). 149, [-L1)} 1400, (—c; +0). ML (-1 1]
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1412, [~ 1; 1] 1413, [-3;3) 1414, [—JE; J?] 14.15. [-1; 1} 14.16. (~1/e; Ve).
14.17. [—JE-JE] 14.18. (—o0; +0). 14.19. [3; 7). 14.20. [0; 2] 1421, [-1; 1]

n_n S 2n

14.29. Z(—l) 2x i {—o0; +). 14.30. Z(—l)”ﬁ; {—o0; +0).
2n+3 )

14.31. Z(—l)” 5 (—o0; +o0). 143, 3 (- 57y s (513,

n=0 (2 )' n=l
1433, In5+ 3 -1y 247X
A

n=|

2 o
14.34. 1+"?+ Y- _pyn 13:3.420=3) o, : il

: (-2525].

n=2 2n!
a 25 w2
n. 4n, - .
14.35. Z( N°x™: (—1; 1), 14,36, 32 s (—4; 4). 14.37. E( )" >
ol xm-l '
e ( n- n=l nn+y’

1] 1440 #i—-—, 1; 1). 14.41. x- (l+%)x2+[l+%+%}y3_

n=t I
-(l+l+l+l)x“+-..; (-1; 1). 14.42. —(x+3x2+3x3+...} -1; 1.
2 3 4 . 2 3
1 3 L) x2n
1443, x-x 4P - (o @) M ()
TR TRt (s +0) E( ) 2n(2n+1)

1] 1445 x’—%x‘w—x —; (=1 D 14.46.

=l

o (_l)n+l 1 1 "
1“'5‘*2{ - --—] [—2 2]. 1447, —-+(—l) [l+2n+l ]x ; B 1)
5 9

3x
2.5

a=|

(_l)lr-l 2n o
; ami2n +C; (—w; +w),

14.51. 2+ 6(x—1)+14(x = 1)% + 24(x~1)" + 24(x - 1)*; (~o0; +0).
b o e+l 1\
1452, ¢ [1+Z(" 2) ] (05 +o0), 14,83, 3 EDT =D . 9

n=l n
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(x+2)" .
14.54. Z i (-8 4). 1455, = 14.56. arctg x.
6. (1-x)
14.57. (11 xz)z 14.60. 0,7165. 14.61. 0,336. 14.62. 0,3090. 14.63.7,937.

14.64. 1,609. 14.65. 2,0006. 14.66. 0,1974. 14.67. 0,9759. 14.68. 0,201. 14.69.
0,072. 14.70. 32831. 14.71. 0,494, 14.72. (,946. 14.73. 0,500.
14.74. 0,098. 14.75. 0,487, 14.76, 0,3230; 8=0,0001. 14.77. 0,24489;

3= 0,00001. 14.78. 1. 14.79. 1/3. 14.80. 1/3. 14.81. 1/60. 14.82. S(p) ~ bp/a;
5<0,02b/a’. 14.83. [-1; 1). 14.84. [-1: 1]. 14.85. [—/3; v/3]. 14.86. (—4; 4).
14.87. (-6; 0). 14.88. [0; 4]. 14.89. arctgx;[-1; 1]. 14.90. 1/1-x); (~1; 1).

] £ _1\ 241
14.91. Z( D> oy 4oy, 14,92, DT
{n+1)! =2n-DI2a+1)
14.93. x=+['x‘+1 -3 °+...+wa+...); -5 1),
27 2.4 2" -n!
14.94, 1—x+1x3—lx"+...; (—o0; +0),
37 6
Ix 13% 1-3..2n-1) x*
1495, x———+——— ..+ (-1} +. L1 1]
23 245 D 2:4.2n 2n+1 =L 1]

1496, 7|1+ Z—(ii—?-)—], (—o0; +o0). 14.97. 5,053. 14.98. 0,1736. 14.99.
n!

0,2505. 14.100. 0,608. 14.101. 1/2. KonTpoaeHeie 3a0aung. Bapuanm 14.1.
3211+l 2n+l

1L [V3 Bl 2(-w+w). 3 —Z "l s -U%1Y3). 4

© 25006E
Z—,,,—4x"; (—0; +00). 5.0,9781; &=0,00008. 6.0,333. Bapuanm 14.2.
n=0 .

L [V5;4/5]. 2. (2-e; 2+€) 3. -3+ Tx—11x? +..+(-1)" " (1-4m)x"" +
15 1). 4. 4+Z(2+2")—T; (~o0; +0). 5.-0,105; 5=0,0003. 6.0,310.
Bapuanwm 14.3. 1. {- J_/Z V5/2). 2. [3:5].

3. nn

5 xh? LSlm-) 2 smT

L+ttt +..; {—0; +wo), 4, Z x", (~0; +).
» (2n-1 o

5,3,11; §=0,004. 6, 0,364. Teer 14. 1. 2. 2. -3. 3. 2,5. 4. 3.5.2;3.6.-1,25.

7.-0,125.8.3.9.0,49.10. 0,7.
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I'nana 15

15.6. R2\(0,0). 15.7. y=—x*>. 158. y2x?-1. 159. R%. 15.10. Tlony-
MAOCKOCTh Had GHeceKkTprcoif 2-ro M 4-10 KOOPAMHATHOTO YTI0B, HE BKIIOYaA
mpamyo. 1511, RE\(; 0). 15.12. Ksaapar ¢ sepummnamu (1; 1), {15 -1), (-1; 1),
(-1; 1). 15.13. Keaapat ¢ sepumnamit (—1; 0), (; 1), (1; 0), (0; —1), ne prmo-
yas cropoHy Mmexady sepmuname {0; -1) w (1; 0). 15.14. y=§jC/x.
15.15. y=e““ -x*. 1516, y=IC-x(C>0). 1517, y=x*+C2
15.18. ¥ =1/2C)-x/2. 15.19. y=(C+1)x*. 1520. y=arctgC+nn—x.
15.21. 0. 15.22. He cymectnyer. 15.23, 1. 1524, 0. 18.25. He cymiectyer.
1526. He cymectsyer. 1531 z; ="V (2x+1) 2z}, =e"7(1-2x).
1532, 2z, =cos(x+4fp) 2z, =1/@2{p)-cos(x+4fy). 1533 z=e’+
+x" ylx, z, =xe” +x"Inx. 1534, z, = 262 + ) z, =y x+y%).

1535, 2 =20+ ] Z=vpmen] 1836 2 =2 S/

2 =xP iny/@Jy). 1537, 2, =—y/(2x* +2xp+ y?);

z! —x/(2x +2xp+ 7). 15.38. z, = y(1+xy)e”; 7, = x(1+x)e”.
15.39. z, =—(cosy )/x ; 2, =—Q2ysiny )/x 1540. z, =-2y Jx +y°
z;,z—x/(x +y2). 1541, dz =&?[(xy + y* + )de +(x* +xy + Ddy].
1542, dz = (*dr+2vdy)/(1 + & + 7).

1543. dz =[(y+ 25y ~ x)dx + (- 2y - Dyl (x + »)>.

15.44. dz = y~2 cos(x/ y) ydx — xdy).

15.45. 4z = (arcsin y)/ y-de+ x/ y2 -(y/ N —arcsin y)dy.

15.46. ¢z = (xyy/x+ y* Iny)dc+(*x/y+x" In x)dy.

1547, 2, =6x° — /2 -xf3/243J3 % /2. 1548. 2 = (1+2»)/42.

15.49. 934, 15.50. 3\5. 1551 Vz=(-2-4); |[Vi=245. 15.52.
Vz =(-6; 6); |Vz|=6J_ 1553, Vz=(-1; 0), [Vz|=1. 1554, Vz=(-1, -1);
v = V2. 1555, Vz =(-1; -2n); |v2] = 2n+l. 15.62. z,, (1 2)=-T.
15.63. z,,, (1/3; 1/3)=1/27. 15.64. z__ (1; 2/3) = 4/27.

15.65. z_ (1/33;1/33)=333. 15.66. 2, (n/3; 7/3)=343/2.
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15.67. z,,,(0; 0)=0. 15.68. DxcrpeMmymoB Het. 15.69. z,,(-2; 0)=-2/e.
1570, 2,0 (1;3)=10-18In3, 1571, 2, (0; 0)=2. 15.72. z;, (0;0)=0;
Zoax (L 0)=2/e; Zax (0; D = e 15.73, Zo (X =p#0)=1/2;
Zmin (¥ ==y #£0)==1/2. 15.74, DxcIpemyMoB HeT. 15.75. z,,,,(1/64;1/256)=
=1/128. 1876, z,,,.0:0=4 z,.600)=6 1577 z,.(-50)=-1;
Zaanslls 0) = Zumus (0 D=1. 1578, 2, (2 = 1/42:2 = 1/42) = In(4 -~ 2);
Zae 2+ 142:2+1/¥2) = In(4 +¥2). 1579, Ky6 ¢ nmumoii pebpa af12.
15.80. z (I; )=2. 158, z. (- 1/+2; Y42) =—v2; 2, (1/¥2:-1/+2)=
=v2. 15.82. z,,(4;0)=0; z,,,, (4/3; 4/3)=64/27. 15.83. z,,(-YV2;/42)=
=-1-242; Z o (I/JE; —1/\/5) =1-22.1584. Zmin HE CYIIECTBYET;
2, (150/7: 80/7) = 4/150/7 . 3f80/7. 1585.h=2;R=1.

15.86. (2R/3:2R/3; R/3). 1587, x=y =2 =4V +24.

1591, y=-31x+285. 1592, y=-47x+252, 1593 y=0,18x+126.
1594, y=262x—104 S, =0027;, S,. =0l 1595 3=03x+0,76;
S =0012 S, =00025. 1596, y=-017x+0,622; &,,, =0,007
Sones = 0,0029. 15.97. 3 =0,0967x+0,01x>. 15.98. o =0,8856; b = —0,87186.
1599, g = 0,08; b = 0,00596. 15.102. 406/81. 15,103. 8/3. 15.104. (¢ - 1)In(3/2).
15.105. 4842/7+56/3. 15106, -m. 15110, x=225-450%; y=18".10°
15111 5'%; 8-5'% 15112, (18/5;12/5) 15.113. (2/27;1) 15.114. (1997.6;
2000,12). 15115, (2991 3 +3)/6B3+3);  (499+383)/ 3B +372).

15.116. p=1+p5; x=J4Jl+p§/[l+(Jl+p§ —po)z:l—l 15.117. p=4;

x = L 1519, E(2)=xlx-DInx-D};  E,(2)=y/l(y-2)in(y-2)]
15,120, x =25, y = 50/3.
15.121. Bepxnnit moaykpyr ¢ LEHTPOM B Havyale KOOPAMHAT, panpuycoM 1 M

BRIKONOTOH Toukoii (0; 1). 15,122, y = i,]x— arctg(Cx)+nm; ne Z.
15123, y=InC/Inx. 15.124. 1. 15.125. He cymectpyer. 15.126. 0.

15.127. 2! =(Inx)""" i) 2, =(lnx)"* 1y’

15.128. z, = (aresin y)-cos(xaresin y); z), =—cos(arcsin y)}/J1-3*.
15.129. (x— y)/(2). 15.130. (x* In y- 32 Inx)/ /2. 15.131. 5.
15.132. 2. 15.133. (—In4; 0). 15.134. He cymecteyer.
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15,138, z_, (2; 1,5)=-5,5. 15.136. OyHkuus He HMEET IKCTPEMYMOB.

15437,z (-1, -3)=-11, 2z (3;3)=15. 15.138. S, (-1 1/2)=253.

15.139. —1/6. 15.140. y=2,lx+0,3. 15.141. y=0,107x+0,0000919x".

15,142, 3/5. Kourponemsle 3apauns. Bapuanm 15.1. 1. a) (0; 0);, 6)
(;1e). 2. 2z, (1/256;1/256)=1/256. 3. 1. 4. 1,05. 5. y=0,5x+09.

6.20/21. Bapuanm 13.2. 1. a) (1; 0); 6} (1;-1/8). 2.z, (67°;67°) =862-6"".
3.0.4.-075.5. y =—~1,4x+5,5. 6, 16/15. Bapuarm 15.3. 1.a)(1; O); 6) (1/4; 1/4).
2.z, (1/256;1/256) =1/256. 3. 1/8.4.-7/4.5. vy =0,32x+2,7. 6.0. Tecr 15.

1.3.14. 2.0,5.3.2.4.2.5.15.6.0,5. 7.a=3; b=2.8.x = 1; o =-1.9. 4. 10.
a=6%5s=1611.3. 12. a=14; b =-25.13. a = 625; b = 8. 14. x = 4,5;
y=4,5. Yaefino-TpeanpoBoansie TecTol. Tecm MA-2.1. 1.2.2.1.3.3.4. 3. 5.
—0,25.6.0,75.7.10.8.2.9.1; 4. 10. 0,5. 11. 6. 12. 3. 13. 2. 14. 2; 3. 15. 0. 16. -2.
17.0,75.18,.2, 19, 2;3.20. 4, Tecrm MA-2.2.1.2.2.2.3.2.4.4.5.0,5.6. 3,2. 7.
57.8.2.9.3. 10.—2.11.]1.12.4. 13,1.14,1; 4. 15. 2. 1

19.5.20. 1, Tecm MA-2.3.1.3.2.1.3,3. 4. 12,
0,5.11.-0,5.12.1.13.3.14.3; 5. 15. 1. 16. 1. 1

15.
52
1.

I'aaea 16

16.6. a) 13(1 + #3); 6} 1. 16.7. a) 1024; 6) 512(\/3_'-5). 16.7. a) 3454, 6} 1; 2;
(mlif\/i)IZ; ~11i3. KoaTponeusie 3ananus. Bapuanm 16.1. 1. a)
16+9i; 6) =3i; &) 46+ 72§ 5 0,82-0,24i,

2 a) 215[005(71:/12)+£sin(?n/12)); o) Jf[cos(l In/12)—isin(l1n/12)); &)
1024[cos (r/3)+isin(n/ 3] =51201+i43);, 2} Ya[cos(n/9)—isin(n/9)],
Yalcos(5n/9) + isin(5n/9)],  Ya[cos(1 1n/9)+ isin(l 1nf9)). 3. —1/2+i4/3/2.

4. oy  22f6f3 6 1k & 32 -3+2i;
2y 212, =212} Bapuanm 16.2. 1. a) 8-13i; 6) ~4+3i; a) —28-46i;

2) 052-014i. 2. a) W2fcos(n/12)+isin(x/12)]; 6) (+2/2)[cos(5n/12)+
+isin(5n/12)1; 8) 32cos(n/2) +isin(n/2)]=32i; 2) 2[cos(n/6) + isin(n/6)]=
=d2/2)(3 +1), V2[cos(5n/6)+isin(5n/6)]= ¥2/2)(-3 +1),

V2leos(Bnf2) +isin(3n/2)= V2. 3. -1/2+i3/2. 4 a) +il5/2;

@) 3:1:1'\5; €) 4ti, —4%i; 2) |£i, —1xi Bapuauwm i16.3. 1. a} —-5+134
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6) 11+i; 8) —66-38i; 2) 0,18—0,74i. 2. 22[cos(11n/12) +isin(l 1n/12)];
6) V2[cos(7r/12) - isin(7n/12)]; 6) 1024fcos(m/3) - isin(w/3)]= 512(1-iv3);
2) Y4[cos(nf9) + isin(n/9)], Y4lcos(7n/9)+ isin(77/9)),
Ya[cos(5n/9)~isin(5n/9)] . 3. —1/2-i3/2. 4. @) £i14/2; 6) —5+iV3; &)

14265 - 1425 2) V2/22i2/2; -2/24id2/2. Teer 16. 1. 2. 2. 150°. 3.
20. 4,-0,5. 5. 170. 6. 165°. 7. 1 000 000. 8, -120°. 9, 162°. 10, 4.
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12.2. OnddepeHiinanbHele YpaBHEHNS ¢ padieNAIOIIHMHCH
nepeMeHHBIMA 319
12.3. OnHoponHvie maddepeHUMABHBE YPABHEHHA
[epBOTO MOpSOKA 321
12.4. JInsieiinsie anddepeHnansHeE YPABHEHNA NIEPBOTO
nopaiaka 324
12.5. Dudvpepenunanbibie ypaBHEHRA, TOMYCKAIOLIHe
TIOHWXEHHE TOPAIKa 328
12.6. JInHefiHble nuddepeHUHaNLHEIE YPARHEHHS BTOPOIO
NOPAKA ¢ NOCTOAHHBIMH Ko RIeHTAMA : 331
12.7. Henonbsosanve auddepeHUMANBHRX YpaBHEHHHA
B 3KOHOMHYECKON IHHAMMKeE 338
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3agaya mia DOBTOPEHHS

KoHTponbHbIe 33gaHHA 110 Taase 12 «,[lmpq:epc}mnmmﬂuc
ypaBHEHH:A»

Tecr 12

Paznen V. Pagu

I'nasa 13. Yscnobeie pamsm
13.1. OcHOBHBIE CBEEEHIA O pAax
13.2. TIpu3HAKK CXOAMMOCTH PAAOB ¢ TIONMOXHTCITEHEIMH WIEHAMH
13.3. CxonMMoCTE pAICE C WIEHAMH TIPON3BONBHOTO 3HAKA
3amaua 119 NOBTOpEHHA
KOHTpONBLHER 3aMaHKA 10 TIABE 13 «UHC/IOBHE pAILIy
Tect 13

I'napa 14. Crenennme paam
14.1. OGHacTh CXOOUMOCTH CTENEHHOTO pAAA
14.2. Pames Tetinopa 1 Maknopena. ®opmyna Teifulopa
14.3. IIpnMeHeHMe pAIOB B NpHGIICKEHHEBIX BRIYHCASHHAX
Japaua oA NOBTOPEHRA
KoHTpoNbHEE 33aH{A N0 rape 14 «CreneHHuNe paap»
Tecr 14

Paznen V1. QyBKuMH HeCKOIBEHX NepeMeRHbIX

I'napa 15. PyHEIHA HecKONBKMX MepeMeHHMX

15.1. OcHOBHEE MOHATHA

15.2. YacTHRIEe NPOK3BOHEE, TpafucHT, Audxpeperiman

15.3. BxcTpeMyM HYHKITHH HeCKONBKUX IePeMEeHHEIX.

YCnoBHERT 3KCTPEMYM

15.4. Meroa HaMeHBIIHX KBAAPATOR

15.5. JIpofiHHEe FHTErpans

15.6. DYHKIIHN HeCKONBKHX TIEpeMeHHEX

B 3KOHOMHYECKMX 3aiayax

3agaya 1ig MOBTOPEHNA

KourponsHeie 3ananms mo maee 15 «OyHKIMH HeCKOMBKIX

nepeMeHHEN»

Tecr 15 .
¥qe6Ho-TPEHHPOBOUHBIC TECTH N0 JBCHHILUEHE «MATeMATHIECKHA
anamz», yacte 2 (paznem IV—VI)

Hrorossie KOETPONEHLIE 3M3HHA 0 AHCIHIUIHHE
«Maremariueckmii aHANKE3», 9acTh 2 (pa3nenm IV—V[)
Hroromsiit Tecr MA—2

Pasnen VIL. DnemenT Baicueil anreGpo

I'aapa 16. KoMnaexcHme ZHCAR
3amaya At MOBTOPEHUA
KoHTponbHBE 3a0aHHA Mo rage 16 «KoMmIeKcHEE Tucias
Tecr 16
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